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and  design  of  a  set  of  orienting,  fixturing  and  assembly  devices  for  the  automated 
assembly  of  planar  parts. 
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Abstract 

Tin*  function  |)erlorm<'d  by  many  ol/p'cls  can  be*  <'\|)r<'ss('d  in  terms  of  the  con- 
straitits  th('\'  impose*  oti  the  motions  of  oth<*r  t)b)e'cts.  Cam  shafts,  gears,  li.xture's. 
\vr(*nch(*s  atid  doorktiobs  are*  all  e'xample's  e)f  a  class  e)f  e)bje*cts  whejse*  shape*s  are*  de- 
signe*el  te)  interact  in  ways  that  e-enistrain  the*ir  relative*  me)tie)n.  I  his  re'|>ort  examities 
an  a|)proach  te)  the*  analysis  anel  ele'sign  e)f  I'lmct ie)tial  shape*  inl(*ract ions  re*|)re'se’nteHl 
as  me)tie)n  e'onst raints.  (n  tin's  api)re)ach.  a  gra])liieal  re*pre*se*ntat ie)n  fe)r  motion  e*on- 
straitits  is  nse*d  as  the  basis  l'e)r  visnalizing  anel  re'aseniing  abenit  the  fntictie)n  ele'rive'el 
fre)m  sha|)e*.  rids  re'|)re*sentat ie)n  alse)  serve*s  as  ati  envire)nme*nt  lor  the*  interae't ive* 
ele*sign  of  fntictie)nal  shape's.  Spe'cifically.  we*  utilize*  the*  e*e)idignrat ie)ti  s|)ae-e*  re'|)re*se*n- 
tation  te)  make*  e’xplicit  the  me)tie)n  e'onst raints  im|)e)se*d  b\-  the*  shai)e's  e)f  in1e*racting 
e)bje*e'ts.  We*  ha\e*  ele*ve'le)i)e*el  a  se*t  e)f  ee)m])utat ie)nal  te)e)ls  that  pe*rmits  the'se*  me)- 
tion  constrainis  te)  be*  elis|)laye*el  anel  elire*ctly  maidpnlate*el  by  a  ele'signe*r  in  e)reler 
te)  aehiexe*  ele*siie*el  fnnctie)nal  pre)[)er)  ie*.s.  During  this  manipnlat  ie)n  pre)ee*ss.  all  me)- 
t  ie)n  e  e)nst  raint  me)elifie  at  ie)ns  are*  map|)e*el  bae  k  e  e)nt  inne)nsly  inte)  shape*  nu)elilie  at  ie)ns 
te)  e*nsnre*  the*  e’e)nsiste*ney  be*twe*e*n  the*  ee)nst raint s  anel  sha|)e*.  1  he*  re*pre*se*nt at ie)ns 
anel  te)e)ls  ele*ve*le)pe*el  in  the*  re*se*areh  have*  be'en  a|)plie*d  te)  the*  visnalizat  ie)n.  anaixsis. 
anel  ele*sign  e)f  a  se*t  e)f  e)rie'nting.  lixtnring  anel  asse*mbly  ele*viee*s  le)r  the*  ante)mate*el 
asse*mbly  e)f  planai  parts. 
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Introduction 

Chapter  1 


1  liis  i('|)()rt  |)i'(‘s<'iit  s  ii  set  ol  re|)i('s<'iil iit  ions.  iiK't  lio(lolou,i('s  and  1  ools  for  I  lie  pm 
pos('  ol  xisiirdizinu;.  analyzin,”  and  di'signinu,  in  net  ional  sliapes  in  tertns  of  const  laint 
on  nuttion.  I  he  (a)re  ol  the  n'seareh  is  an  intmaet  ive  eompnl  at  ional  environment 
that  pi'oN'ides  an  ('N|)lieit  visual  reprc'senlat ion  of  motion  eonstraints  produced  l>y 
shape'  int  ('laet  ions,  and  a  serie's  of  tools  that  allow  foi  the'  tnaiiipnlat  ion  of  tmlion 
eonstraints  and  their  ntideilyinu,  shapes  for  the'  purpose'  e)f  ele'sit!;n. 

1.1  Form  and  Function 

W  hat  fmie  tieiti  eleee's  shape'  se'rve'V  .More'  spe'e  ilie'allx'.  heew  eh)  we'  eh'lilie'  eehje'e  t  shajee  s 
that  are'  eeetisieh'te'el  te)  he'  nse'fni  eer  fnne'l ioiialV  We'  ean  elassify  the'  fmietie)n  that 
shape's  |)e'rfe)rm  hase'el  eeii  a  ntmihe'i  eef  peessihh'  e  rile'tia.  a  lew  eef  whieii  mi,i>,ht  ine  hieh' 
t  he'  leelleewini;: 

•  Contacting  sliapes  itielneh'  snrfaee's  hreeiight  inte)  eeentaet  tee  eeenstrain  the' 
re'latixe'  meetieeiis  eel  eehje'ets.  .\nle)me)l  i\ e' earn  shalts.  weerin  ge'ars.  \ise's.  leeheet 
irri|)pe'rs.  wi  e-ne  he's  anel  heelt  he'aels  are' all  e'\am|)le's  e)f  eeh  je'e  ts  whe)se' shajie's  we're- 
eare'lnll\  ele'siirne'el  te)  ee)nstrain  nie)lie)n.  Many  eeemnie)!)  e'\e'iyela\  e)hje'e-1s  sneh 
as  table's,  eleeeei  haiielh's.  t e'h'pheeiie'  liaiielse'ts.  e  ar  ste'e'i  ing  whe'e'Is  anel  e  e)|[e'e'  e  nps 
alse)  e|e'ri\e'  the'ii'  Imie  tieiii  in  seeme'  way  eer  ane)the'r  hy  ee)nst raining  the'  nieetieeiis 
e)l  e)the'i'  eehje'ets  with  wide  It  t  he'y  eeeme'  inte)  eeeiitaet. 

•  Structural  shapes  inehieh'  eehje'els  that  ee)nne'et  |)e)ints  in  Spaee'.  e)r  hrielge' 
the'  spaee'  he'twe'e'ii  eeeiitaeting  shape'  snriaee's.  ('e)iiph'r  litihs.  ee)nne'et  ing  feeels. 
I  he'ams.  t  ahh'  h’gs  ami  e'ye'glass  li  ame's  are'  all  e'xamph's  e)f  eihje'e  t  s  t  hat  se'i  xe'  te) 
snppe)i  t  e  e)ntae  t  iiig  shape'  sm  fae  e's  anel  whe)se'  shape's  are'  eh'signe'el  te)  maximize' 
seam'  preepe'i  t  ie's.  smh  as  stre'iigth  ami  stilfne'ss.  while'  miidttnzing  e)t  he'is.  smh 
a-'  we'iglit  anel  e  eest  . 

•  Enclosing  shapes  eh'serihe'  eehje'e  t  s  that  span  re'gieins  e)f  spaee'  in  eereh'r  t  e)  ee)\  e'l 
e»r  e'lie  h)se'  that  le'uieeii,  l{e)e)|s.  walls,  aiil eiine)! )i h'  wimishie'hls  ami  fremt  Imeiels 
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Chapid-  1:  Iiifroditciion 


FigiU('  l.l:  Slotted  and  phillips  head  screws  and  screwdrivers. 

are  a  few  e.xainples  of  shapes  that  are  designed  to  separate  regions  of  spac('. 

•  Aesthetic  shapes  including  sncli  things  as  sculpt nres  and  car  hodic's  that  ar<' 
designed  |)riniai'ily  to  satisfy  given  aesthetic  criteria. 

W’e  note  that  various  feature's  or  as|)<'cts  of  a  single  object  may  span  some  or  all  ol  the 
above  categories.  'I’liis  is  not  surprising  since*  objects  are*  e)ften  eh'signe-el  te)  ))e'rfe)rm  a 
nnmbe'r  e)f  fnnct  ie)ns  simnitane’ously.  In  t  his  report  we*  will  primarily  coneern  enirse'lve's 
with  the'  elass  e)f  ce)ntae  ting  sha|)e's  that  are'  eh'signe'el  to  ee^nstrain  me)tie)n. 


A  Familiar  Example 

figure'  1.1  s1k)Ws  twee  eeeinmon  fastener  -  elriver  shape'  |)airs:  a  sle)tte'el  screw 
anel  sere'welrive'r.  anel  a  phillii)s  he'ael  scre'w  anel  scre'welriver.  Ch'arly.  the'  shai)e's  eel 
the'  elrive'r  anel  scre'W  he-ael  are-  imi)e)rtant  in  lK)th  case's  te>  the'  lnnctie)n  e)l  ee)ni)ling 
with,  anel  applying  fe)ree's  anel  te)repie's  tee.  the'  scre'ws  Ibr  their  inse'rtie)n  e)r  re'me)\al. 
f  igure'  l.'2  sheews  the  same*  twee  faste'iie'rs  anel  elrivers.  but  with  the*  |)airings  be'twe'e'ii 
faste'iie'is  anel  elrive'is  re've-rse'el.  Onr  intuitie)n  anel  e'xperie'iiee'  te'lls  ns  that  in  this 
sitnatieni  the*  e)nee'-fnnet  ienial  se-re'welri  ve-r  shape's  are  ne)  le)nge'r  nse'fnl  Ibr  inse'iting  e)i' 
re'jnenijig  the'  sere'ws.  W  hy? 

A  Less  Familiar  Example 

f  ignre'  1  .d  she)ws  t  hre'e'  vibrat  e)r\'  part  le'e-eh'i'  ge'eniU't  rie's  nse'el  t  e)  e)rie’nt  small  part  s. 
,\s  the'  |)arts  me)ve'  thre)ngh  a  ibe'ele'r  anel  inte'iaet  with  its  leatnres  nneh'r  vibrat eny 


/./;  Form  tind  Fiiiictioii 
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l  ic,ui<‘  l.'J:  Slotted  and  |)hilli|»  liea<l  scnnvs  |»ain'<l  witli  |)liilli|)^  aii<l  slotted  sck'w- 
driv<M's. 


DKjtion.  parts  ill  all  Imt  oiu'  d«*sire<I  orieiitat ion  lal!  out  ol  t  Ik'  It'ediM  to  t  lie  side,  while 
those  part  s  in  t  he  desired  orii'iit  at  ion  ar<'  allo\ve<l  to  pass  t  hfonirh  to  he  picked  np  hy  a 
robot.'  The  int<'r<'st iiiii  t hin<>  to  not<‘ about  t h<‘ t hre<‘ re<‘dei>  in  l  iiinri'  l.disthat  the 
ij,eoni(’t rieall\  similar  tra<  ks  in  (a)  and  (b)  are  lnnctionall\  (|nit<- dilh'iiMit .  whenvi' 
the  dissimilar  tracks  in  (a)  an<l  (c)  are  InnctionallN  (‘(|ni\alent .  S|)<‘cilicall\ .  the 
feeder  track  shown  in  (a)  outputs  t  In*  el-shap«‘il  part  shown  in  onl\  one  orientat  ion. 
whereas  all  other  orientations  of  the  |>art  will  be  kno<  k<'<|  oil  the  tiack  ami  lall  back 
into  t  he  bowl,  rile  t  rack  shown  in  (b),  however,  alt  hoiii>,h  onl\  sliulit  1\  dilferent  from 
t  rack  (a)  will  out  |)nt  jiart  s  in  two  possible  orient  at  ions  and  is  t  here|»»re  i m accept  able 
for  automated  assembly,  l  inally.  the  f«'ed«‘r  track  shown  in  l  ii>iire  i.d  (c)  will  only 
out  put  part  s  in  t  he  same  orient  at  ion  as  |  ra<  k  (a),  and  hence'  is  him  t  ioiiallv  ec|ni\  al<'nt 
to  (a). 

In  the  first  two  ('Nample  feeders  (a)  and  (b).  oiM'  pairinu  of  lii'onn't  lies  performs 
a  useful  fimctioii.  uhili'  another  pairinu,  of  appart'iitly  similar  u'‘''t"<'t  >  fails  to 
perform  the  same  intended  fmictioii.  Similarix.  in  tin'  second  and  third  two  example 
feeders  (b)  and  (c).  <|iiite  dissimilar  u<‘oiii<'t ric's  |M'rlorm  the  saim'  Inm  tioii.  \\  h\ 

More  specific  all\  : 

•  \\  h\  doc's  ()ii<-  pairinu  <>1  shape's  c'xhilcit  the'  dc'sirc'd  limctioiial  charac  te-rist  ics 
while'  the'  ot lie'r  |iairiiiu  'loc's  not 

•  What  are'  the'  important  eharae  lei  isi  ie  s  that  eh'te'rmiiie'  the  liiiict  ioiialit  y  of  a 

'  riir  (|i  l;iili<l  r|i;ir;iiiiTisi  I' s  "I  'iMisirii'iinn  .tial  ii|iiT;tii"M  .in  u,i\iii  in  Siilmii  'J 
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Chapter  1:  Introduction 


l.J:  SliajK  und  Motion  Const roiiits 
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gi\cii  set  of  sliajx's? 

•  How  would  one  go  about  <lesiguiiig  shapes,  or  modifying  an  (wistiiig  shape*,  to 
|)erform  a  desin'd  fuiietion? 

riiis  i('|)ort  will  addre'ss  tlu'se*  and  n‘lated  (piestious. 

riie*  pre'vious  e.xamples  we'n*  ehose'u  to  highlight  a  lumiber  of  im|)oitaut  points 
about  shape  and  fuuetiou.  I'irst.  t  he  fasteiK'r  exainph*  illust  rates  t he  observat  ion  that 
the*  fuiu  tiouality  of  object  sha|)(*s  is  dc'rive'd  from  shape  inh  ivrlions  and  not  from 
individual  shapes  alone.  I'uiict  ional  shape's  Ix'coiiu' esse'ut  ially  use'less  wlu'u  tlu'v  were* 
used  outside*  the  e'e)ute*xt  e)f  the*ir  inte*iide*el  inte*raet  ie)U  with  e)the*r  fuuctie)ual  shape's. 
Se'eeuiel.  the*  h'e'der  e'xample*  illust  rate's  that  euir  iutuitie)ii  abe)ut  the*  function  e)f  shape* 
eh'pe'uels  to  a  large*  e'xte-ut  e)u  e)ur  ele*gre*e*  of  familiarity  with  the*  |)re)blem  elomaiu. 
bike*  the  fasteue*r  drive*r  e-xamph*  in  l'igure*s  1.1  aiiel  1.2.  the*  shape’s  e)f  the*  fe'e*ele*rs 
and  the*  parts  are*  cle*arly  im|)e)rtaut  te)  the*  fime'lie)u  e)f  eerie'iit  iug  the*  parts.  lle)we'ver. 
the*  pre'e  ise*  reele*  that  the*  \arie)us  shape's  play  in  the*  state'el  fune  tie>u  is  le*ss  ch'ar  siiiee* 
t  he*  ele)maiii  is  le*ss  lamiliar.  He*eause*  euir  intuitie)ii  abeuit  the*  fuuetie)ual  role*  e)f  shape* 
iiite'rae  t ieuis  is  rat he*r  britt le*  euitsieh*  e»f  simple*  aiul  familiar  ele)maius.  we*  are*  le*ss  able* 
te)  make*  appre)priate*  eh'sigii  ele'eisieuis.  .\s  a  re-sult.  a  task  sueh  as  vibrate)ry  fe*e*ele'r 
eh'sigii  re*e|uire*s  a  e*e)usiele*rable*  ame)UUt  e)f  t  rial  auel  e-rreu*.  aiiel  is  e'e)usiele're*el  se)me*t  hiiig 
of  a  "blae  k  art". 

1.2  Shape  and  Motion  Constraints 

bet  us  le)e'us  our  eliseussie)u  e)l  function  ele*rive*el  fre)m  form  in  the*  pre'vie)us  se*ctie)ii  te) 
e)ue*  e)l  motion  constidints  ele*rive*el  from  .sZ/e/pe.  lfe*eall  the*  vibrate)r\'  fe*e*ele*rs  sheewii 
in  bigure*  l.d.  .\lthe)ugh  suflieie*ut  lor  a  basie*  uueh*rst aneliug  e)f  fe*e*ele*r  fuuctie)u.  the* 
brie'f  ele*scri|)t  ie)u  give'ii  e)f  he)W  a  vibratory  be)wl  fe*e*ele*i'  we)rks  ele)e*su’t  te*ll  us  (n)  if 
a  partieular  fe-e'eh'r  example*  will  work.  e)r  (h)  he)w  te)  ge)  abeuit  eh'siguiug  a  fe*e*eh*r. 
Ch'arly  we  ue'e*el  a  more*  pre*e  ise*  <h*se  rii)t ioii  e)f  t he*  coustiaiuts  impose*el  by  iute*ract ie)us 
be*twe*e*u  shajie's  we*  ue*e*el  a  moele'l  e)f  motion  ee)ust raiiit s. 

('e)usiele*r  again  the*  serew  auel  elriv(*r  e*xample*s  fre)m  Figure's  1.1  auel  1.2.  be*t  us 
se*le*et  a  se*t  e)l  parame*te*rs  that  eh'seribe*  the*  le)eation  e)f  the*  sere*wdrive*r  re*lative*  te) 
the*  sere'w  he'aeb  In  the*  simplilie*el  case*  we*  may  assume*  that  the*  sere*w  auel  elri\e*r 
are*  eeeaxially  aligiie'el  se)  that  e)uly  the*  elistanee*  betwe*e*n  t  he'in  ale)Ug  the'ir  ee)mme)U 
axis  auel  the*  twist  e)f  the*  elrive*r  re*lative*  te)  the*  sere*w  he*ael  are*  xariable*.  I  he'se*  two 
\ariable*s.  labe*le*e|  X  auel  U  re*s|)e*ct  ive*ly.  are*  illust  rate*el  in  ligure*  1.1.  If  we*  ple)t  the* 
range*  eel  value's  leer  elistanee*  X  auel  twist  U  whe-re*  the*  elrive'r  auel  sere*W  he*ael  are*  iieit 
e)\'e*rlappiug.  we*  e*uel  up  with  a  i)h)t  as  she)wn  iii  the*  right  liaiiel  e)f  the*  ligure*  whe*re* 
the*  shae|e*el  re*gie)U  re*pre*se*nt s  ocriiidid  plaee'ine'ul s  e)f  the*  elrive'r  re*lati\e*  te)  the*  sere'w 
he*aeb  l're*e*  |■e*gie)Us  ill  this  t  we)-elime'iisie)iial  spaee*  re*|)re*se*ut  alle)wabh*  plaee*nie*ut  s  of 
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('Ixiptf  r  I :  till  rod  u  cl  io  ii 


I  lie  <lri\<'r  rcbitixt'  Io  llx'  scn'w.  Tlx'  houndary  sc'parat iii,i>  tlx-  lV«'c  aixl  (xx  lixlcd 
r('!2,ioiis  !('|)rcs«Mit  s  placc'nx'iit  s  ol  tlx'  driv«'r  that  aro  in  coni  act  witii  the  s(r<“\v. 

Wv  notice  a  notch  in  tlx'  occhxled  ref>;ion  of  Fiftiin*  l.o  correspond inp,  to  |)lace- 
nxMils  wlx're  tlx-  l»lad(‘  of  the  drivt'r  is  in  llx'  scr<'\v  Ix'ad’s  sh»t.  II  we  consid<'r  tlx' 
function  of  the  screwdriv('r  to  Ix'  oix'  of  t ransinit  1  inp  1or<|ne  to  tlx-  scr«'w  head.  tlxMi 
we  can  reprc'seni  this  function  in  terms  ol  llx*  motion  constraints  hetwr'f'ii  the  dricei' 
and  sci<'W  liead  as  captured  hy  tlx'  con1a<  t  houixlaries  in  hipnr«'  1.1.  S|)ecili(  all\ .  il 
we  consiih'r  the  driver  to  Ix'  r('piesent<'d  as  the  location  r)l  a  x'lected  point  on  tlie 
drivc'i  in  llx'  t wi)-dimensional  (/.il)  motion  constraint  diapram  ol  fipiire  1.1.  then 
the  only  way  to  t  wist  t  !x'  screw  Ix'ad  is  I  tj  "pnsh''  apainst  oix-  ol  t  Ix'  I  wo  vert  ical  sides 
of  llie  ix)1cli  in  the  il  dir('ction.  I’nsliinp  in  tlx*  — <>  <lireclion  correspoixls  to  applyinp 
a  clockwise  tor(|n<'  to  the  screw,  aixl  pushinp  in  tlx-  +<?  dir<'<lion  is  ecpiivah-nt  to  a 
connter-clockwis(‘  lorcpx'  applied  to  tlx-  scr<‘w.' 

The  capacity  of  the  ahox'e  r<'pres<‘nt  at  ion  to  capture-  tlx-  function  of  the  sen-w 
drixe-r  int«-raclion  is  fnrtlx-r  illnslrat<-d  hy  llx-  motion  constraint  rliaprani  loi  tlx- 
slotted  screw  phillips  drix'er  pairinp  shown  in  Fipiin-  1.').  Ih-r<-  the  characlerist  i( 
notch,  whose-  siele-s  prec  iele-d  the-  constraint  surlaee-s  on  which  the-  elri\e-r  coiihl  aet 
on  the-  sere-w.  is  missinp.  .\s  e-xpe-ete-el.  this  sere-w  elrixe-r  paiiinp  eleee-s  ixd  e-\hihit 
I  he-  ele-sire-el  fnix  t  ieelialil  \  etf  allowinp  te)re|ne-  tee  Ix-  t  raiismit  Ie-<(  Ireem  t  he-  eh  ix  e-i  le)  t  he- 
sere-w. 

In  aelditie)!!  to  e-xt  rael  inp  the-  fnnelion  inlx-re-nl  in  e-\islinp  shape-  inle-tae  I  ions,  we- 
ai'e-  alse)  inte-re-sle-el  in  e/e  e/e  /e/Z/e/e/  e  eeiil  ae  t  inp  shape-s  wit  h  ele-sire-el  Iniie  t  iexial  charae  te-r 
isl  ie  s.  f  or  e-xample-.  in  t  lx- e  ase- eil  t  he- sled  le-el  se  re-w  elri\ e-r  inte-raci  ieeii  eel  l  ipeire-  1.1. 
assume-  that  we-  wish  lee  he-  ahle-  tee  elrixe-  the-  lasle-ne-r  illtee  a  W  e  dkpie-e  e'.  hilt  that 
we-  eloii  t  want  the-  fasle-ne-r  to  he-  re-me»\ahle-.  I  iiinie-  l.ti  shows  a  medioii  eedislrainl 
eliapram  with  the-  eh-sire-el  prope-rl  ie-s.  wlx-re-  tlx-  ripht  side-  ol  tlx-  e  unst  laininii  noleh 
lias  hi-e-n  sleepe-el  as  slxewil  sei  that  the-  (/.il)  peeillt  re-pre-scnl  inp  tlx-  dri\i-r  will  sliele- 
aledip  the-  e-onstraiiit  hexiixlarx  and  exit  e>l  tlx-  ixeleh  ralhe-r  than  allow  a  lede|iie-  to 
he-  applie-el  to  the-  sere-w.  llx-  cedre-spedxliii'p  "edie-  wav  sere-w  he-ael  shape-  sheewii 
miphi  he-  pe-ix-rate-el  freem  tlx-  ne-w  iiiediedi  e'onsi  raini  s  1>\.  hx  e-xam|)le-.  swe-i-pinu  the- 
se  re-welri\e-r  hlade-  alonp  the-  heniixlary  eil  the-  nxitiexi  eliauraiii.  I  his  |iropeise-el  shape- 
s\nthe-sis  preeee-ss  is  eeemplieate-el  hy  the-  laet  that  inxe-rtiii'p  shape-s  is  not  iinie|iii'.  l  ex 
e-xample-.  rathe-r  than  nsinp  llx-  mediexi  e exist raiiil s  in  l  ipiiie-  l.ti  to  prexlixe-  a  oix- 
wa\  se  re-w.  we-  eeeiihl  just  liaxe-  e-asil\  e-ixle-el  up  with  a  e)iie--\\a\  se  re-welri\ e-i .  as  shown 
ill  f  ipnre-  1 .7. 


■  W  I  ;ire  I  re  al  lllli  I  lie  I’e  I  at  |l  Xlsl  1 1 1 1  1)1  I  We -el  I  |e  erees  a  I  let  le  erellle'"  '■)  i|l|e'w||al  sll  |  )e  rli  e' la  1 1  \  a  I  I  Ills  |e  \e| 
Seelleell  -J  1  ,  |  Will  aelelress  lllese'  issIDs  III  1 1 II  ife '  e  let  ai  I 


I.J:  Slidju  mid  Mdlioii  ( 'oii>t rmiil.' 
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('htij)i(r  I:  I  III  rod  net  ion 


/.J;  SIkiix  (Hill  .Motion  (  'oii.'>t rninl.-'  19 


1.2.1  Key  Issues 

1  li('  liypot  li(‘sis  mi(lcilyiii<>  tiu'  previous  <'xaiii|)l<‘s  is  that  inotioii  const  raiiit  s  can 
serve  as  a  iisetiil  doinaiii  in  wliicli  to  represent,  rc'ason  ahont.  and  desii>n  Inin  tioiial 
int  ('ra(  t  ions  hetwc'en  oWjeet  shapes.  I  Ids  liypot  lu’sis  eneoinpass(>s  two  ke>  issue": 

Representation  How  ina\  lunelion  lor  dilferent  example  domains  l»e  efiieientlx 
eaptnre(l  in  t('rms  of  mot  ion  constraints' 

Synthesis  How  can  the  iiKJtion  c»*nslraint  n'pn'sentations  l»e  traiislormed  into 
specifications  of  Innctional  olijecl  shapes? 

Witli  th('  issiu'  of  repi  ('s<-nt  at  ion  w<‘  ar<’  conc<‘rn('d  with  the  lexcl  of  <t)m|)lexity 
in  tlie  construction  of  motion  <‘onstraints  as  w<dl  as  the  accessibility  ol  the  I'epre- 
sentations  to  both  humans  and  antomat(‘d  algorithms.  With  respc-ct  to  synthesis, 
we  ar<'  conc('rned  essentially  with  tin'  inv<Mse  t)l  tin'  process  ol  geneiatiiui  motion 
constraints,  (liven  two  obj<'ct  shap<‘s  w<'  may  g<'n('rate  a  pn'cise  descri|)tion  ol  theii 
intc'iact  it)!!  in  terms  of  motion  constraints,  but  tlu'  inverse  probhuii  of  getieratinu 
shap('  is  mor('  problematic.  I'irst.  wc  must  have  a  precise'  n  p/vo/v  (l('scrii)t  ion  of  the' 
tnot  ion  ce)nst  taints  t  hat  we  wish  1e)  impose',  whe'ie'as  ed’te'ii  in  ele'sign  we'  ma\’  ha\e'  eetdv’ 
a  partial  e»r  itnpre'eise' spe'cilieat  ieui  eel' I  he'  c/«.s."  e)!’ meet  ieuis  t  hat  we' ele'sire'.  Se'e  etnd.  t  he' 
proee'ss  e)f  inve'iting  mettion  eeeiist  taints  is  ne)t  ttttiepte'ly  eh'litie'd  ttiat  he'ttiat  icall\ .  I'etr 
the'  ettie'  way  sere'W  elrive'r  e'xatttph's  in  Figure's  l.b  atid  1.7.  we'  e'sse'tit  iall\  assitttie'el 
that  t  he' de'sire'el  tttotieeti  eetttst  taint  betunelarie's  we'ie'  ktietwti  ])re'cise'ly  atid  that  e-ithe't 
the'  se'te'wdri ve'f  or  scre'W  he'ael  shape's  we're'  lixe'el.  I  he'  re'Sttltitig  se  te'W  he'ad  eer  se  te'W- 
drive'f  eotitetitrs  we'te'  ge'tte'tate'el  by  swe'e'|)iitg  the'  lixe'el  sltajte'  alotig  the'  pre'seribe'el 
eeuist  raitit  s.  We'  ttette-  t  hat  .alt  hough  appare'iit  ly  stteee'sslttl  iti  bett  h  eel  t  he'se'  e'xatttjtle's. 
SI  tell  a  ge'iie'i  at  ieui  st  rate-gy  is  ue>t  in  ge'iie'i  al  guarant  ('e'el  I  o  |)roelue  e'  t  he'  ele'sire'il  re'sult  s 
(  se'e'  Se'e  t  ietii  1. 1 . 1  ). 

1.2.2  Motivation 

Shape'  inte'iaet  ietiis  |)re>vide'  an  impeulaiil  liinetietnal  cetmpeuie'iit  of  a  liumbe'r  of  sys- 
te'ins.  Nnme'rous  nie'chanie  al  e  e)mpe)ne'nt s.  ine  lueling  simple'  me'e  hanie  al  jiaiis  sue  h  as 
•ge'ai's  and  cams,  eh'i  i v<' t  he'ir  rune  lie)n  Ireem  shape'  inte'iae  t ie)ns.  l  aste'iie'is  anel  drive'is 
like' t  hose'  elise  iisse'el  e'ai  lie'r.  as  We'll  as  e  e»nne'e  t eU's  le)l  st  me  t  tii  al.  e'h'e  t  rie  al.  pne'iimat  ie'. 
anel  lliiiel  applie  at  ieuis  are' alsei  ele'pe'iiele'iit  e»n  sha pe' iiit e'lae  t  ieeiis  h)!' I utie  t  ioii .  In  man- 
iilae  t  iirinii.  shape'  inte'iaet  iiuis  have'  be'e'ii  ielc'iit  ilie'el  as  ameeiig  the'  iiieist  impeirtant 
lae  tens  in  me'e  hanieal  asse'iiibly  [|(i.  SO],  anel  are'  e  iue  ial  in  ele'signing  parts  eirie'iiting 
syste'iiis  that  are'  typie  alix  aiiieuig  the-  most  e'xpe'iisive'  eeimpetne'iit s  eel  man\'  asse'iiibly 
"Xsle'ins  [s], 

Aiieithe'r  le'aseiii  leu  eheieisiiig  itie)!  ie»n  ee)nstraints  as  a  re'pre'se'iit  at  ieui  is  the'  lae  k  e)l 
suitable'  alte'inat  ive's.  A"  we'  ilhist  rate'el  in  1  he' e'ailie'r  e'xamph's.  runetie)n  is  eh'iive'el 
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('liaj)t(r  I:  Ini  rod  ucf  ion 


<'.\|)li<i) ly  (Voiii  (iir  iii(('r^(t ions  lliiil  constrain  motion.  .Most  o.\istin«  (](>sigii 

tools,  siicli  as  ( 'om|)iit('r  .\i(l<‘(l  I)<'sit>;n  ( C.M) )  systems,  foens  on  modc'linp,  t  lu'  gc'omc- 
t  r\'  of  individual  componont  sin  isolat  ion.  Individual  shapes  are  consid(>red  eNi)licit  ly. 
hut  any  pot('nt  ial  sliap<'  ini  ('lact  ions  ar«\  lor  I  he  most  part .  implicit  in  the  geomet  rival 
r('pr<’S('nt  at  ion.  ( 'onsiden  at  ion  o(  sha|)<‘  interact  it)ns  in  s\ich  systems,  if  |)resent  at  all. 
is  nsnally  limil('d  to  cln'cking  I'or  int«M  lerenct'  Ix'tween  i)arls  undergoing  prt'serihed 
motions.  ty|)ically  along  t)r  around  lixed  a.\('s.  Interh'iiMice  checking,  however,  doe's 
not  ca|)t  lire  t  Ih' pote'iit  ial  liinct  ionalit  y  of  ohje'ct  shapes  for  const  raining  mot  ion.  lor 
some  s|)('cializ('d  applications,  atte-mpls  hax'e  h<'<'n  made  to  div  ide  inrlividnal  ohject 
shapes  into  e(|iiivalence  classi's.  .\s  w<' saw  in  t h<' part  h'ech'r  e'xamples  oi  higiire'  l.d. 
Imwe've'r.  similarity  in  shape  doe's  not  ne'e  e'ssarily  e  eirre-speniel  tee  similarity  in  liine  t  ieiii. 

Shape'  ele'sigii  hase'el  eiii  meitiein  e  enist  raint s  is  pre'se'iitly  prae  t  ie  e-el  leir  a  limile'el  se-t 
eel  we'll  ele'line'el  fixe'el-axis  me'ehaiiisms  siie  h  as  earns  anel  ge-ars.  In  e  aiii  ele-sigli.  leir 
e'xample'.  the'  ele'sire'el  meet  ion  eil  a  lixe'el  shape'  earn  lolle)We'r  is  jileitte'e!  as  a  liinetieni  eil 
earn  reitatieni.  1  he'  meitieni  eif  the-  te)lle)we'r  re'lative'  te)  the'  eaiii  plate'  is  the'ii  iise-el  tei 
ge'iK'iate'a  lend  path  lor  ent  t  ing  t  he' eenre'spenieling  earn  shape'.  Similarlv .  ge'ar  preilile-s 
are'  edte'ii  ge'iie'iate'el  elire'e  t  ly  hy  he)hl)ing  e)r  re>lling  pre>e  e'ssi's  whe'ie'  a  lixe'd  e  iit  te'r  shape' 
is  nse'el  tei  ge'iie'iate' t  he'  eomple'ine'iitary  ge'ar  shape*.  Beet  h  ed’ t  he'se-  ineie  e'sse's  are*  similar 
in  eeniee'pt  tei  the*  eine'-wav  I'aste'iie'r  synthe'sis  e'xamph'  in  l  igiire'  l.ti.  lleiwe've'r.  le'w 
ele'sigii  teieifs  utilizing  motiedi  eenistraints  e'xist  (e)r  otlie'i  e  lasse's  eif  shape*  inle'iaet ieetis. 
anel  iienie'  are*  pre'se'iit  ly  ahle*  tei  ele'al  wit  h  non-lixe'el-axis  eh'vie  e's.  .\n  e'xte'iisive*  ameiiint 
eil'  wea  k  has  he'e'ii  eleiiie*  in  t  he*  are'a  ol'analyzing  the*  meetienis  eif  me'e  haiiisms  I'oiistriie  te'el 
rrenii  leiwe'r  eneh'r  kine'inatie-  jiairs  (i.e*.  reve)lute' anel  iirismatie-  jeiints).  le'e  hnie|iie's  tei 
spe'e  ily  the'  |)arame't e'ls  lor  siie  h  me'e  hanisins.  sne  h  as  link  h-ngths  Ten  iiie'e  hanisms 
ed  kneiwn  teipedeigy.  have*  alsei  he'e-ii  ele'\e'le)p<'el  anel  ine  en  peiral e'el  iiitei  e  einipiite'r  aieh'el 
ele'sign  tends.  Ileme-ve'r.  t  lu'se*  t e'e  linieine's  are'  ne»t  siiitahh'  leer  iiieire'  ge'iie'ial  knie'iiiatie 
iiite'iaet  ieiiis  that  eamieit  he*  eharaetc'rize'el  enily  in  le'riiis  eil  inle'ie  einne'e  te-el  links  anel 
jeiint  s. 


1.2.3  Goals  and  Applications 

I  he'  main  geial  ed  this  re'se'areh  is  te»  ele'\e'le)|>  a  re')>re'se'nt  at  ieiii  anel  eh'sign  /niie/i/e/e/e 
hase'el  on  iiieitiein  e'oiistraints  that  will  allenv  ns  tei  r<'ase>n  ahont  anel  e  re'ate'  liine  tienial 
shape'  int  e'l  ae  t  ieiiis.  .Mene'  spe'e  ilie  alix .  we'  wish  tei; 

1.  I)e'\e'le)p  a  |)re'e  ise'  ainl  ae  e  e'ssihle'  re'pre'se'iit at  iein  leii  iiiedle'ling  ainl  le'aseiiiing 
aheiiit  liiiietienial  shape*  in  te'rmse)l  me»tie»n  e  emst  raint  s. 

De'Ve'leip  the'  teieils  ainl  llll't  heielole»g\  re'e|nire'el  to  manipulate'  the'  llleitieill  e  ein 
straillt  re'pre'se'iit  at  ieills  e  eilisiste'llt  l\  in  etrele'r  te»  aehie'Ve'  ele'sire'el  lllliet  ieilial  he' 
ha\ iol  rreiiii  shape'  iiit e'l  ae  t  ieiiis. 


I.J:  Slnijx  <iii<l  Molioti  ( 'f  nisi  rain  I.- 
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Fixtures  &  Pallets  APOS  Parts  Feeders 


linur*'  l.N:  lour  ioii  <lt)niitiiis. 

I  liosc  two  siili-i>oaIs  address  dir<’<tly  the  k<‘\  issues  ol  Iiiik  I  ioiial  r<'|)reseiit  .it  ion  <tiid 
s\  lit  liesis  idetit  ilied  earlier. 

Iti  addition  to  the  alio\c  t>oals.  we  would  like  to  he  ahle  to  addte^s  some  of  the 
litnit  at  ions  ol  existini;  reincsentat  ions  ainl  tei  hni<|nes  mentioned  in  Sei  i  ion  I.J.J. 
In  |)artienlat.  we  would  like  to  Ix'  aide  to  represent  and  desimi  more  nenetal  shape 
interactions  (i.e.  other  thati  pre-delined  litikaires  and  pins,  icvolnte  and  piisimitii 
joints,  and  li\ei|-a.\is  meihanisms).  \\c  nlso  would  like  to  apply  the  i  epresent  ,i1  ions 
at  id  tools  actoss  a  ramie  ol  spe<  ifi<'  a|)pli<'at  ion  dotnaiiis  in  order  to  detertnine  to  wh.it 
extent  sm  h  representations  ate  aide  to  xeiM'tali/e  fmictioiial  i  ha ract erist  i<  s  hcvond 
indi\idnal  exatiijiles.  Idealiv  t  h<’se  K'present  at  ions  will  iMialde  iis  to  idiMitilx  oi  i  reale 
Innclioiial  shapes  that  otherwise  miuhl  not  have  hi'en  ueneraleil. 

We  will  indti<‘  the  niolioii  constraint  re|>res<'nt  at  ions  and  sxnihesis  tools  h\  ihi' 
deiiree  to  whic  h  I  hex  eiialde  ns  to  perlorin  anaix  sis  and  desiiin  xx  ithin  a  set  of  xxcll 
delined  example  domains.  |o  do  this,  we  xxill  sjiecilic  allx  (oiisidc'i  font  applic  .ilion 
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(‘liiii)hi  I:  I  III  r{>(l  iicl  Kill 


(loiiiiiins:  compliiiiit  assciiiMy.  xiKralorv  ln)\vl  r<‘»‘<l<‘is.  iiNtiiic'-.  mikI  tlic 

Ai’OS  \  il)i;iU)i\  system.  Simplified  examples  ol  these  Idiu  domain^  ate 

shown  ill  i'ii>ui'e  l.S.  1  he  representations  an<l  tools  <le\eloped  in  this  report  will  he 
used  to  analyze  and  reason  about  the  liiiietional  eharaet  erist  ii  s  of  examples  Iroiii 
each  ol  the  a|)pli(ation  domains,  and  to  pei  form  dc'si^n  in  the  first  two.  We  will 
disc  iiss  tlic'sc'  c-xampic's  in  'yrc-atcM'  dc-tail  in  Chaptc'r  d. 

1.3  Background  and  Related  Work 

1  his  resc-areh  clraus  upon  work  in  a  iiiimbc'r  of  clifferc'iit  tiehN.  Amoii'y  the  field-  we 
coiisiclc'r  to  l>e  most  closeh  relatecl  are; 

•  ( Ic-oiiic't  ric  al  iiictdelint;  aiicl  kincunatic  s. 

•  Kohot  mot  ion  phniniinr. 

•  (Jiialit  at  i\  c'  reasctninu. 

•  l)c'si'j,n  met  hodo|c»'j,\  and  eompiitcM  aiclcd  eiiiiinc-cM  inu. 

•  Simulat  ion  anci  \  isuali/at  ion  of  plix  ^ic  al  pioc  c-— c--. 

Kinematics  and  Mechanisms 

In  hi-  sc-iniiial  work  on  kinematic-  pnl>li>hc-c|  in  l''7t>.  Keulc'.nix  (ili  introchicc'd  a 
iiicmIc'I  lor  mec  hani-m  -  c  cin-i-l  ill”  of  c  ha  in-  of  kiiiemat  ii  pair-,  whic  h  I  or  me -d  the  lowe-i 
|e\  c’l  ol  functional  elec  om  po-it  ion .  1  le  cli  \  nled  kinematic  p,m  -  into  l  wo  c  la--e-;  |c  ew  cr 
pair-  ancI  hiuhe-r  pair-,  l.owc'i  pair-  eon-i'-l  c»|  ol>jc-c  i-  in  contac  t  aloiiu  a  -iiriac  ex  and 
are  eompri-c-cl  ol  -ix  l»a-ic  t\  pe-:  rexolute.  |>ri-matic  .  hc’lic  al.  c  x  iindrical.  -plieric  .il 
a  lie  I  planar  joint  -  .  1  liulier  p.iii  -  m  \  cil\  c  -  ol>  jc-c  i  -  in  c  c»nl  ac  t  aloiiu  a  line  or  point .  -m  li  a- 
nie-hiim  i;ear-.  ainl  are  infinite  in  numlier.  i{c-ulc-au\  notc'd  that  all  nice  hani-m-  c  .m 
I le  del  i\ c'cl  from  c omliinat  ions  of  liot  li  Iccwcm  anci  hi” her  kinemai  ic  paii -.  Alt  lioimh  t  he 
numlcei  III  ba-ic  mec  hani-m-  that  max  !»•  ccuiipo-ed  are  too  nimieroii-  to  mention, 
ha  ncibook-  ami  c  at  a  loir'-  c  out  a  iiiinii  -oiiic'  of  the  mc»re  c  c  immoiily  ii-ec  1  and  i  nl  ere-t  iii” 
nicM  hani-m-  liaxc  bc'c-ii  eoinpilecf.  One  example-  i-  an  c-nc  yelopc-clia  cif  mec  hani-m-. 
to'iet  her  \x  it  h  text  ual  c|e-cript  ion-  of  then  lum  t  ion.  c  c»mpilecl  l>x  At  toliolex  -k\  . 

.\  lame  bodx  of  knoxx  lec|<.ie  c-xi-t  -  lot  .inalx/inu  the  motions  of  mec  haiii-m- c  nn 
-truetc-d  Iroiii  the  -ix  loxxci  order  kinematic  pair-  t-c-c-  Mcd'.itthx  ;’ili'i.  A  -ub-et  of 
the  hi” her  kiiiemat  ic  pair-,  im  luclin”  tiiatix  lixec!  axi-  tm-c  hani-m-  -m  h  <i-  ueai  t  r.iin- 
ot  c  am-  iV'  lolloxxc'i-.  liaxc-  lieen  analx/eci  e\ic-n-ix c-lx  ami  -pec  iai  piirpo-e  -x  nthe-i- 
techllicpie-  c|exc'|opec|  ( -ec-  Paul  [ti'J  ami  Shl'.ilex  jtiM'  for  c'Xaniplc--l.  Mote  recelitlx. 


1.1:  liiicLfiroinul  <iii(l  ll(lal(il  W  oil: 
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coinpiitiil  ii>iially  hax'd  analysis  I cclmifiiics  coinhiiicd  willi  syntlicsis  toids  to  aiito- 
iiiat  icallv  select  |)arainet  ('is  lor  iiK'clianisins  ol  lixed  topology,  such  as  link  h'ligtlis. 
liax'e  Ix'c'ii  d('\  ('loped  l>\'  a  nninlier  ol  r('s<'ai<  li('ts  (se<'  lioddnlnri  >V  .\Ic(  art  liy  [d]. 
Kramer  [  1 1  ].  and  llo(  'Itzel  ,V'  (’lii<'ng  [:{!»]). 


Sliape  Synthesis  for  Kinematic  Pairs 

I  lie  techni(|nes  and  design  tools  descrilx'd  al>o\'e  are  limited  to  the  s('lectioti  atid 
tnanipnlat  ion  ol  paiaim'tc'is  lor  |)re-delermined  kinetiiatic  pair  ty|)('s.  Joskowicz  .V 
Addanki  [Id]  out  line  an  ap|)roach  lot  modilying  and  gc'iu'rat  ing  the  sha])e  jitoliles 
ol  kiiK'tnatic  paiis  Irom  •'pecilicat  ions  ol  desiri'd  itipiit -out  put  motion  relationships. 
(Jnpta  .lakiela  [•{>']  de\('lo|)ed  a  shape  design  system  that  takes  as  input  two  planat 
shapes,  one  of  whi(  h  i^  lixed.  atid  a  rnnctional  diagram  rc'lating  tlu'  relative  niotioti 
ol  the  two  ohjeits.  .\s  the  lixed  •'hape  is  swe|)t  along  a  presciihed  motion  path  it 
i''  used  to  "(atvc'  out  the  ot  hei'  ohject  s  ^ha|)e.  analogous  to  moving  a  hot  knile 
tht'onuh  "computational  laitti'i  ". 


Robot  Motion  Planning 

Woik  in  the  held  ol  mliot  motion  planiiimr  has  considcK'd  tinmeroiis  aspeits  ol  the 
K'lat  ion>hip  lietvvcen  'hape  ami  motion,  lasks  'in  h  as  hndiim  a  colli'ioti  Iree  path 
lor  a  iiil  »ot  a  1 1  loi  I  u  ol  I't  <n'  Ic'  a  I  n  1  I  he  a  nt  oma  t  ic  sv  nt  hesis  ol  robot  mot  loi  i'  I  rot  n  1 1  ml  i 
level  t.i'k  'pe<  i  In  <lt  ioli'  ll.iVe  I  x'eli  exteil'ivclv  'tlldied.  ainl  a  nnnihel  ol  povverllll 
I  ( 'prc'et  it  a  t  lot  I'  and  aiiaivsi'  tctoK  have  been  developed. 

An  import, lilt  problem  nlentihe<l  eailv  on  in  the  developmetit  ol  (ompiitei  con- 
trolleil  manipiihitoi '  vvii'  that  ol  planninit  a  collision  Iree  path  ol  a  mani|)itlator 
.mioim  ob't.nle'.  I  dnpa  71  introdined  a  repre'entat  ion  iti  which  the  problem  ol 
iiiov  inii  ,1  robot  anioiiii  ob't.n  le'  vv,i'  1 1 .ni'lormed  to  an  a|)pi()ximatelv  eipii valent  and 
'I III plet  ptoblem  ol  iiiov  inu  ,1  point  .iiiioiiu  l  raii'lot  nied  ob't ai  les.  l.o/aiio-l’eie/  [  Ittl 
loiiii.di/ed  thi'  iile.i  bv  leii't  rm  t  mu  the  i  <>;///(/(/ ra/mn  .'/»/c( .  who'e  axes  are  the 
icibot  '  (h'uiee'  ol  liee<lotii.  ill  vvliK  h  ( eii't  laiiit '  on  the  robot  s  motion  due  to  inter 
.iitioii'  with  ob'tac  le'  III  the  robot  s  env  iioiimetit  (oiild  be  represented  direi  tiv  as 
I  >  iii't  1 ,1  i  nt  '  I  )i  I  t  he  iiiol  ion  ol  t  he  robot .  .More  u<'tiet  a  1 1  v.  con  I  mu  rat  ion  space  is  the  pa- 
1 ,1  met  ei  'p,ii  e  repic'eiit  iiiu  the  relat  i  ve  lo(  at  loll'  I  i  I  icl  I  n  I  i  1 1  u  posit  ion  atid  orient  at  ion  I 
ol  I  mid  objei  t'.  Althoimh  it  Ini'  been  ii'cd  ex t eiisi V I'ly  in  robotic'  atid  planninu  to 
model  kmennitn  <  dii'l  r.iint'  impo'ed  on  the  'ct  ol  leual  tiiotioti'  ol  object'  by  theit 
'ha pe-~.  the  II nderl V  I im  ide.i  ol  ii'iim  a  pai amet ei  spai c  .malv'is  Ini'  a  long  h i't orv  in 
phv  'K 
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('ll  (I  pi  ( I-  I :  lilt  roil  II  cl  ill  II 


Construction  of  Configuration  Space 

Many  algoritlims  ior  const nict ing  motion  constraint  re'prt'scMitat ions  in  ( ()nfip,nrat ion 
s|)ac<'  liavc  Ixs'ii  (l('V('lo|)c<l  for  various  mot  ion  planning  and  analysis  a|)plicat  ions,  and 
the  Imiction  and  pc'rformancc  o(  tlic'sc  algorit Inns  dcpcinls  heavily  on  (iK'ir  intended 
applicat  ion.  1  he  t  wo  primary  a|)plicat  ions  lor  conligmat  ion  si)ac('  in  robot  ics  are  t  he 
plamnng  of  collision  Irej'  pat  hs  for  manipnlators  and  t  he  analysis  of  t  he  mot  ion  (d  ob¬ 
ject  s  in  contact.  Planning  lor  coHisicni  avoi<lanc<'  typically  in\ol\('s  searching  among 
t  he  Tree  regions  b('t  ween  obsl  ach's  in  <'oniigiirat  ion  s|)ac<'  ( se('  Lozano-Per<v  [  lb] ).  1  he 
r('pr('S('nt  at  ions  and  algi)rithms  const  rnctcsl  lor  this  task  therefore  locus  on  charac - 
t(‘rizing  the  lr('('  and  ocebnh'd  n  ipoii.s  lA  conlignrat  ion  s])ace.  ( 'onligurat  ion  s|)ac(' 
r('pr<'sent  at  ions  iisecl  for  the  analysis  of  motions  ol  o!)j<‘cts  in  (ontact  locus  less  on 
th<'  distinctii)!!  between!  free'  and  occlndesl  space  and  more  on  the  exact  nature'  e)f 
the'  be)unelarie's  se-parating  the'  twee  the'  ee)nstraint  siirfacis  ele'te'iinine'd  by  e)bi('et 
inte'iaet  ienis. 

be)zane)-Pe’'ie'Z  [ibj  de've'lejpe'el  a  simple' anel  e'llicie'nt  alge)rithm  fe)!  eennpnting  the' 
be)midar>'  e)f  the'  (.r.//)  eejiiligmat  ieeii  spae-e' e)bstacle'  lornie'el  by  t  he' inte'iaet  ie)n  of  two 
peilygejiis  witheint  rotatieins.  1  he'  algorithm  is  base'el  e)n  enele'iing  the  e'dge's  Ireim  the' 
pejiygeins  by  the'ir  eirie'iit  at  ieni  (me'asnre'el  eeinnte'ielockwise').  with  the'  re'sidting  list 
eif  eireh'ie'el  e'elge's  de'seribing  the'  (peissilily  ne>n-simple')  i)e)(yge)n  feirming  the'  obstaele' 
benmelarv.  ,\vinaim  e't.  al.  [d]  eh've'leipe'el  an  e'xaet  re'])re'se'nl  at  iejii  e)l  the'  lull  {.r.fi.ll] 
e'onlignrat  iejii  sjiae  e'  obstae  le'  Ibrme'el  by  twe»  inte'rae  t  ing  pe)l>  ge>ns.  Deiiialel  [2'J]  ele'- 
ve'leipe'el  anel  imple'ine'iite'el  an  algeirithm  fe)r  planning  eeillisie)!)  fre'e'  paths  of  thre'e' 
elime'iisieinal  pejlyhe-elra  with  six  ele'gre'e's  e»l  fre'e'ele>m.  In  his  re'pre'se'iit  at  ie>n.  Denialel 
de'se'ribe'el  the'  fi ve'-eliine'iisienial  eeinstraint  snrfaee's  ( snbmanifeilels )  in  the'  ee)mi)le'te' 
six-elime'nsie>nal  e  eniligmal  ion  spae  e'.  Baja)  ,V  Kim  fl|  e'xte'iieh'el  the'  class  e)l  moel- 
e'h'el  eibje'et  shape's  be'\e)nel  peilygeins  by  ele've'leiping  algenit  hms  te>  eenistrnct  the'  (.r.//) 
obstaele'  beninelaiv  lor  twee  inte'iaet  ing  eibje'ets  re'pre'se'iite'el  liy  se'gme'iit  s  e)i  alge'biaie- 
eiirve's. 

Ie>  impreive'  the'  rnniime'  jie'rfeirmanee'  e»l  me)tie)n  )>lanning  syste'ins.  a  nmnbe'i  e)l 
re'se'arehe'is  have'  eleve'leipe'd  e'llieie'nl  alge)ritlims  tee  eeimiiiite'  ap|)re»ximat ions  feir  eib- 
staeh's  in  eeniligmat  ieni  spaee'.  Le'ligye'l  e't.  al.  [IS]  imple'ine'nte'el  a  re'al-time'  me)tie)n 
planning  syste'in  fejr  jieilygonal  eibje'e  ts  by  nt  ilizing  e'xist  ing  e-ompnle'i- graphie  s  harel- 
ware'  (e|e'|)th  bnffe'r)  tei  raste'iize'  lixe'el-reitat  ie»n  sliee's  eef  eibstaeh's  in  ee)nlignrat  ieiii 
spaee'.  Braniekx'  >V  Ne'wman  [11]  de've'leipe'el  anel  imple'ine'iite'el  algeirithms  tei  ra|)ielly 
e  e)mpiite'  appieixiiiiate'  e  einligiirat  ieiii  spae  e'  eibstae  h's  fen  ninlt  i-link  manijnilators  nie)\  - 
ing  amenig  polylie'elral  obslae  h's.  bozane>- Pe'ie'Z  .V  O'Donne'll  [oL’]  iitilize'el  a  |)aralle'i 
arehite'et  lire'  e()ni|)nte'r  tei  rapielly  cennpiite'  anel  si'areh  hir  paths  among  obstae  h's  in 
a  six-elinie'iisienial  e  eniligiirat  ieni  spae  e'  ge'iie'iat e'el  for  a  six  link  iiiaiiipulalen'.  I  he'y 
aehie'xe'el  goeiel  |>e'rfe)rnianee'  by  lit  ilizing  inlie're'iit  synmie't  rie's  in  the'  st  met  lire' eif  eeni- 
ligiiration  spaee'  eibstaele's  lor  re'Veiliite'  jennt  manipiilatens  with  iiite'ise'et  ing  axe's,  in 


H)i(f,(ir(>ii  11)1  (111)1  h‘)l(il))l 
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l.i: 


i)i(l('i  III  rcprcx'iit  ;ni(l  ciKodr  the  <>l>>lii(  !<••<  williin  n'c  iir-'ivc  'liii<  liii»'  lli.ii 

may  lir  (|ui(  kly  coinpiitcfl  and  snaicln-d  l»\  iiiassivcK  paiallnl  alina  it  Imi''.  A  i  i>m 
|)l<'tr  task  |)kmiiiiii;  sx  stcm  named  ////;/</(  (/.  iiiioi  )n(iat  iii”  an  im|)lcmcnt at  ion  ul 

I  lie  al>i)\(‘  alyoi  it  lim  in  ad<lit  ion  to  a  nnmix'i  ol  ot  Ihm  cduont  Imi''  ad<lii'^^inu  varion" 
aspec  ts  ol  roliot  motion  plamnitii.  i-'  dc'si  liltc-d  in  l.o/aiio  I’c-ie/.  et .  ,d.  ad  , 

Sensorless  manipulation  using  task  mechanics 

Sen  sol  less  manipniat  ion  ol  ohjeels  is  an  im  pot  taut  aie.i  ol  mot  ion  planiiiim  that  olten 
relies  heavily  on  a  detaileci  imdersi  andinu.  ol  the  midei  Iv  iiiu  mei  hanic  ^  ol  <i  t,i^k. 
I  nlike  sensor  leased  met  hods,  such  as  lohols  c  c»ii|>lei|  with  vision  siciii".  scusoile-" 
tasks  are  typically  c'xeciilecl  open  loop,  relvinu  on  the  inherent  ta^'k  iiiec  Iniiiic  to 
reduce  the  ellects  ol  iincert  aint  \ . 

.\  nimiher  ol  researchers  have  de\<‘|o|><‘c|  iiiodeh  ol  motion  c  oii-'t  ramt imposed 
hy  the  1)1)  (Ikiiii)  )t\  ohject  i  lit  erac  1  ioiis  |  hat  <  omplcMiient  the  kini’imitic  con'traint' 
oil  motion  descriliecl  ahovc  in  the*  varioii''  oh-'l.ic  le  represc'iit at  loii''  in  < oninmrat  ion 
space.  .Mason  [*i’)j  reali/ed  that  motion  constraint  sm  lacc'-  in  (onliiiiirat  ion  ^paco 
could  he  extendecl  to  repicsent  dynamic  properties  of  nianipnhit  ion.  In  partii  iihir. 
.Mason  ohsc'i'vc'd  that  t  he  siirlacc's  ol  t  he- ccenliunrat  ion  •'pac  c  ohst  ac  le  posst-s^  manv 
of  the-  same'  |)h\sical  proper/ ic-s  attrihnic'd  to  'real’  "iirlacev.  sue  h  a'^  Iric  lion  and  the 
ahility  to  lic'iieralc'  reaction  torcc-s. 

i'.rdniaiin  [2(1]  clevcloped  an  c'xleiision  of  a  cceimnoii  lic-oinet  i  ic  representation  o| 
('oiiloiiih  Irictioii  the  Iric  I  ion  cone-  into  an  ec|iiivalent  coiilimirat  ion  ^paic'  rep 
resc'iil  at  ion  that  includes  rc-aclion  lorc|iies  as  well  a^  loiic'^.  (ioval  'HI'  examined 
the'  rc'lal  ioiiship  helwc'c'ii  planar  Iriction  ainl  sliclinu  ami  devc-loped  the  comipi  o| 
niolion  limit  siirlacc's  that  relate'  lorcc'-torcjiic'  comlil  ioii^  to  in"!  .nit  aiic'oii"  iiioiioii' 
lor  l,)ioir))  sc'ts  ol  planar  siirlacc'  conlacls.  i’c'shkin  [(idj  cic'ic'rnmic'd  hoiimh  on  iIm' 
insi ant anc'oiis  ii'iilc'r  ol  rotation  lor  a  planar  ohjec  t  sliclinu  on  a  smliice  whc'ic'  the 
disl  rihiil  ion  cil  contact  lorcc's  was  unknown.  Wain;  [Tti]  c'xtc'mlc'd  t  hc'  c  l.ns  ol  niodc  lc'd 
oh  jc'cl  ini  eract  ions  to  i  nchiclc'  I  he-  mc'chanics  ol  im  pac  I  s  a  mom;  plan.i  i  |  col  \  uoii''. 

Part  Orienting 

I  hc'  task  of  part  oric'iit  im;  is  primarily  concc'rnc'd  with  the'  |>rohlem  o|  ic'dm  mu  nii 
cc'i  lainly  ami  is  coiicc'pt  iially  very  similar  to  I  hc'  prohlc'ins  ol  hot  h  scn-'Oi  ha^c'cl  ,nic| 
sc'iisorlc'ss  nianipiilal  ion.  Like'  manipulation  si  rat  c'uic's.  wc'  niav  clivich'  Ic'c'dc'i"  into 
two  hroaci  classc's:  sensor  hasi'cl  ami  sc'Hsorlc'ss. 


Seusorless  Orienting 

\ihralory  howl  lec'dc'is  arc'  aniom;  tlic'  most  common  tvpc'  ol  sensorh'sv  Ic'c'dc'i  in 
wich'sprc'acl  nsc'.  I  lic'  sc'iniiial  work  hy  hoot  Inov d  c'l .  al.  ['']  prc'sc'nl  s  .i  compic'hc'iisivc' 
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Cliapltr  I:  I  til  rod  art  ion 


iiiid  ill  fl(‘|)l  li  aiuilysis  of  lr('(|iiii;  and  orient  iiiu,  l<-(  liiii(|iics  in  trcneral.  and  in  |)ai  l  irnlar 
l)o\\l  r('('d(M's.  I  li<‘\'  (uiidiict cd  niinuMuns  <'X|MMini(‘nt s  to  del ('iniiiK'  the  prohahilit y 
di-'t  I  iliiit  ion  lor  the  rest  ins;  aspects  of  parts  ainl  dexeloped  te<lini(|iies  to  coni|)nte 
th<'  t  hroiii'lipiit  ellicieiKX  (if  vihratory  howl  l'e<‘der  systems.  I  he  main  result  ol  this 
work  is  a  handhook  ol  leedsMs  iinhwed  hy  a  taxt)nomy  of  basic  part  u;(‘omet  l  ies.  1  his 
handbook  serves  as  an  essc'iitial  tool  lor  (h‘si<;n<'rs  and  mannlact  nriiii;  ('ni>;in<'ers  in 
makini;  an  /inhnl  select  ion  ol  |e('der  typ<‘s  and  i;<H)niet  rii's  appropriate'  lor  a  t;i\('n  set 
t)l  parts. 

I  he  (APOS)  (Advanced  Parts  Orientiii"  Syste-m)  de-velope'd  by  .Sonv  and  de¬ 
scribed  bv  Shirai  >k'  Saito  [70]  le  pre'sents  a  simple' and  e'fiicic'iit  harelware  imph'iiie'n- 
tatieni  eel  vibrateiiv  le'e'dini;  that  cevmbine's  re'iisable' syste'in  harelware'  with  iiit('p;rate'el 
pallet i/iiii;  and  part  transpeirl.  APOS  has  be'e'ti  sneee'ssinlly  applie'd  in  a  wide'  vari- 
t'ty  ell'  nianiirae  t  iiriim  sv  ste'iiis  bedli  insieh'  aiiel  eintsieh'  .Seeiiy.  The'  primarv  e  halle'iiRe' 
in  usini;  the'  syste'in  is  the  initial  de'sit;n  eel  palh'ls  that  eaptiire'.  sent,  anel  heild  parts 
lor  asse'inblv  he'iiee'  its  inle're'st  tee  iis  in  the'  eeeiite'xl  eel  shape-  ele'sit;n  Ireim  meitieni 
eetiist  taint  s.  .Meniee'v  ie  /  [.")S]  de'seribe's  an  inte-re-st  ini;  api>re)aeh  that  se-e'ks  to  liirthe'i 
inte'orate  enie-nlini;  ainl  asse'inblv  eipe-rat  ienis.  It  is  base-el  on  a  moelifieat  ie>n  tei  tlie- 
basie  .\I*()S  syste-m  in  vvhie  h  ee)tll|)enie'nt  parts  are-  beith  eirie-nt e-el  erne/  asse'inble'el  in 
vibrateeiv  palh'ls  wlie-re'  the'  palh'ts  are-  t  he'inse'lve's  siibasse-iiiblie's.  an  appieeaeli  1  lie-y 
re'lei  Ie)  as  "shake'  ll  make'"  asse'tnbly.  In  atieellie’f  inte'fe'st ini;  a[)pre>ae  h.  .Sini;e'r  .Se'e-r- 
iii'i  [71]  elist  iiii;iiish  aiiel  se-parate-  part  enie-ntat ieeiis  iisini;  eliflere'iie  i's  in  the-  dyiiainie 
pre)|)e't t  ie's  ol'  parts  by  rmiiiiii<.;  the-  parts  ene-r  a  small  f'e-ne  e'  plae  e-el  ae  t'oss  a  nieivini; 
t  rae  k. 


Part  Orienting  in  the  Context  of  Planning 

Natara  jan  [o!)|  e  eeiisieh'ie'el  a  iiinnbe'r  eef  ge-ne-ral  t  he-ene-t  ie  al  anel  ceimpiit at  ienial  aspe-e  ts 
eil  part  etiie'iilini;  as  a  se'iisejrle'ss  nianipniatieni  task.  Ihelnianii  <V  .Mason  [27]  eh'v e-lope-d 
anermiple'ine'iit  e-el  an  ali;e)rit  Inn  le»  ge-ne-rate-  se'e|ne'ne  e's  e»l  se-nsen  le-ss  t  rav  t  ilt  ing  mot  ienis 
ele'si'giie'el  te»  |)laee'  a  raiieleniilv  e nie'iil e-el  part  inie)  eeiie-  eeiiiie'i  e)f  tlie-  trav  ill  a  klieivvn 
eei  ie-nt at  ieni.  ( leehlbe'i  i;  ['11]  ele'Ve'leipe'el  algeefit  hills  te)  ge'iie'rate'  se'e|ne'ne  e's  eil  planar 
grasps  nsiiiii  a  Irie  t  ienile-ss  paralh'l  jaw  gri|)pe'r  te»  en  ie-nt  a  peilv  genial  part  ol  kiieiwn 
shape-  in  the-  plane'.  Allheaigh  a  robeit  was  nse-el  tee  pe-i  renin  the-  grasping  nieit  ienis.  iiei 
se'lisilig  was  elolie'. 


Sensor-Based  Orienting 

\  imie'ienis  syst  e-nis  e  eeiisist  ing  eel  eenilbiiiat  ienis  e)l  reibeets,  eailie'ias.  lase-'s.  jiheiteie  lie  ale's, 
eeelitaet  sVV  it  e  he's,  ae  t  Hat  e  >1  s.  e't  e  .  ha  Ve-  be'e'll  eh'V  e'leipe'e  1  atiel  iniple'tlie'iit  e-el .  (ieneloll  [dn] 
pleivieh's  beitli  a  goeeel  e'xaiiiple' ed'  all  iiit  e'gial  e-ei  eieise'el  leiop  enie'iil  ing  anel  asse'inblv 
syste'in  Using  a  lase-r.  visieni  svste'in  anel  a  retbeet.  as  vve-ll  as  an  e-xee-lle-nt  siirve-y  e»l 
le-lale'el  se'lisilig  aiiel  eeiie'iililig  t e-ell II iepie's. 


I.  )':  Ii(i(l,(ir()ii ml  timl  liilalid  \\ oil, 
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Qualitative  Reasoning 

Woi'k  ill  (lie  licid  1)1  iintoiiwilcd  cnialilal  ivr  rrasoiiiiii;  lias  cxainiiK'd  the  rclat  ioiislii|) 
Ix't  \v('<Mi  t  lie  sliapc  of  kiiicmat  i<' pairs  and  t  licir  cDiicspuiidiiif;  liiiiclion  witli  llictiual 
of  ext  rac  t  iiiu,  al)st  fact  dcsi  ript  ions  of  rniicl  iuii  lix)]!)  lorni.  l'alliim,s  [2!)]  int  lodnccMl  tlic 
l>lm  i  rociilniliirii.  an  alist  i  act  ion  lor  in<'<  lianisiii  Innclion  dcri\('d  li'oin  iIk'  topoloi;' 
ol  lice  rc!j,ions  in  tiu'  conlii'ural  ion  spaces  ol  tlie  kinematic  pairs  coniposinn  the 
met  lianisni.  A  place  x'ocalnilary  <x)nsistsol  a  “;rapli  representation  in  which  Itomnhsl 
Iree  r<'!!,ions  in  conliu,nrat  ion  space  aic  ix’iiresenti’d  as  node's  and  connections  Ix'tween 
the  regions  as  arcs.  I  lie  re'snitinu,  j*;raph  strnctnre  ('tnlx'ds  a  compact  ('iicodini;  lor 
the  topology  of  free'  rei>,ions  in  conli,i!;nia1  ion  space  that  may  lx-  |)ais('d  to  ohtain  the 
Imictional  attrilnitc's  of  t  Ix'  ninh'ilyinu,  mechanism. 

.loskowic/  [  1  l]  also  uses  honndarie's  and  r<'t>ions  in  the'  conli,u;mat  ion  space  ol  a 
iiK'chanism  to  perrorm  epialitat  ive  analysis  ol  im'chainsm  l)eha\ior.  In  addition,  he 
introdnee'd  a  heuristic  algorithm  lor  de'siteninf*,  the  shape's  eel  me'ehanism  e  eempenie'iits 
rreiin  eh'se  ript  iexis  eel  ele'sire'el  Ix'havie)!'  re'pre'se'iit e'el  e'ithe'r  in  te'rms  e)l  e  e)nliti;nrat  ieeii 
space'  maps  eer  rmietieinal  re'lat  ie)nsliips  Ix'twe'e'ii  the'  input  atiel  exit  put  parame'te'is 
eh'linim^  the'  me'e  hanism  s  eeinlignrat ieni  spaee'.  .Ie»ske)wiez  .V  Sae  hs  [15]  e'xte'iide'el  aiiel 
imple'tne'iite'd  this  weirk  eni  kilK'tnalie-  eeeiist raint s  te)  ine  lnele'  the'  dynamie’  he'havieir  eel 
me'e  lumisms.  One'  le'sult  is  a  system  lor  tlu'  antennal e'll  me)ele'rmg  atiel  analysis  eel  pla¬ 
nar  me'e  hanisms  e  einsist  ing  eif  e  haiiu'el  kine'iiiatie’  pairs.  Ihe'syste'in  lirst  e  einst me  t s 
t  he'  21)  e  exiligiirat  ion  spae  e'  lor  e'ae'li  kilie'liiat  ie’  pair  in  t  he'  me'e  hatiism  anel  t  lie'ii  aiitei- 
matieallv  e'xplene's  lx>th  the'  elynamie-  anel  kine'iiiatie  hi'havior  in  I'aeli  e)l  the'  eexiph'el 
e  exiligiii  at  ieeli  spae  e'  re'giexis. 

|{e)iirne'  e't .  al.  [d]  nse'el  e'eiiiligiiral  ieXi  sjeaee'  as  a  elexiiain  le)r  e'xaminiiig  the'  re'la- 
tiexiship  Ix'twe'e'ii  iiiae  hilling  t  eih'ianee's  le»r  parts  and  the'  limet  ieeiiality  e)l  theise'  jiarts 
ill  a  nie'ehaiiism.  Spe'cilieally.  tlie-y  se'arelie'el  leer  paranie'trie-  eariatieeiis  that  ehange'd 
the'  teipeeleigy  eil  Ire'e'  sjiaee'  re'gienis  in  a  me'ehanism  s  leMiligiirat  ie)n  spaee-  in  eerele-r  tei 
heith  highlight  se-iisit  i  ve-  ele-sign  parame'le'is  anel  te)  ih-riee'  teile-ranee'  eexisl  raiiit  s  that 
we-re'  re-late-el  elire-e  tly  te)  the-  int e-inle'el  Iniietieni  e)l  a  give’ii  me'ehanism. 

Design  Methodology 

.\e'\  ins<V  W  hitlie-y  [(it)]  pre'se-nl  an  eeve-rv  ie-w  ami  se-rie-se)!  ele-taih'il  case'  st  inlie-s  oil  the- 
ele'\  e'leepme'iit  and  imple'iiie'iitat  ieeii  eif  com  urn  u!  f/e.Me/n  strate-gie-s  leii  piexliiits  ami 
prex  e'sse's.  l  lie-  hreiael  aim  e)l  e  eem  nrre'lll  e'nu,ine'e'ring  is  te)  e  exiside'r  mult  iple'  aspe'ct  s 
e)l  ami  e  exist  rai lit  s  eiii  a  |)rexliie  t  s  inne'tie)n.  maniilae  t  iir<'.  use-  and  (  re'ce'iit  ly  I  dis|)e)sal 
as  e-arly  eeil  in  tin'  e|e'siu,li  preeee'ss  as  pe)ssil)le'. 

One'  ari'a  eel  leinciirri'iit  de'sign  ele'alinu  with  preximt  asst'niMx  is  de'siyn  hn  as 
se'lllMy  (l)l'.\).  ('Xte'lisi\ I'ly  di'Ve'leepe'el  l)\  He >e )t  h  1  e )\  e  1  ami  ot  lie'l  s  |7].  I)l'.\  IlK'tllexI 
e)le)gie's  eeelisist  e)!  ease'  stildie's.  e|e'sie.in  rule's  ;uid  hi'illistie  s  aillle'd  at  le'dlK  illU,  the' 
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()V('rall  niiinlxM'  of  compoiKMit  parts  an<l  last<'iu‘rs  in  a  product  s  d(‘siu,n.  as  \v('Ii  as 
makin<i,  tlu'  parts  easier  to  identily  and  »)rieiit.  Jakiela  iinpk'iiK'iited  a  <lesi^ii 
eioiroiinieiil  that  utili/;('fl  encoded  desi!*;n  lor  assem)>)>’  (DKA)  rules  to  make  sin>- 
i>;<'stions  Tor  clian«,es  to  tin'  input  !>,eoin<'t rv  dnriipe,  tin'  d<'si2,n  session.  Whitinp  et . 
al.  [so]  |)res<'nted  ((('tailed  models.  analys('s  and  experinu'iit s  on  tlie  perlormain c  o( 
various  cliamt('r  |)ro(il('s  dnrinp,  the  one-point  contact  phase  of  peii,-in-hole  assemhly. 
CaiiK'  [!()]  ('xamiiK'd  th('  ('ffect  of  a  numlx'r  of  chamler  prolih's  on  the  jammini;  and 
\v('(l<>;iin>  chaiacterist  ics  of  planar  |((\x-in-hol('  ass('mhl\  (hiring;  two-point  contact.  I)e 
I'azio  et.  al.  [21]  hav('  impl('m('nt('(l  a  leature  hasc'd  interactive'  (Wl)  ('nviroimu'nt 
for  analvzina,  tin'  ass('mhlal)ility  of  parts  using  a  graph  ol  liaison  diagrams  ('iicoding 
th('  (h'siie'd  le'lat  ionships  Ix't  \V('('n  colh'ct  ions  of  parts  in  oieh'i  to  s('l('ct  tin'  proix'f 
ass('mhlv  s('(pi('nc('. 


Simulation  and  Visualization 

Th('  primary  roh's  of  simulation  iti  (h'sign  is  that  of  nuxh'l  verilication  and  tron- 
l(l('sh(X)t ing  via  ('xploration  of  th('  functional  pr()p('rt i('s  of  tin'  syst('m  ninh'r  consid¬ 
eration.  One  of  the  difficult  res  frexfuertt  !y  e(tc()iin)('r('d  in  sinnilat  ion  involv('s  inlx'r- 
('iitly  discont iintous  plK'nonu'iion.  such  as  impacts,  that  le'snlt  in  constantly  changing 
honndaiy  cotiditions  that  r('(piir('  fr('(pi('nt  chang('s  to  tin'  syst('m  nuxh'ls. 

( liltnote' .V  Stie'it  [dd]  d('V('lo|)('(l  a  system  for  pn'dicting  motion  ninh'r  mnltiph' 
discont innons  contacts  using  a  rnh'  has('(l  algorithm  that  (l('t('rmin('s  (  hang('s  to  con¬ 
straints  and  automat i(allv  r('formnlat('s  tin'  dynamical  ('(piations  accordingly.  I  lu' 
syst('m  was  a|)pli('d  to  the  analvsis  of  a  parts  f('('(l('r  lor  planar  jiarts  consisting  ol  a 
s('(pi('nc(' of  angh'd  fences.  Donald  iV  Pai  [21]  utilized  a  simplili('(l  conlignrat  ion  spac(' 
r('i)res('nt  at  ion  to  analyz(' and  simnlat(' t  h(' mot  ion  of  rigid  jdanar  parts  with  compli¬ 
antly  conn('ct('(l  "snap  h'atuie's  moving  in  a  jdain'.  I  In'  n'sniting  syst('m  was  ns('d 
t o  Ix'lp  r('(l('sign  tin'  shap('  of  tin'  int('ract ing  |>lanar  part s  for  moie'  le'liahh'  ass('ml)ly. 

Simulation  t('chni(pn's  have  also  lx'('n  a|)pli('(l  in  int('ract  iv('  graphical  ('iiviron- 
nn'iits.  Witkin  [77]  introdine'd  a  r('formulat ion  of  dvnamical  and  constraint  ('(pia- 
tions  (h'serihing  a  svst('m  so  that  constraints  could  Ix'  rajiidly  a(l(l('(l  and  le'inove'd 
as  tin'  ('(piations  we'ie'  integrat('il  nuun'rically.  In  one  application  ol  this  t('chni(pi('. 
graphical  ('ntiti('s  could  Ix'  cr('at('d.  link('d  and  unrmk('d  int('ract  ive'ly  in  n'al  time 
l)v  a  ns('r.  K('lal('(l  t ('chni(pi('s  (h've'loped  in  tin'  rapidlv  ('volving  visualization  li('ld 
have  fonnd  a|)pli(  ation  in  sin  h  div('rs('  ii('lds  as  computational  llnid  nn'chanics.  nn'- 
t('orologv.  r('som'c('  ('Xtraction.  and  computational  hiology  (s('('  I’at  rikalakis  [til]  lor 
nunn'rons  ('xaniples).  In  all  (as('s.  tin'  hasir  »oal  ol  such  t('chnolog\  is  to  r('pr('s('nt 
comph'X  or  large  s('ts  of  data  within  a  unili('(l  r('pr('s('nt  at  ion  that  aids  in  reasoning 
ahoiil  and  manipiilat  ing  I  he  dal  a. 
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Particularly  Relevant  Work 

111  Ills  IMi.l).  llu'sis.  Mnist  [  1 ;{]  <1('\ ('lojx'd  and  iinplcinciiti’d  an  exac  t  rc'prc'M'iit at  ion  lor 
tlic'  (.r.ii.O)  conligurat ion  sjcaec' olcstaclc-  lonned  hy  two  int eract ini;  |)ol\  t;on>.  I  nlike 
collision-lree  |)lannin,ii,  applicat  ions.  Hrost  s  iniplc'inc'ntat  ion  lociises  on  const  nict  in»  a 
dc't  ailed  mot  ion  const  raitit  rc'prc'scMit  at  ion.  inclnditit:,  t  lic'  niecliatiics  ol  ol»  ject  lont  act . 
that  is  suitalile  lor  the*  dc'tailc'd  analysis  and  |)lannin,i>  ol  object  interactions.  In 
addition  to  kinc'tnat  ic  const  taint  s  Ix'twc'en  planar  objects.  Hrost  develo|x'd  a  seric's  ol 
algorithms  lor  (cjmpiitini>  regions  ol  possible*  static  (‘(|nilibriiitii  atid  bounded  regions 
delining  conligurat  ions  reachable*  Irom  initial  positions  in  the*  pre‘se*nee'  ol  |X)sitional 
and  control  imce*rt aiiity.  Hrost  applie*d  lhe*se*  algorithms  to  the*  tasks  of  analwing 
and  planning  robot  pushing  motions  and  dropping  of  parts  into  orie*nting  li\ture*s. 

I  he*  re*pre*s(*nt  at  ions  and  imple*me*ntat  ion  de*ve*lope*d  by  Hrost  pre'ce*ele*d  those*  pre*- 
se*nte*d  in  this  re'port.  and  the*re*a  nnmbe*r  of  similarit ie*s  and  dilfe*rence*s  be*twe*e'ii  the* 
two.  Similarit  ie*s  be*twe‘e*n  the*  two  im|)le'me*nt  at  ions  include': 

•  Heet  h  imple*ment at  ions  consiele*r  inte*ract  ions  atuotig  ob  je*cts  modele*d  as  poly- 
gotis  movitig  in  the*  plane*  with  thre*e*  ele*gre*e‘s  of  fre*e*elotn.  ' 

•  Hoth  imph'ttie'iitat  ions  compute*  an  e*xaet  re*|)re*se*nt  at  ion  of  the*  kitie*matic  mo¬ 
tion  constraint  .sm/hce .s.  re*pre'se*nte*el  in  i.r.t/.O)  e-onligiirat ion  space*,  proelnee'el 
by  platiar  polygon  itite*ract ions. 

•  Hoth  imple*tne*ntations  inexle*!  the*  me*e*hanies  of  obje*ct  itite*ract ions,  inclnditig 
coulomb  frict  ion. 

I  he*  priniar\  ob  je*ct  i\e*  of  Hrost's  imple*me*nt  at  ion  is  the*  automatic  const  met  ion 
ol  plans,  consist  ing  ol  e*it  he*r  pushing  or  elrop])ing  mot  ions.  re*pre'se*nte*el  ge*ome*t  rically 
as  re'gions  in  conligurat  ion  space*  bae  kproje*cte*el  from  spe*cilie*e|  goal  state*s.  l  liis  is 
iti  contrast  to  the*  fenwarel  proje*et  ieens  from  spe*cilie*el  starting  posit  ions/re*gions  that 
are*  e-om|)iite*el  by  cspace*-she*ll  lor  the*  |)nrpose*  of  \  isnali/at  ion  atid  atialysis  by  a  nse*r. 
Some*  ol  t  he*  spe'cilic  dilfere'iice's  be*twe*e*n  Hrost's  imple*me*nt  at  ion  atid  t  he*  cspaee*-she*ll 
imple*nie*iit  at  ion  pre*se*nte*el  in  this  re'port  inelnde*: 

•  Hrost  tre’ats  the*  shape's  ol  obje*e  ts  as  static  \ariable's  since*  he*  is  conce'rtie'd  with 
planning  motions  for  eibjc'ct s  of  known  shape*.  In  cs|)ace*-she'll.  howeve'r.  it  is  the* 
tnodilicat ion  ol  obje*ct  shape's  that  is  of  pritnary  conce*rti.  .\s  a  re*snlt.  Hrost's 
itn|)le*me*nt  at  ion  pre*com|)nte*s  the*  full  topology  of  the*  conligurat  ion  space*  eib- 
stae  le*  whe*re’as.  lor  re’aseins  ol  com|)nt at iotial  spe*e*el.  e  s|)ace*-she*ll  eompilte's  atiel 
displavs  the*  comple*te*  se*t  of  individual  eontaet  faee*ts.  but  only  ee)mpnte*s  the* 

afuorll lim>  implicitl.v  <oiisi(le*r  l>i>ili  imlynoiiN  lo  he  fully  siip|>ort('(l  li\  an  inulrrlyiiin 
planar  snifacc  lli'iiic  lli(*ri  i>  no  cNplicit  roiisieloral  ie>n  eif  liniiti'd  siipjiort  iliic  to  inli'iaci  ions  with 
a  non-infiniii-  snpporiin.n  i>lani'  protih*.  a.s  wilh  tin*  track  in  tin*  howl  fi'ialcr  I'xamph's  in  this  r<'|>ort 
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kxal  U)|n)lof;y  (liicci  H(lja<<‘ii<i<‘s  ami  iiitcrsccl ions )  that  alfccts  the  iiitcciatcd 
mot  ion  |)at  lis. 

•  Hrost  (‘Nplicit  ly  considns  and  modrls  mir<*r1ain1y  iti  Ids  representations  and 
ali^orit Inns,  doth  symholically  ami  minierieally.  in  tnder  to  eompiite'  motion 
platis  tlial  are  rol)nst.  I  li<'  prestmt  impl<‘m<’nt  at  ion  ol  cspace-sl't'll  perlorms 
only  ('xaet  imtm'rieal  eompntat iirns. 

rii(‘  I'ollowiniii;  is  a  eom|)arison  l)<>t\ve<‘n  spe<  ifie  eomp»)m'nts  Brost’s  implement a- 

tit)n  ( !nt>;hli,!>,lit('d  )  and  (•spa<'<'-sliell: 

((  (^)  i)rodne('s  an  exact  im-tricand  topoloi>,ical  d(‘s<ri|)t  ion  ol  t  he  (•'•//.  d )  kinemat  ic 
motion  constraints  for  two  input  polygons.  It  is  comparaMe  to  the  facet  gemn- 
ation  atul  (local)  topological  checking  perlonm'd  during  motion  integratioti  in 
cspace-shell.  llowe\er.  as  nientiomxl  al<o\<'.  cspace-slx'll  (hx's  not  prr'compnte 
th('  full  topology  of  the  conlignrat ir)n  space  obstacle,  which  Hrost  s  implemen¬ 
tation  must  d(t  in  orch'f  to  |)erform  l»a<  kproje<  t ion  cotnpntat ions. 

{Si  :\ IK ')  computes  ami  labels  regions  on  t h<' sm'fac(' ol  th(' motion  constraint  s('1 
that  nn/// correspond  to  static  <'(|uilibrium  under  sp('cili(‘(l  apjrlicxl  lorces  and 
uticertaitity.  ’(  her<'  is  nolhitig  <lirer  lly  comparable  iti  cspac('-shell.  althongh 
static  ('(piilibrintn  (without  micerlainty )  is  checkcxl  during  motion  int('gration 
in  order  to  detc'ct  tnotion  t<'rtnitiat ion. 

{HI’,)  pt'o<luc<’s  energy  ■■pu<ldles“  on  the  surlac*' ol  tin'  motion  constraint  s('t  that 
(h'tine  the  s<-t  of  initial  jjositions  (ami  ori<'nt at iotis)  Irotn  which  an  obj('ct  may 
be  dro|)i)ef|  in  a  gravity  liehl  ami  still  b<'  guaianteed  to  coim'  ti)  rest  in  a 
specitied  location,  lliese  emugy  i)uddh's  an'  <'(piivalent  to  tlu'  cous('r\at iv<' 
energy  bounded  forward  projc'ctious  di  scriln  d  \n  Se<t  ion  L'.  I.’J  with  f  =  I.  I  wo 
important  dilfer<'uc('s  an*  t  hat  HI’,  is  at  h'ast  partially  implementi'd  and  that 
the  rc'sulting  regiotis  art'  backprojc'cted.  i.e.  are  g(Mierated  backwards  Irom 
desired  goal  stat<-s.  The  ('tu'rgy  bounded  forward  projt'ctions  in  this  rc'port 
have  not  bec’ii  itni)lem(’nte(|. 

{HI’,)  cotnput<’s  backpi'ojected  legions  by  «'xpamling  the  set  ol  point s  on  t he  surlate 
of  tlx'  cotifigurat  ion  s|)ace  obsta<  h'  Irom  which  a  dt'sinxl  goal  will  be  ri'ac  hed. 
1  Ik'  rc'sidting  surface  regions  are  then  liflid  (ix»tn  tlx'  stirlace  in  order  to  lorm 
voluttu’s  in  cotdigurat  ion  spac<‘  that  deliiu'  tlx'  s«'t  ol  initial  |>ositions  (and 
ori<'nt  at  ions )  from  which  ati  obje<  t  ma\  be  r<'liabl\  |)ushed  into  a  specilied 
hxation  in  the  |)r<’sence  of  unc«Mt ainty.  HI’,  is  similar  to.  but  siguilicant ly 
tnore  gem'tal  thati.  the  tiutmuically  int«'grat«'d  lorward  i)ioiections  (omputed 
by  cspace-shell.  In  addition.  HI’,  <an  modr'l  highei  ord('i  dynami<s  wheia'as 
the  pres('nt  itnplemetit  at  ion  ot  rspace-shell  assutm's  onl\  (juasi-st  at  ic  motions. 
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Allot  Ik'i  |)i('(  <'  of  work  |);ir1  iciilarix  icloxaiit  to  tlii^  rrscai cli  was  dcsc  i  ilicd  in  an 
nn|)nl)lisli('d  icscaKli  iikmiio  I)\  Lo/ano- I’ciav  [al].  wlio  proposed  doth  a  represen 
tatioii  of  rniictioii  froiii  sliap<-  in  terms  ol  iiiotioti  eiiiist  raint  s.  atid  the  \  iew  ol  tlie 
process  ol  sliape  desitin  as  an  inxeise  ol  the  motion  platininu,  prohlem.  lie  also  sii*;- 
licsted  \  ihratoi  v  howl  feeder  desiipi  as  a  proiiiisint;  domain  in  which  to  dexelop  atid 
t  est  t  hese  ideas. 

Spec  ilicallx.  I.ozaiio  I’ercv  propos<‘d  a  dc-siirn  model  in  xxliich  leeder  motions  were- 
c  hai  ac  tei  i.zed  ainl  c  lassihc'd  into  a  basic  sc-t  o|  pritiiitixe  motions.  1  hese  primitixe 
motions  would  serxe  as  a  xocahiilarx  xvith  which  the  ch'sirc'd  motions  ol  |)arts  to  he 
oric'iited  could  he  cone  iselx  rc'presenled.  lo  !*enetate  ic'c'ch'f  u,eotnet  l  ies,  c  haraclerist  ic 
motion  paths  would  he  coni|)c(sed  from  this  xocahiilarx  and  parts  would  he  sxxept 
aloinr  those  pat  hs.  ellect  ix  c'lx  (  lit  t  incr  out  thc'ch'sired  h'eder.  .\s  we  xxill  sec'  in  (‘hap 
tc'i  I.  the  lic-oii  let  lies  <j,enerated  h\  such  swept  motions  proxidc-  the'  necc'ssatx  hut 
tiot  the-  siillic  ient  (oinlit  ions  to  guarantee  that  the-  desired  motiotis  xxill  he  achiexc'd. 
.\lthoni;h  thc-se  ideas  were  not  d<'\<'lo|)ed  liirtheroi  iniph'iiic'iitc'd  h\  ho/atio- I’c'fe/. 
thc'X  pioxided  the'  inspiration  ami  imdet  lx  inu,  concept  nal  Iramc'work  that  tnided  the 
hulk  of  the'  xxork  descrihed  in  this  report. 


1.4  Contributions  of  the  Research 

riic'  coiit  rihnt  iotis  of  t  his  rc'search  lie  lK>t  hint  he  utnleiix  itiu  concept  of  nsiii'i,  mot  ion 
const  raitit  s  as  a  paradiu,tii  for  shape  dc’si<*n.  ami  in  the'  rc'prc'sc'nt  at  ions  ami  tools 
dex'el()|)ed  for  this  purpose.  1  he  major  coni  rihnt  ions  ol  this  rc'si'are  h  include': 

•  Motion  Constraint  Based  Techniques  for  the  Design  of  Functional 
Shapes.  1  his  r('sc'arch  has  dc'inonsl  ratc'd  that  motion  constraints  max  he- 
iisc'd  as  the'  basis  lot  (It  ol  limclicHial  shape's  as  wc'll  as  lor  the'  analx'sis  ol 
fiim  t  ional  shape's. 

•  Functional  Constraint  Representations.  W  e  hax  e' de'x  e'lojie'd  mat  lie  niat  i 
callx  pre'cise’  ami  com  pi  it  at  ional  I  x"  aeec'ssihle'  In  net  ional  re'prc'se'iil  at  ions  in  t  e'rms 
of  motion  constraints  for  the'  four  application  clomains  shoxvn  in  l  iuiire'  l.S: 
compliant  asse'iiihlx'  of  rigid  parts,  xihralorx'  hoxxl  le'e'de'is.  part  lixtnre's.  ami 
.\I’()S  xihralory  parts  le'e'de'is. 

•  Design  Tools  and  Methodologies  for  Generating  Functional  Shape 
Interactions.  We-  eh'x  e'hxpe'el  ami  im|)le'me'nte'd  a  Si't  eif  teiols  and  me't  hodologie's 
applicable'  to  the'  design  ol  xihratoiy  hoxvl  le'e'de'is  and  compliant  asse'inhlie's. 

•  Computation  of  Planar  Support.  We  cle'xc'lope'd  an  c'llicie'iil  algorithm  for 
eeiiiipiiling  the'  e-omlilion  of  support  lor  an  ohjc'i  t  by  a  planar  support  siiilaec' 
iindc'i'  I  hc'  c'llc'cl  s  ol  grax  ity. 
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•  Lower  Dimensional  Mappings  of  Transitions  to  Higher  Dimensional 

Motions.  \\(’  (l('\('lo|)<‘(l  a  I'cpirscnlat i»>ii  that  ii)a|)s  the  liansitiuii  lioin  lowei 
•  l.u.l.  const  rained  niol  ions  to  higher  motions  as  a  result  ol  changes  in 

planai  sn|)|)ort.  1  his  mapping  allo\v<‘d  t  h»' essent  iai  (  haractei  ist  ics  of  ( omplex 
ol)i<'ct  motion  to  he  cai)tiir('(l  within  a  simpler  representation. 

•  Interactive  Computational  Environment  for  Functional  Shape  De¬ 
sign.  We  (leM'loped  and  impl<Mi.('nt(‘<!  an  interact  i\(' com|)n1  at  ional  environ¬ 
ment  lor  shape  <lesign  based  on  a  "neat'  real-t  im<' mol  ion  const  raint  generation. 
\  isnalizat  ion  and  manipulation  ttxd.  This  system  also  demonstrated  that  the 
compntatii)n  t)l  constiainis  in  coiiligurat ion  space,  lor  objects  with  thrc'c'  de¬ 
gree's  ol  (Veedom.  ma\'  be  computed  quickly  for  ])lanar  objects  of  "moderate" 
c  ompic'.xity. 

•  Functional  Shape  Generation  by  Means  of  Swept  Motions  Doesn’t 
Work.  Wc'  illu  st  rat c'd  that  shape-  gc-nc-rat  ion  tc'c  hnic|nc's  basc'd  on  s\\c'|)i  mot  ion 
ol  lixc'd  shape-  eebje-e  ts  are-  not  guarante-e-d  tee  provide-  the-  inte-nde-d  motion  con¬ 
st  raint  s.  i  I  lust  rat  itig  t  he-  ne-e-d  for  a  more-  aeeurale-  and  complete-  re-present  at  ion 
lor  analvzing  atid  synt he-si/ing  shape-  inte-rae  t ions. 

•  Dynamic  Visualization  of  Coupling  Between  Motion  Constraints  and 
Shape  Parameters.  We-  ut  ilize-d  the-  abeeve-  e-omputatieenal  e-m  ireunne-nt  to  \  i- 
sualize-.  ide-ntil'y.  anel  iute-ract  ive-ly  e'X|)le)re'  the-  elynatnic  nature-  of  const  raint 
coupling.  We-  introduce-d  the-  notion  e»(' dynamic  constraint  visualization  as  a 
me-ans  of  e-xamiiiing  the-  ne'ighbe)rhe)e>el  of  a  peeiut  in  de-sign  space-  and  high¬ 
lighting  the-  iidie-re-nt  limitations  anel  constraints  on  ae  hie-\  ing  a  de-sire-d  se-t  of 
lunct ional  prope-rt ie-s. 

1.5  Outline  of  the  Report 

(‘hapte-i  L’  ele-\e-lops  the-  de-taile-el  niotieui  eejiistraint  le-pie-seutat  ioio  lor  the-  class  of 
obje-e  ts  that  nia\  be-  mode-led  as  planar  peelygons  with  maximum  eel  lliie-e-  de-gre-e-s 
ol  Ire-e-doin  1 1  wo  t  ratislat  ional.  euie-  re»t  at  ieuial ).  I  he-  notion  of  meet  ion  const  raiuts  is 
e-xte-nde-d  to  include'  hot  h  kitie-niat  ic  anel  noii-kiiie-mat  ic  e  eeiist  raint  s.  anel  \  arious  t  \  jee-s 
ol  motion  lorwarel  proje-ction  ate- eh-ve-lope-d  fe»r  various  me-chanics  mode-ls. 

('hapte-r  d  ele-\e-lops  the-  lour  application  domains  introduce-d  in  l  iguie-  l.S;  com 
jeliant  asse-inbly.  \  ibratory  bowl  le-e-de-rs.  asse-mbl\'  tixture-s.  and  the-  .\I’()S  \  ibratoiy 
le-e-ding  syste-in.  1  he-  motion  ceeiist  raint  re'iere-se-ni  at  ieeiis  ele-xe-lope-d  in  Chapte-r  J  ate- 
elispla\e-el  in  visual  lorm  and  iise-d  tee  anal\ze- anel  re-ason  about  the-  fuue  tional  e  hai- 
aete-ristics  ol  e-xample-s  Irom  e-ach  of  the-  applieat ie>n  domains. 

Chapte-r  1  e-xle-nds  the-  utility  of  the-  re-pre-se-nt  at  ieens  ele'\e-lo|)e'el  in  ('ha|)te'r  2  by 
introducing  a  se-rie-s  ol  toeels  to  manipulate'  tlie-  ineetieen  constraints  dire-ctly  teege-the-i 
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witli  tlu'ir  iiiidci  l\ iiii;  sliiipcs.  1  IhoI-'  iirc  applied  Id  the  desi‘;ii  dI  a  set  d|  Iiiik 

tioiial  shapes  Iron:  twool  I  he  exaiiiph' doniaiiis  iiitrodiieed  in  ('haplei  (oinpliaiit 
asseinhly  and  vilnatury  howl  leed<‘rs.  Mel  iKxlDhinies  are  ih'xclDped  to  address  I  he 
inheii'iit  <  Dn|)liny  and  eDinplexit  \ of  <lesiu,n  in  I  he  t  \\d  apphn  a1  ion  doiindiis. 

( 'haplei  a  deseiilx's  the  iinphniKMil  al  ion  ol  I  ln‘  mot  ion  <  diisI  i  aini  i  <■  pi  < -sent  a  I  ions 
and  desit!,n  I  ools  on  a  ma  phies  works!  a  I  ion.  I  h<'  ma  joi  eoni  poiienl  s  ol  the  inipleinen 
I  at  ion  are  out  liiiecl  and  dist  nssed.  atnl  a  nnnilx'r  oi  o|)t  inii/al  ions  re(|nired  to  u,enerale 
and  inlerac  I  i\(‘ly  nianipnlale  motion  <'onstrainls  in  near  ri’al  lime  are  hiiildirihled. 

( 'haplei  (•  smimiari/es  I  he  ma  jor  <  oneepts  ol  I  he  research  and  a  dist  iission  ol  t  he 
eiirreiit  limitations  and  possiMe  lullin'  exlc'iisitms  ol  the  approai  h. 

.\p|)endix  A  eoiilaiiis  deri\alions  ol  the  models  used  to  (Diiipnle  lorward  luojec 
lion  hounds  lor  an  ohjec  l  droppixl  Irom  r<‘s!  in  a  yra\  it\  held,  and  a  ( oiiseiAat  i\e 
estimate  ol  the  maximum  vertical  heixhl  that  may  he  reai  lied  hy  an  ohjecl  houneine 
in  eontaet  with  a  vihralinu,  lahhx  .\ppen<lix  li  <onlams  derivations  of  the  eiirvaliire 
ol  ( out  act  laeet  s  alum;  a  eiirv  <■  on  the  siii  la<  c  ol  the  lac  ct .  vv  liii  h  are  used  to  eiisuri' 
aeeiiraev  iHiimds  on  the  numerieal  path  iiilei;ial  ion.  Appi'iidix  ('  presents  the  pri 
niary  data  slruetiires  used  in  the  imph'iiieiil  at  ion  ol  the  motion  eonsiraini  anaivsis 
and  desixii  system. 


Representing  Function 

Cliai)r('r  2 


In  this  cliaptci'  \vc  will  (h'vclo))  I  lie  r('|)r<‘s(‘nta1  ions  nccf'ssarv  to  faptnre  fnnclion 
in  terms  of  iuotii)n  constraints.  I  li<‘s<'  n'pn'sentat ions  will  ])ro\i(l('  the  foundation 
111)011  which  we  will  <'vahiat<'  and  mani|)ulat<'  doth  shapi'  and  oth('r  parametiMs  as 
neet'ssary  to  aehie\  (‘ (lesired  Innetional  eharaet('rist  ies. 

2.1  Functional  Motion  Constraints 

Precise  Representations  of  Motion  Constraints 

We  often  ns('  terms  such  as  f/tiiili.  .•^iipporl  and  r(  .•>!  ra  i  ii  in  deserihint;  tin'  timet  ions 
performecl  hy  int  ('laet  ions  hetwoMi  shap<‘s.  1  In'se  terms  aic  used  to  rc'h'r  to  con¬ 
straints  on  specilie  snhelasses  of  motions  that  ar<'  (pialit at  i\ (dy  distinct  with  r('S|)('ct 
to  the  intended  function  of  the  constraint.  I  niort  in)atel\ .  the  ineaniii!;  of  tin-  term 
coll.'ll ni ill  in  the  <'onte.\t  of  oik'  exam  ph-  may  Ix'  different  in  another,  or  ('(piixalent 
to  the  meaninn  of  .s(//)/)e/7  in  yc't  anotln'r.  ('learlx  the  semantics  ol  the  ahoxc  winds 
are  too  vatiiie  and  imprecise  representation  to  Ix'  snitahh'  lor  acciiralidy  (  harai  tei- 
izint!,  Iiinction.  \\  hat  we  need  is  a  more  ])r<'cis<'  rejiresi'iit  at  ion:  a  nuxlid  loi  liniction 
r<-presente<l  in  terms  ol  motion  constraints. 

Consider  axain  the  fasteiK'i  and  driver  ('xami)les  in  Si'cl  ion  l.’_h  In  descrihiini 
the  function  emixxlied  in  the  fasleiu'i-drivi'r  inti'iact  ions  in  litinri's  1.1  and  l.d.  wi- 
adopted  a  repri'sent  at  ion  hasi'd  on  I  he  s|)ac<' ol  pai  ameli'is  descrihinti  I'elat  i\ c  ohjei  t 
positions,  riie  shaded  r<’,c,ions  illnstrati'd  in  tlx'si'  fiij;nr('s  repri'senterl  drivi'r  positions 
that  were  inireachahle  due  to  the  presiMice  of  the  sermv  head,  and  tin'  hoimdaiies 
Ix'tween  shaded  (occluded)  and  unshaded  (fri'i')  regions  r('pr<'S('nl  e<l  kiin'inat  ic  i  on- 
straints  on  tin'  ohject  motions  due  to  contact  inti'raci  ions  Ix'twi'i'ii  tln'ir  shapes. 
Lookini;  at  tln'si'  hoimdaries  another  wax.  xvi'  max'  xii'xv  tln'in  as  const  raininii  xvln'O' 
oin'  ohji'i  I  iiiii  and  (iiiiikiI  ,i>,o  rc'latix'e  to  another. 
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Kinematic  and  Non- Kinematic  Motion  Constraints 

l>  llic  iil»o\('  i(‘|)i('s('iil  at  idii  li>i  kinematic  inotidii  const  laiiit  s  snllicu'iit  to  taptmc 
liinctioij.’  (  oiisiflci  the  <'.\ani))le  ol  a  cup  sittiii”  lai  a  talile.  We  can  say  that  the 
int  era(  t  ion  I  >et  ween  the  si  i  ape  ol  the  cup  ainl  the  t  al»le  const  tains  the  clip  to  remain 
dll  nr  dlion  the  tahh's  siirlacc'.  I'.xpressi'd  in  a  space  represent  inu  the  position  and 
orient  at  ion  ol  t  he  enp  relat  i\'e  t  o  the  t  aide,  similar  t  o  that  used  lor  the  last  ener-dri  \  ci 
ex.imples.  t  he  point  represent  inu  t  he  coiiliiiniat  ion  ol  t  he  cii))  ma\  |)la( cd  an\  where  in 
t  he  free  reuioii  hounded  hx  t  he  const  raint  sni  laces  lormed  hy  t  he  interact  ion  het  ween 
till'  Clip  and  talde.  Hnl  what  il  we  iiow  wish  to  aiiswiM  the  (pieslion  "does  the  table 
.'-iipiidi  I  t  he  Clip.’  (  h'arlx  t  his  r('present at  ion  alone  is  not  siiflicient  to  deti'i  inine  t  he 
hehax  ioi  o)  such  a  system.  \\  hat  s  missinu  is  an  additional  set  t)|  noil-kilieniatic 
motion  constraints  that,  when  comhin<‘d  with  the  kineniatii  motion  constraints,  will 
tell  ns  not  onl\  where  an  tihject  (  an  and  cannot  t;o.  hiit  where  it  ic/7/ uo  under  uix’eii 
(Olid It  ions. 

2.2  A  Parameter  Space  for  Motions 

We  r('pt'es('tit  t  he  posit  ioti  ol  otie  ohjeci  relat  i\'e  to  allot  het  ohji'ct  as  a  t  ranslortnat  ion 
lietw('eti  coorditiate  Iratnes  attached  to  those  (dijei  ts.  I  he  paratiu'teis  ns('(|  to  deline 
this  t  raiisrortnat  ion  are  t  he  parameters  t  hat  will  he  iiseil  lo  express  a  relat  ixc  tnot  ion 
het  ween  t  he  (diject  s.  |  hese  cdiijiiiii ml iini  paraiiK'ters.  u  hi(  h  tna\  include  t  ratislat  ions 
<is  well  as  rotatiotis.  are  used  to  detine  a  space  in  which  (diject  positiotis  ate  liivc'ti  as 
points  and  ohject  motions  hy  trajectories  a  (oniitiiirat  ion  spaic.  We  max  consider 
the  ( (iiili'ynrat  ion  spaic  a  lortn  of  kinemati(  stute  sjiaic  tor  repK'sent  inn  motions 
that  is  a  (lirect  analo>nx  to  the  <neneiali/ed  phase  s|)ace  used  to  desi  rihe  the  hidiaxioi 
of  a  second  order  dx  namical  system  without  the  xclocitx  inlormatioii.  lor  many 
applications  we  max  Inrt  hermore  assume  one  ol  a  pair  ol  interact  inn  ohjiMts  to  lx- 
lixe(l  in  a  nlohal  reh'rence  Iranie  so  that  the  relatixc  position  ol  the  nioxinn  ohject 
heconies  a  specilii  at  ion  ol  ahsointe  position. 

( 'otilinnrat  ion  space  is  a  natin  al  (  hoice  for  out  ai)|dication  as  it  alloxxs  iis  to  ri'p- 
resent  hot  h  motions  and  (onst  raint  s  on  motions  xxith  tin'  saiiu'  set  ol  xariahh's.  .\s 
xx'c  shall  see.  si la pcs  xx  ill  he  ( omhinixl  x  ia  ( otit a(  t  interact  ions  to  lorm  an  explicit  rep¬ 
resent  at  ion  of  mot  ioii  (oust  raint .  x\  hi le  t  he  shapes  t  hemselx cs  r('tnain  itnplit  it  xx  it  hin 
the  resiiltinn  fepresent  at  ion.  1  he  ditneiisionalit  x  ol  th('  ( (iiilin'it  at  ion  spai  ('  xxill  (!('- 
pend  oil  t  he  nninher  of  |)aranieters  necessary  to  desi  rihe  anx  possible  ohjei  t  niotioti: 
t  he  maximnm  nntnher  of  denrees  ol  Ireeilom  of  t  he  sx  stem  under  ( diisiderat  ion.  I  he 
niimher  ol  denrees  ol  Ireeiloin  lor  n<’ii‘’t'<d  motions  ol  indixidnal  three  dimensional 
objects,  and  heiK  c  the  iiiitiiher  ol  dimensions  ol  the  conlinnt  at  ion  spa(  (-.  xxill  Ik'  six: 
thtce  t  ratislat  ional  paratneters  and  three  rotational  paraineti'is. 

UediK  inn  *  lie  denrees  (d  lree(|om  lor  all  (diject  is  (h'sirahh'  both  iti  terms  ol  the 
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nuiiili('r  <)|  |i<ii  .iiiK'icr'  lli.ii  i)iii''l  l>i'  (■uii-'idcicd  and  the  i  omplcxii  \  ol  llic  aiial\'>i> 
iliai  lllll■'l  lie  |)i'i  |i)rni('d.  ruan  tin-  aialpuinl  »»|  Iniiiian  \i''Uali/at  ion  ol  Innctioii. 
lliK'o  dinn‘n''ion''  llic  roali'-ti*  liniil  uilliin  wliicli  oiir  spatial  icasoninu  ahililics 
will  lie  n^clnl  in  nndoi --I  andini!,  niolioiis  and  foiistraints  I'cpicsont  cd  in  conliunral  ion 
'p.i<  ('.  I  III  I  lifMiioK'.  1  lie  <  miiploxiiy  ol  coin  put  ini:  const  raints  in  ion  lien  rat  ion  ■'pace 
i:  ii  i\\  '  iiiil  i/ii  inn  mil  II  with  t  lie  ucoiiict  i  ic  si/c  o|  t  he  ol  i  jeet  s.  and  i  .rimni  nl  mllji  with  the 
ileurec'.  ol  Ireedoin  1  see  (  aiiliv  d  I. 

loft  1 1  n<i  I  el  \ .  It  will  olten  lie  sillliciellt  to  consider  oliU  a  Sllloet  ol  the  piosihle 
inotion"  ol  an  oliject  lot  a  particular  ta^'k.  in  some  ca^es.  syninielr\'  will  allow  ii"  to 
renioM'  decrees  o  I  1 1  eedoin  that  miirlit  lie  coii-'idereil  redniidant ;  axisy  niniet  ric  ol  ijeci  ^ 
'III  h  as  a  (  ylindrical  peu  in  hole  modeled  a'-  |ilaiiar  oh  jeci  s  i>  ini  example  ol  one  •'iich 
case.  In  other  cases  the  motions  ol  olijecis  may  initiidly  he  constrained  I’noiiuh 
to  rei|nire  Inrtliei  consideration  ol  onl\  the  remainini:  deirrees  ol  rreedoin.  such  a" 
an  ohject  dropped  onto  a  tahle  that  then  ■'lides  acros''  the  table  snrlace  (without 
tippni<:l.  .\nd  in  sidl  oi  her  cases,  ohject  motions  max  he  con''trained  h\  desitin  lioiii 
t  he  out  "I't .  sill  1 1  as  ueai''  and  earns  rot  at  iiiu  a  hoi  it  li  xed  axes  or  pi  st  oils  'I  id  i  in:  within 
cylinders.  1-  niallx.  lot  I  hose  domains  where  niori' t  han  t  hree  decrees  ol  Irei'iloni  iiiiist 
he  Considered,  it  is  olten  possible  to  silhilixide  or  otherwise  isolate  dillerent  aspoci^ 
ol  Innctioii  that  indixidnally  may  const  it  iit<-  lewer  decrees  ol  Ireedoin.  I'oi  example. 
1a  coiisideriin:  1  lie  iimt  ion  of  an  ohjeci  sljdim:  in  I  lie  plane  that  max'  tip  as  ii  sci  ic'  ol 
sii  h- n  lot  ions  <  oiisi'i  inu  ol  piirelx  planar  motions  coiniei  ted  by  lippiin:  motions,  we 
t  ra deoil  simpler  models  in  ret  nrn  lor  a  ere, iter  niimher  of  i  hose  models  t  h<ii  iiiusi  he 
ceil  era  led.  \\  e  xxill  consider  a  nnmher  ol  siicli  simplilii  iil  ioiis  later  on  in  this  ch.ipter. 

lor  most  ol  this  report  xxc  will  i  oiisider  in  detail  oh  jei  i  s  coi  ist  ra  i  i  led  to  I  lax  e  1 1 1  ree 
or  lexxei  decrees  o|  Ireedoin.  Speci  lica  1 1 X .  XX’e  xxill  model  .ind  .ilialx/e  in  del.iil  ohjei  ts 
I  hat  iiioxc  on  lx  within  a  plane.  Mot  ion  s  xxill  consist  t>|  displacement  s  in  .r  and  i/  of  ,i 
re  I  ere  I  ICC  poi  lit  a  1 1  ached  t  o  t  he  niox  inc  object .  a  nd  a  rot  at  loi  i  i  1 1  i|  t  he  oh  ject  ,i  hoii  t 
,1  norm.d  to  the  plane  ol  motion.  We  will  occasn,n,illx  reler  to  the  three  dmieiisioiial 
coiilicnrat  loll  space  described  hx  these  parameters  as  2-|-lD  i  K~  a  ^(  )\  1  h  in  order 
to  disi  i  licit  ish  it  I  loll  I  3D  i  R  '  \  . 

2.3  Kinematic  Constraints 

Since  the  posiiioii  ol  ,111  ohje«  t  is  represented  ,is  ;i  point  in  coiilicnrat  ion  sp,,, ,,i|| 
slvaints  oil  an  object  s  mol  ion  due  to  shajie  slia]>e  ml  ei  an  i  ioi|s  iinisi  he  1  raiisloinieil 
so  ,is  to  he  loiail  to  a  point  shape  •'liape  interactions  iinip  to  point  snrhice  niter, i< 
t  lolls  III  con  licnrat  loll  space.  |  he  ch.iract  eris|  n  s  ol  these  < ,  ,i  isi  rai  nt  s  nil,  ices  a  re  the 
sllhjei  t  ol  this  sei  lion.  ,dtlionch  XXe  will  deler  ,i  del,ii|ed  tliailinelit  ol  the  techni(|lles 
Used  to  coiislrilit  these  ■'nihiies  until  Sect  loll  ).d.  I  .  We  will  hecill  h\  ex.iimilllic 
collsliailllls  loi  contacts  between  IlldlXldlial  ohjetl  |e,itine  palls.  ,uid  then  ,iddress 
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(■oinl)iiiat ions  of  multipl*'  contacts  ainl  tlicir  rclal ioiisiiips  to  oik'  aiiotiicr.  In  tlic 
discussion  that  follows  wc  will  assume  that  hotli  tlu'  inovinjj,  and  stationary  ol)i('cts 
may  1)(>  modelc'd  as  planar  i)olygons.' 

2.3.1  Individual  Feature  Contacts 

We  will  consich'r  ('xplicitly  only  th<'  vert('.\-(‘dge  contact  conlignrat  ion  in  mod(‘ling 
th('  int<'ract ions  l)etw('('n  individual  features  of  two  planar  polygons.  1  he  two  other 
possihh'  feature  pair  contact  conlignrat  ions  for  planar  polygons  (vertex-vertex  and 
('dg('-('dg(')  will  he  trc'atc'd  as  honndary  cases  to  Ix'  r('presented  among  tin'  set  ol 
mnlt  iple-leat  lire  coni  act  interact  ions  discussed  in  theni'xl  si'ction.  With  the  moving 
polygon  lalx'h'd  as  Polygon  A  and  t  Ix' stal  ionary  polygon  as  polygon  B.  wi'  refer 
the  two  contact  tvjx's  as  type  A  (an  (xlge  of  Polygon  .\  touching  a  verti'x  of  Polygon 
H )  and  type  B  (  an  <'dg('  of  Polygon  B  touching  a  vertex  ol  Pol\gon  .\ )  (set'  Lozano- 
Perez  [Ih]).  I'ignri'  ’J.l  illustrates  tlx'si'  two  cases,  along  with  their  corresponding 
motion  constraint  surfaces  in  conlignrat  ion  space,  which  we  call  contact  fonts,  liach 
facet  r<'i)r('S('nts  th<'  comph'te  set  of  positions  in  (.r.i/.O)  of  tlx'  ri'fennice  point  ol  tlx' 
mo\ing  polygon  for  which  tlu'  corresponding  vertex  and  ('dge  feature's  will  remain 
in  contact.  I'iguri'  ‘J.l  illnstrate's  both  facet  types  along  with  their  corri'sjionding 
polygon  contacts. 

.Mat Ix'mat ically.  the  contact  facets  are'  rulexl  surfaces  ge'iierale'el  hy  swe'e'ping  a 
heinnele-el  line'  se'gnu'iit  ee)rre's|)e)neling  tei  a  polygexi  exlge'  through  the  (.v.i/.d)  coniig- 
nratiein  spaee'  (se'e'  Se'e  tion  o.-hl ).  hor  type*  .A  fae'ets.  an  e'elge'  e)f  the'  moving  ])olygon 
ean  slieh'  anel  ehange'  eirientat  iexi  while'  in  eexitact  with  a  ve'ile'X  e)f  the'  statieinary 
lieilygein.  re'sniling  in  a  he'lieal  surfae-e'  as  sherwn  in  h'ignre'  2.1.  h'or  type'  B  faee'ts. 
a  xe'ite'.x  eif  the'  niening  peilygeni  ean  slieh'  in  ee)ntacl  with  an  e'elge'  e)l  the'  stationary 
))e)l\gon  that  maintains  a  lixe'el  exie'iitat  iein.  re'sulling  in  a  sinnseiielal  surfaee'  as  shown, 
rix'  heinnelarie's  eif  the'  faee'ts  re-pre'se'iit  the'  limits  e)f  nie)t  ie)n  in  whieh  the-  twe)  fe'ainre's 
may  re'inain  in  e  exit  ae  t . 

Intuitively,  the'  eexistraint  faeet  surfaee's  Ix'have'  in  the'  same'  wa\'  as  real  snriaee's: 
idree's  applie'el  tei  the  surface  at  a  peiint  ge'ix'iate'  eippeising  re'actiein  Idree's.  slieling  mo- 
lienis  aleing  the-  surface'  ean  gene'iate'  frietieinal  leme's.  anel  motieins  may  hre'ak  e'ontaet 
with  hut  neit  pe'ix't  rate' I  he' surfae'e'.  Inlike' eexive'nl  ie)nal.  eir  "re'al’  snrfaee's.  me)!  ieins 
in  eeintael  with  eemslraint  faee'ts  e'xi)lieit ly  e-eimhine  eermpone'iit s  e)f  translatiein  anel 
reitatiexi.  .\s  a  re'sult.  a  laee't’s  enrxat  lire'  in  the'/^  elire'ctiexi  re'lli'ets  the'  ore  threxigh 
which  the'  re'ldre'iiee'  jieiint  eif  the'  mening  eihje'el  will  me)ve'  elnring  a  reitatiexi.  l  eir  a 
tyiie-  B  faee't.  a  large'  eh'gre'e-  of  fae’e’t  eiirvatnre'  re'sult s  freim  a  large'  eiistane-e  Irom  the' 
re'ldre'iiee'  peiint  le)  the'  eenit  aet  ing  \e'rte'X.  little' eir  ne>  laee'l  eurvatiire'  eeirre'speinels  lei 

'We  Moll’  that  ahlioii)f|i  \v<'  consider  only  planar  inolictns.  I  lie  ohjeris  tlieniselves  may  In'  lnll,\ 
three  (limeiisional.  In  later  sectiotis  we  will  discuss  modilicat ions  to  onr  models  that  address  higher 
dimensional  models  of  ohjects  and  tiiotions. 


hint  intilic  (  'oust  1(1  in  I. • 
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Edge-Vertex 

Contact 


l  ifinrr  _M :  I  \  p*’  A  ( ainl  type  H  )  (Diitac  is  l>cl planar 

|)(>l\l>OIIS. 


40 


Cluiphr  J;  lit  pn  .st  iiliiui  Function 


.1  l(•ll•l(■In  «•  |)uiiit  \«'r\  iM'iir  tli('  coiit  act  iii^;  v<Mt<'N.  A  iicf^at  ivc.  or  concave,  ciirvat  tire 
( »irre>|»oii<U  to  a  iiesratixc  distance  iroin  llie  n'lennice  point  to  tlie  contactiiif!,  ver- 
les  ls('e  1  i  lilt  re  ’J.'J).  I  Ix'  satne  arifiinx'iit  s  hold  lor  l.vpe  .\  lac('ts.  altliouf>,li  tln'ir 
(  ni\.ilni<’  is  somewhat  nunc  comple.x  sitme  th<‘  distanc<‘  Irom  the  point  ol  contact 
to  the  mo\  inii  pol\  !;on  s  rel('renc('  point  varu-s  with  translational  tnotioti.  (ien<Mall\' 
speakitm.  t  he  lii'cater  t  he  (list  aticc'  Irom  t  Ix'  contact  point  to  t  !x'  rc'lercMxa'  point .  t  he 
more  (  nr\  ('(1  t  he  iacet . 

The  facets  aixl  c(»rrespondinK  contact  conli,t!,iirat iotis  showti  iti  l  if!,nre  ‘J.l!  itnpiv 
,1  (crtain  sense  of  motion  stability  or  instability  with  r('sp('ct  to  tlx'ir  curvature.  .\ti 
object  releasecl  in  either  coidiu,nrat  ion  (a)  or  (b)  would  Ix'  nnstabh'  it  we  imat;itx’(l 
'.riavity  ac  tiiiii  toward  the  bottom  of  tlx'  lii>;nr<‘.  By  analo;>,y.  a  point  or  small  ball 
jihxecl  on  eit  Ix'r  of  t  he  facets  in  (a)  or  (b)  would  tend  to  slide  or  roll  oil  o(  t  Ix'  lac('l . 
|-  iyiiK'  Lb'J  (c).  on  t  he  ot  her  hand,  int  nit  ivcdy  s<'ems  to  be  a  tnon*  st  able  conlif^nrat  ion 
both  in  tnaint  ainint!,  t  he  |)osit  ion  ol  the  object  shown  as  w(dl  as  ke<'pjm;  t  Ix' (xpiixaletit 
point  or  ball  at  t  he  bot  t  om  o(  the  "t  rou,i*,h'  in  the  concave'  lacc't .  We  will  e\|)lor('  such 
intc'fpret at  ions  of  constraint  facet  shape,  as  w<'ll  as  tlx'  ('Ifects  ol  \arions  dynatnic 
models  on  motions  in  contact  with  the  lac<'ts.  in  later  sc'ct  iotis.  Our  purjiose  lieic' 
is  to  tiy  to  (omev  an  intuiti\-e  setis<'  for  the  stivicturc'  and  intc'rprc'tat  ion  of  these 
cotist  taint  s. 


2.3.2  Contact  Supersets 

I  n  pe  A  and  i,\  pe  B  constraint  facc'ts  allow  us  to  r<'|»r('s<'nt  all  jiossible  indiridnni 
feature  contacts  betwee'ii  two  poly<2,ous  iii  conli,u;urat  ion  space.  ( 'otist  raitx'd  tnotiotis 
t\  pi(  ally  iiH  (ude  coinidnn/ions  {ti  iHid  I r(in.\ilion>  betwec'ii  indi\ idual  contacts.  \\(' 
thetefore  need  to  be  able  to  represc'iit  the  rc'lat  ionshi|)s  anion, u  collect  ions  ot  h'ature 
(ontacts  as  well  as  indi\idual  cotitact  const raints.  l  ii;ure  2.d  illustrates  a  unmber 
of  adjacetit  constraint  facets  rc'present  in, u,  contacts  amoiuA  conseentixe  ))olyu,on  h'a- 
tiires.  The  boutidaries  between  tlx'  facets  mark  transition  cotitacts.  in  this  casi' 
eit  her  s'ertex-sertex  or  edt’e-edi;<'  contacts,  t  hat  can  t  hemseb'es  Ix'  x  ic'weil  as  (list  inct 
c()nta(t  conditions. 

l  iiinre  represents  a  subset  of  tlx'  lar,i>('r  union  containin,u,  nil  const  raitit  lacet" 
foi  two  intera(  tini;  pol\’,t!,ons.  I  his  union,  which  uc  will  reler  to  as  tlx'  Contact 
Superset,  or  CS.  fortns  a  closed  surface  |)arl  it  ioniti,u,  tlx'  conli,s!,tirat  ion  sjiace  itito 
rea(  liable' and  unreachable  r('i'ions.  l  i.nureLbl  shows  t  he  coiiiph’t  e  ( 'S  gc'ix'i  at  ed  lor 
t  wo  pol  \  uons.  In  t  his  I  inn  re  we  can  see  many  adjacc'iicies  bet  wc'eti  lacc't  s  that  rese'tnbh' 
the  subset  shown  iti  linmc  'J.d.  1  he  ( 'S  lot  two  coinc'X  iiolynniis  consists  ('iitirelx'  ol 
adjacent  Iacet  s  since  all  (ot  it  act  t  ratisit  ions  are  Ix't  weeti  conseent  i\  c  ednt'  at  id  \  crti'X 
features  of  the  two  itit  eract  inu,  pol\,nons.  I'ot  polynons  that  are  tiot  strictly  (otnex. 
however,  it  is  possible  to  have  coiitai  t  transitions  Ix'tvveen  poly, non  leatiiri's  that  are 
not  coiisei  lit  i  ve  on  the  |)olv,notis  boundaries.  Specifically,  for  non-conv('x  polynmis 
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Figur<’  l.'i:  A  colloctioii  of  adjacent  constraint  facets. 

\v('  will  find  tliat  soin<'  constraint  facets  may  l)e  partially  or  completely  occluded  hy 
other  facets.  We  recall  that  each  constraint  facet  represents  only  th('  local  motion 
constraints  imposed  by  two  interacting  polygon  features.  In  sonu'  cases,  locally 
consistent  motion  constraints  may  be  globally  unreachable,  as  shown  in  Figure  2.5. 

ro|)ologically.  the  CS  surface  consists  of  facets,  edges,  and  vertices. 

•  Facet  Contact:  Each  facet  corresponds  to  a  single  contact  between  on*' feature 
on  each  of  the  two  interacting  polygons.  As  mentioned  earli('r.  a  facc't's  shai)e. 
and  in  particular  its  curvature,  is  determined  by  the  ty])e  of  contact  and  the 
distance  from  the  j)oint  of  contact  to  the  reference  point  of  th('  moving  objcu  t. 
the  positions  of  which  the  facet  surface  repre.sents.  .\  point  in  contact  with  a 
constraint  facet  has  two  degrees  of  freedom. 

•  Edge  Contact:  Each  edge  is  derived  from  either  an  adiac«'nc\  or  an  inter 
section  between  two  facets  and  corres|)onds  to  a  contact  betwe'en  two  pairs  of 
object  features.'^  Straight  edges  perpendicular  to  tlu'  0  dimension  of  conligu 
ration  si)ace  arise  from  edge-edge  contacts  between  polygons.  They  typicallx 
mark  adjacencies  between  facets,  aiul  are  usually  concavi'  (i.e.  form  ”\alle\''' 
on  the  CS).  .\  curved  edge  may  arise  from  a  vert('.\-\'erte.N  contact,  or  from  an 

-'OiM-  oI'iIk'  ()l)i<'<  i  fi'atiin's  in  carli  of  flio  two  foalurc  pairs  roubl  he  tin'  samr  ffatun  .  i  c  tin 
same  of  one  (lolyrfoti  mi^;lil  !»'  in  ronfarl  willi  two  vortiros  of  llir  olln'r  pi>l\>>on 


.  0)  (■()iifip;uiat  ion 


.\(>ii-l\in(  malic  ('onsiraint.' 
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iiit<'is<-<t ii)ii  l><'l\V('('ii  two  ia<«'ls.  wliicli  is  usually  coiicavc.  A  point  in  contact 
with  a  CS  edge  has  one  d<‘gnM'  ol  lre«‘dom. 

•  Vertex  Contact:  Kach  vert<'X  is  derived  I'rom  thi('e  ('dg(‘s  on  the  ( 'S  meeting 
at  a  |)oint.  \  crtic('s  ma\'  mark  tlu“  point  of  adjacencx'  hetween  thri'e  lacets.  in 
whi<h  case  the  v('rt<'.\  is  (lat  (i.e.  n«*ither  coneax’e  nor  conv(‘\).  X'ertices  max 
also  mark  the  point  at  xvhich  a  (conx'ex)  adjacencx'  c'dge  hetxx’een  txxo  lacc'ts 
inters(‘cts  a  third  lacet.  producing  a  vertex  hetxveen  the  conxex  edge  and  txvo 
<X)ncax-e  edge's,  l  inally.  a  xertex  may  mark  t  lu'  point  of  interse-ct  ion  hetxxe'en 
three  lacets.  in  xvhich  case  tli«'  xerte'x  is  strictly  coneax’e.  \  point  in  contaet 
with  a  xertex  of  the  CS  has  zero  d<'gr<'<'s  of  free'dom. 

lignre'J.  1  illustrates  a  nnmlx'r  of  t  In*  l<'at  lire's  de'scrilx'd  aheixe'.  xvith  t  he- corre'sponel- 
ing  peilygeni  eontact  e  enifignrat  ions  highlighte'd. 

.\  gre'at  ele'al  more' eonlel  Ix'.  anel  in  lae't  has  Ix'e'ii.  writte'ii  ahont  t  he' i  haracte'i  ist  ics 
e)l  laee't .  e'elge'.  and  x'e'rtc'x  l('at  lire's  on  tlx'CS.  .\n  e'xee'lle'iit  tre'atnx'iit  ol  t  he' ele't  aile'd 
eharaete'iist  ies  and  mat  he'inat  ieal  projx'it  ie's  of  eenist  raint  faee'ts.  e'elge's.  anel  xe'itiee's 
ill  t  he'  (.r.  //.  e'onlignrat  iein  spae  e'  is  gix'e'ii  l>y  Bre)st  [Id],  .\gain.  Ix’ie'  xve'  are'  inte'ie’ste'el 
more'  in  an  intnitixe'  nnele'rstaneling  eif  tlx'se'  leatiire's  anel  tlx'ir  signilieanee'  in  te'iins 
of  mejtiexi  eeiiist  raints.  De'tails  eni  he)xv  xve'  ( implieit  ly )  eenistrnel  sneh  fe'atnre's  may 
Ix'  lonnel  in  Se'e  t ieni  ').  1.1. 

.\s  xxe-  neite'el  e'arlie'r.  the'  e  enilignrat ieni  spaee*  re'iire'se'iil at  ie)n  translorms  all  iiu)- 
tion  eexist  raints  impeise'el  hy  sha|x'-shape'  inte'iaet  ions  intei  peiint -snrfaee'  int  I'raet  ieiiis. 
Sine  e'  all  e  enist  raints  in  e'enilignrat  ieni  spaee'  are*  leie  al  to  a  peiint .  t  he'  proj-imihi  eif  e  eni- 
st raints  take's  eni  a  ix'xv  anel  impe)rtant  me'aning  that  is  neit  pre'se'iit  in  "re'al'  spaee' 
re'|)re’se’nt  at  ieeiis. '  .\s  xxe*  saxv  in  k'ignre'  'J.").  fe-atiire's  on  an  ohji'et  that  are*  elistant  in 
te-rms  eif  the*  eihje'et's  ge'exiu't  rv  ean  .gixe*  rise'  te>  |)re)ximal  mot  iexi  eenist  raint  s  that  are* 
maele'  e'xplie'it  eni  t  he*  ( 'S  surfae  e'.  \\  he'ii  xve*  e  enisiele'r  me>t  ienis  in  e  enit  ae  t  xvit  h  t  he'  ( 'S 
snrfaee'  late'r  in  this  ehapte'r,  the*  pre>ximity  e>f  eenist  raint  Icatiire's  on  the'  CS  surfaee' 
xvill  Ix'  an  imjien  tant  fae  teir  in  ele'te'rmiiiing  xvhat  mot  ienis  e  an  anel  will  ex  e  nr  imele'i 
gixe'ii  e  eeiielit  ieins. 

2.4  Non-Kinematic  Constraints 

riie  '  se't  of  kilie'iiiatie'  eenist  raint  s  re'pre'se'iite'ei  hy  the'  CS  se'ixe's  tei  jiartitieni  the'  eein- 
ligiiratie)!!  sjiaee'  intei  re'aehahle'  anel  imre'aehahle'  eenilignrat  ieins  eil  the*  meiving  i>art 
re'latixe'  tei  the'  st  at  ieinarx'  part.  .\s  iie)te'el  in  Se'et  ieni  LM  .  tlx'  CS  te'lls  ns  wlie'ie'  the' 
meix  ing  eihje'e  l  can  and  cannot  (jo  elne'  te)  the'  pre'se'iiee'  ol  statioiiarx  eihje'e  t.  We'  max 
fnrthe'r  partitieni  the'  re'aehahle'  re'gieni(.s)  e»f  eenilignrat  ion  spaee'  hy  int  reiehieing  ot  lie'i. 

''\V<-  de'liiie-  preixiinily  lo  he  a  iiie-aMire-  of  llx-  iiiaKiiit  iiele  of  a  iiiolion  in  (.r.i/.d)  necessarx  lo 
ri  ai'li  a  siiecilied  conlae-l  stall-. 
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iioii-kiiK’Hifil  ir.  coiisl  iviiiits  llwtl  iti«‘  <N't<‘riniiu‘<l  !>>  laclois  oilier  than  >ha|K'.  1  lu'sc 

snl)-r<'u,ioiis  lin  t  Ikm'  const  rain  I  he  set  ol  |»ossil>lc  |n>sit  ions/niol  ions  ol  t  he  niox  iim,  ol)- 
jc'ct  and  ina\  range  anywln'ie  iroin  large  homnled  regions  down  to  on(‘-<liinensional 
s|)ace  cnr\<'s  ihrongh  the  coidignral  ion  s|>a<<v  Again,  these  additional  constraints. 
log(‘lh(M'  with  lh('  UiiK'inalii  constraints  in  the  CS.  sei  ve  to  gi\'<‘  ns  a  heller  iilea  ol 
where'  the  inoxing  ohjecl  ii'ill  tpi  lor  a  give'ii  sit  nation. 

2.4.1  Contact  Mechanics 

('out  act  Ix'tween  ohje'cls  represent  «‘<1  hy  the*  ( ‘S  snrlace'  may  produce  contact  lorces. 
riiese  h)rces.  which  in  turn  allecl  the  residting  ohje'ct  motions,  are  rh'lermined  hx 
hot  h  t  h('  gt'oinel  rx  and  material  pidperl  i<'s  ol  I  In  ohje<  Is  in  contact . 

Forces,  Torques  and  Friction 

Motion  constraint  sni  laces  in  ceinlignral  ion  space'  preielnee'  re'aetie)n  lerree's  in  mneh 
I  he' same'  wax  as  re'al  snrfaee's.  A  le'aetion  here-e  pre)e|nee'el  hy  the-  ( 'S  snriaee'  will  haxe' 
ee)mpone'nts  aleellg  the'  snilaee'  neermal  anel.  if  I  he'ie'  is  lieni-ze'ie)  liieliedl.  tailge'llt  te) 
the'  snriaee'  as  we'll.  One'  ke'X  elille'ie'iiee'  he'txve'e'ii  the-  loree's  in  re'al  spaee'  anel  leefee's  in 
(.r.tl.O)  coldigmat  i<»n  Spa<<'  is  (hat  eompexie'/ll  aelnally  e  dne'spexiels  to  a  seale'el 

te)r<|ne'. 

Ilietioli.  whieh  ele-pe'iiels  e»n  the'  male'fial  type'  anel  snriaee'  preipe'ft  ie's  e)l  the'  eein- 
taeting  e)hie'els.  eh't e'rmine's  the'  range'  e»l  eontaet  letree's  (anel  lexepie's)  that  max'  he' 
ge'iie'rate'el  hy  a  eeiiilael.  l  ignre'  'J.h  (a)  ilhistrale's  the-  (  enileeinh  meteh'l  e)l  lrietie)n 
e'Xpre’sse'el  ge'emie't  rieallx'  as  the'  liithtiii  ctmt  |e>r  a  single'  eeintaet.  1  he'  lrietie)n  eenie' 
spans  the'  range'  eil  re'aetiem  loree's  that  max  he  ge'iie'i ate'el  in  re's|)e)nse'  te»  an  applie'el 
leji'e-e’  at  the'  point  ol  eeiiilaet,  I  he'  hall-angle'  f»  e>l  the'  Irietiein  e  one'  is  gixe'ii  hy: 

O  =  ti ft  hill 

xxhe'ie'  p  is  the'  eeee'llieie'iit  eel  Irietieni.  I'.Nte'i'iial  loree's  xvheese'  elire'et  ieiii  lie's  iiisieh'  the' 
angle'  range'  s|)amie'el  hx  the'  Irie  tie)!!  ee>ne'  are'  e'xae  tlx  eanee'h'el  hy  the'  eeirre'sixineling 
re'aet  ion  leiree'.  wlie'ie'as  e'Xl  e'fiia  I  lenee's  orie'iit  e'el  out  siele'  the'  eeine'  xvill  he'  e)n  ly  part  ia  lly 
eanee'h'el  hy  a  re'aet  ieeii  leeiee'  lying  erii  exie- eel  the’  henmeling  tax's  e)l  the'  eeene'.  In  e'ithe'r 
e  ase',  a  ne'l  lore)ne'  xxill  he'  ge'ne'iale'el  about  the'  pe)int  ol  e'ontae't  leer  any  e'xte'rnal  leiree' 
wheese'  line'  eel  applie  at  ieeli  eleie's  not  pass  t  hfenigh  I  he*  pe»int  e)l  ceilit  ae  t .  .\  e  eililigni  at  ieeii 
spae  e'  analeeg  e>r  t  he'  e  arl  e'siaii  spae  e'  IVie  t  ie»n  e  euie' t  hat  e  apt  ure's  t  he'  I  eire pie's  assoe  iat  e'el 
xx'ith  the'  re’aetion  lex'ce'  is  .shemn  in  I' igure'  LMi  (b)  (se'e'  I'.relmaiili  [-h]).  I  he'  range' 
eil  re'aetie)n  torepie-s  assoeiale-el  with  the'  re-aetieui  loree's  spanne'el  hy  the'  earte'sian 
spaee'  IViet  ieiii  eeiiie'  aels  to  tilt  anel  rotate'  the'  ednliguial  iein  s|>aee'  lrietie)n  eenie'  xx'ith 
re'spe'el  lei  the'  eexilaet  I'ae'e'l  iieirmal  in  (r.il.O).  .\elnalix.  the'  earte'sian  spaee'  Irie  tie)!! 


)  / . 
-■  I- 
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2.(i:  ( 'ouloiiil)  IVict ion  n'pn'scnlivi  as  a  friction  coin',  ami  llic  ron('si)omling 
{.r.ti.O)  confignrat  ion  s|)ac<'  friction  com*  for  a  single'  contact  fac('t . 

cone  may  lx-  x  icwod  as  a  projection  of  the  conlignrat ion  si)ace  friction  com'  into  tin' 
(./'.//)  i)lam'.  Tin'  Reonn't ri<’  inter|)retation  of  tin'  conlignrat ion  space'  friction  com' 
as  tin’  rang;<'  of  possible'  re'aetie)n  feeree's  ami  te)repn's  elm'  le>  an  ai)i)lie'el  fejiee'  re'inains 
nncliange'el. 

f'ignre'  2.0  illnst rate's  tin'  earte'sian  ami  ee)n(ignrat ieni  spaee'  frietie)n  eejiie's  fe)r  a 
single'  (type'  M)  eeentae  t  re'pre'se'iite'el  by  a  CS  faee't .  Frictie)n  ce)ne's  fe)r  e'e^ntacts  with 
e'elge's  eer  ve'itiee's  eeii  the'  ( 'S  ee)rre'spe)mling  te>  mnlti|)le'  e)bje'et  fe'atnre'  eeentaets  aie' 
elerive'el  by  eeenipnting  the'  se't  stun,  eer  Minkeewski'  sniii.  for  the'  frietie)n  ee)ne's  e)f 
e'aeh  e)f  t  he’  inelivielnal  ( 'S  faeets  inve)lve'el  at  the'  |)e)int  e)f  eejiitaet.  riie'  e’epiatieeiis  ami 
me'the)els  iise’el  tee  eeenst  met  t  he- ee>nfignrat  iejn  spaee  frict  ie)n  cone's  fe)r  e’ae  h  e>f  t  In' abeexe’ 
ee)ntact  case’s  are’ eliscnsse'el  in  eh'tail  in  Se'ctie)n  •'). 1.2.1.  I  he’  im|)e)rtant  pe)int  tee  ke'e’p 
in  minel  he-re’  is  the’  inte’i  pre'tat  ieni  eef  the*  frie  tie)n  e  e)ne’  as  a  ge'e)met rie'  re’pre'se'iit at  ie)n 
e)l  the’  se't  e)f  pe)ssible’  re’actie)!!  (oree’s  at  a  |)e)int  e)n  the  surface'  e>f  the  CS. 

Elastic  and  Inelastic  Collisions 

( 'eellisieens  be’twe’e’ii  imn  iiig  eebje'e  ts  are’  aneethe'r  fe)rm  eef  inte'ractie)n  that  preeelne  e'  re’- 
aetie)!!  feeree's  whieh  in  turn  eh’te'rmine  t In'  re'snlting  nn)tie)n.  In  the'  simple'st  ease' 
inve)l\ing  elire'ct  eeellisieens  be'twe'e'ii  twee  eebje'cts  re'i)re’se'nt e'el  as  pexint  masse’s.  the'  eeel- 

'  rin  set  Sinn  is  ilcfiiK'd  as:  .t  ■  li  =  {Ti  +  Ji\a  £  A.Ji  E.  H]  ■ 
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(  'll  (I  jit  (  r  J 

lisiuii  iiiiiy  l)('  (li\  i<l<'<l  into  I  wd  st au,»'s:  ih  formiil ion  and  n  si il iil ion. ' 

I  lie  ratio  of  I  lie  icsl  it  lit  ion  im|)iils<‘ over  the  d<‘lr)rmat  ion  im|)nlsc  (Poisson  s  liy- 
|)otli(‘sis)  is  t  li(' cocllicicnt  ol  ri'st  it  nt  ion: 

_  j  liill 
'  ~  I  l\ll 

wlicri'  /  /'(//  is  till'  total  impulse  ov<>r  t im<' diirin,!;  dcdonnat ion.  /  Hilt  is  the  total 
impulse  o\'ei  tinu'  (liirini!,  r<'st  it  iit  itin.  and  i  has  a  value  sonimvliere  hetuiH-n  0  and 
1,  ir  f  =  1  tin'll  tin'  collision  is  |)<'rf<'<l ly  ('lastic  and  ('in'i^v  as  \V('II  as  monn'iitnm 
ar('  eons<'r\('d  <lniin,i;,  tin'  collision.  Tin'  loellicit'iil  ol  K'stitntion  di'pc'iids  to  a  lar^i' 
{'Xti'iit  on  tin'  inatc'iials  of  tin'  t  wo  ol>|<'<ts.  I>nt  may  als»)  di'pend  on  tin'  xc'hnit  i('s 
inx'olved.  as  wi'll  as  t  h<' shajn's  and  sizt's  o(  t  he  colli<lint!,  oh  j<'ct  s.  i'or  t  he  simph' cast' 
(h'scrilx'd  ahovi'.  w<'  may  tal«'  i  to  In'  a  constant  and  nsi'  it  to  coinpnti'  tin'  normal 
\'('locit  i('s  of  tin'  collidiiifi,  ohjc'cts  inmn'<liately  altc'r  collision  nsini;: 

(  =  ^  ~  *  ■  (2.1  ) 

r  \  ~  I'f^ 

We  should  tiot('  that  in  gc'tn'ial  tin'  natnn'  of  I'ollisions  can  In'  considerahly  more' 
comph'N  than  for  tin'  <  as<'  (h'scriln'd  aln>v<'  (s('e  Wani>  [7(»]).  .\('\('rt  In'h'ss.  we  ma\' 
ns(' ('(plat  ion  2.1  as  a  rough  approximat ion  to  tin' actual  ix'liax  ior  ol  ( olliding  oliji'cts 
for  tin'  pnrpos('s  of  hounding  tin'  ratig('  of  possihh'  motions  inxolving  collisions. 

2.4.2  Forward  Projections 

.\s  not('(l  ('arli('r.  wc  ar('  inti'ix'sti'd  in  (l('t('rinining  win'n'  tin'  moving  ()hj('(  t  icill  ijo. 
or  at  h'ast  in  fnrtln'r  constraining  wln'tx'  it  miiilil  i/o.  iiinh'i  a  gi\('n  s('t  ol  conditions. 
W  hat  w(' hav(' (l('V('lop('(l  up  to  t  his  point  is  I  In' compl('t(' s('t  ol  kiin'inat  i( const  raint  s 
given  hy  t  he  ( ‘S.  as  W('ll  as  nnnh'ls  of  iiiti'iact  ion  m('chani(  s  ( ov  ('ring  lri(  t  ional  sliding 
and  iiK'last  ic  collisions.  W'hat  ix'inaiiis  is  to  ('oiiihiin' t  h('S('  with  the  appro|)i  iat('  init  iai 
conditions  to  const  met  tin'  s('t  ol  possihh'  motions.  In  parti(iilar.  Iroiii  a  sp('cili('d 
s('t  of  initial  conditions  wv  will  construct  tin'  motion  or  set  o|  motions  (h'liin'd  hy  the 
foririi I  II  Ill'll  ji  I'lioii: 

.''■.  =  /■■,(. ^',1  (2.21 

wh('r('  >’i  is  a  point.  s('t  of  points,  or  a  ri'gion  in  conlignrat ion  spa(('  (state  spaia'I. 
.1  is  a  (jiossihly  varving)  foixn'  ajiplii'd  to  tin'  moving  ohj('ct.  and  .‘'j  is  tin'  |)oint. 
set  of  points,  or  n'gion  in  conlignrat  ion  spac('  lrav('rs('(l  hy  tin'  r('l('r('nc('  |n)int  ol  the 
moving  oh'p'ct .\n  important  point  to  ke('p  in  mind  is  that  tin'  forward  pr(»i('ction 

'|{\  (lin  rl  \vi'  ini', III  llial  iIh'  vriorilii's  an'  lolliin  ar.  In  I'Xainiili's  wlnn  tin-  riillisjini  i>  cilili(|iii  . 
Wr  ri'lrr  Id  IIh'  rD||l|iD|H'|il>  nf  lllr  I  wo  \  I'li  ii'it  ii's  llial  .iri-  riillilii'ai' 

'  rill'  iiolaiinii  Idi'  .1  i>  (Icrivrd  ri'niii  dll'  irrni  Actum  Irnm  ilii-  lii-lil  d|  idIidI  iiiniiiin  |ilaiiiiiiin. 
Irniii  wliii'li  die  ili'liiiidi  III  d|  dii'  (nrward  iimji'i  l  imi  is  laki  ii  (si  i-  I  .riliiiaiiii  |-s] ) 
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iinilic  (  nnsl rtiinis 


(l()('s  not  n('( cssaiilv  (l('s(  rihc  the  (.rtuf  motion  ol  tlic  mo\in<!,  ohjcct.  In  Uut.  onl\ 
w'Ikmi  wv  lirivc  n  known  starting  point  >'|.  a  known  loicc'  .1.  and  d('t ailed  nieclianics 
models  lot' t  lie  interact  ions  with  t  li<‘  smlae<‘  ol  the  ( 'S.  will  wc'  Ix'  a  hie  to  t;,eti<'iat  e  an 
('xaet  trajectory  thronii,h  cotiliti.mat  ion  s|)ac<'  lor  the  ohject  s  motion.  In  geiK'ial.  .^'i 
will  he  a  hounded  in  confiunrat ion  space.  .1  will  either  he  an  ('\act  oi'  hoimdixl 

function,  and  the  nuxh'Is  for  the  iix'chanics  ol  inti-ract  ion  will  he  approximate.  .\s  a 
n'sult.  will  itself  Ix' a  region  in  conligurat ion  s|)ace  which  will  contain,  as  a  subset, 
t  h('  ('xact  mot  itni  of  t  Ix'  ohjix  t .  In  t  hose  cas<‘s  where  we  ma\'  have  a  nnmher  ol  init  iai 
positions,  or  a  sc't  of  discri'te  approximations  to  a  I’egion  containing  possible  initial 
condit  ions,  we  may  conipnt  e  t  he  overall  forward  pio  ji'ct  ion  as  t  he  iiiiidii  ol  indi\  irlnal 
forward  projc'ct  ions,  or: 


/'t 


(•2.d) 


wIxM'e  /  is  the  itnh'.x  to  a  particular  snhs<M  ol  initial  conditions.  1  his  will  Ix'  |)ar- 
ticnlarlv  nsefni  later  on  wheti  w<'  will  itnplen.  tit  forward  projections  by  meatis  of 
tintnerical  integration  or  gi'otnet rical  construction. 

riie  aho\('  (h'script ion  of  a  forward  i>roje<  tion  scxuns  stiikingly  similar  to  tlx' 
deli  tiit  ion  of  a  simnlat  ion.  Iti  fact .  we  may  \  i<‘w  t  Ix'  lor  ward  pro  ji'ct  ion  as  a  .m//x  /m  /  ol 
sininlations.  .\gaiti.  wheri'as  a  simulatioti  descrilx-s  wlx're  a  systinn  inll  i/e  lot  a  given 
set  of  paratnet('rs.  the  forwaid  proj<'ction  hontids  wlx'te  a  sxsti'in  cdii  and  ((iiiiiol  //e. 
and  is  thus  considered  as  an  ('Xtensioii  of  tlx’  motion  constraint  s('t  originating  with 
theCS.  I  he  otie  piece  of  informal  ion  not  iix  hided  in  t  he  lorward  project  ion  I  hat  is 
awiilahle  in  a  sininlation  is  the  time  histoiy  ol  a  motion  since  W('  do  not  consider 
\clocilies  in  oiir  stale  s|)ac<'. 

We  will  now  hrielly  considei  two  broad  classi's  ol  lorward  projection,  one  di'peixl- 
ing  oil  a  rc'lalivelv  delaih'd  nxxlel  of  local  interaction,  and  tlx'  other  n'lxiiig  on  less 
exact  hilt  more  general  global  energy  constraints.  In  I  he  discussion  that  lollows.  we 
will  assume  that  the  \ahies  of  the  paramelcns  mentioned  are  known  exact  l\  nnlesv 
otherwise  sjiecilied.  .Mthongh  t  he  const  rnci  ion  ol  lorward  projections  that  iixorpo- 
rale  an  e.x|)licit  represent  at  ion  ol  paranx'lrii  nixx'rl  ainty  is  an  important  aspect  ol 
robust  motion  analysis,  we  will  not  consider  such  ri'presi'iil  at  ions  here  dix'  to  the 
additional  lexcl  of  coniplexit\  that  doing  so  would  ini  roilnce.  When'  jiossibh'.  we 
shall  adojil  (  oiiserxat  i  ve  appi  oxinial  ions  in  an  atti'iiipl  t  o  o\  i-n  ome  t  he  limitations 
of  not  considering  nncerlainly  expliiit  Iw  In  llx'  ix'xt  chapt<'r  wi'  will  discuss  a  niiiii 
her  ol  tools  and  represi'iil  at  ions  that  may  be  used  to  ('xaniine  some  ol  the  elh'cl''  ol 
nncert  aint  \ .  .\n  ex(e||enl  IrealmenI  oi  bomided  paiamelri<  nnct'il  aint  \  apjilii'd  to 
iixitioii  anal\sis  is  given  by  HrosI  [l.'f]. 
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Numerical  Simulation 

(lixi'ii  a  discrete  initial  position,  or  s('t  t)(  po'-il  i4>ns.  alonj;  with  a  i('iati\cly  detailed 
model  ol  tin-  im'elianies  of  interaction  Ketwi'en  ohjeets.  the  most  dii'cet  iiK'aiis  loi 
determinimr  wher<'  an  ohjc'ct  will  u,o  is  simulation  via  mimerieal  integration,  loi 
<'xam|)le.  the  motii)n  oi  a  compliantly  h(‘hl  ri<;,id  pait  dminu,  an  assemidy  op('ration 
ma\  he  (  ompnted  nsim;  a  (piasi-st at  ie  model  of  d\  iiamies  where  lorees  due  to  spi  iny 
I lisplaca'inent s  and  (Vadomh  Irietion  <lominale  those  due  to  va-loi  ities  and  accelera¬ 
tions  (st'c  \\hitne\'  [^^l]l-  Hriellv.  a  motion  path  ma\  he  intei’rated  as  lollows.  At 
each  point  in  the'  int  ei!;rat  ion.  the  lot<<‘  c-cpiilihrimn  at  a  cent  act  point  is  eom|)nte(|. 
I'or  a  cpiasi-stat  ie  inoclel.  t  he  react  ion  loree  at  t  he  eontaet  point  is  assnmeci  to  lie  on 
the'  edu,e  of  the  IVietion  <  onc'  sn<  h  that  the  net  l<»r<  <'  is  appro\imatel\  /ero.  Because 
the  rc'aetion  lorec'  is  at  one  c-xtremeol  the-  ran!J,e  ol  loicc-s  <ycMierat c-d  in  icsponse  to 
an  a|)plic‘cl  I'orec'.  the-  mo\  imi  ohjes  t  is  in  a  state-  ol  niiiii  iiilniii  niohon  in  the  direc  ¬ 
tion  ol  the  applied  lorec-  projec  ted  into  the-  plane-  tan!>c-nt  to  the-  ( 'S  ■'iirlac  c-  at  thc- 
point  ol  Contact.  A  small  inc  rc-nic-nt  al  displac  c-mc-nt  i-'  made- alonii  t  he- sm  iaec- in  this 
dirc-etion.  ami  the-  intc-iri at  ion  continne-s  Iroin  the-  nc-w  position. 

\\  hc-re  available-,  more-  complc-tc-  dynamic  inodc-ls  inc  hid  inti  clam  piny  and  itic-rt  iai 
c'llc'c  ts  may  he-  inelnclc-d  to  intc-yratc-  more-  clc-tailc-d  atid  ac  c mate- 1  ra jc-c  t oric-s.  In  t  hose- 
c  ase's  whc-rc-  initial  jcositioii  oi  othc-r  paratnc-lc-rs  arc-  not  known  ptc-c  isc-ly.  ati  ap|)ic)xi- 
Illation  to  the-  lorwarcl  proje-et  ion  max  he-  lic-iic-ratc-d  hy  iimnc-rieall  v  int  c-yrat  ini>  paths 
c'orrespoiicliny  '  •  c-\t  ic-nic-s  ol  paramc-tc-r  xahic--'  ami  hiimlliny  1  lic-sc-  pat  hs  toyc-t  lic-r  to 
form  t he-  union.' 

Energy  Bounds  for  Conservative  Systems 

Oftc-n  it  will  he  the  case-  that  yem-ratiny  a  c|<-tailc-cl  sinmlation  ‘d  ohjc-ct  motion  will 
he  impractical  or  c-\c-n  impos-'ildc-  yi\c-n  the-  amoi.nt  cd  inlormat  ion  axailahlc-  ahont 
t  he  s\ st  c-m  <mcl  t  he  c  harac  t  c-rist  ic  s  ol  t  he- intc-rac  t  ions.  In  sneh  easc-s.  wc- max  re-ly  on 
•'im|)ler.  more  c  onsc-rxat  ixc-.  apptoximat  ions  ol  ohje-et  motions  to  proxich-  an  iippc-r 
hoiiml  oil  the  raime  of  possilde  motions  eontaim-d  hy  the-  lorxvarcl  proje-et  ion.  Om- 
'>m  h  honml  cine  to  Hrost  [Id]  limits  the-  possible-  motion-^  cd  an  ohjc-c  t  droppe-d  Irom 
rest  in  a  uraxitx  lic-ld  nsiny  c  oiisc-rxat  ion  of  c-m-tyx  aiymm-iits.  Spc-cilieallx'.  Brost 
iiotc-d  that  an  object,  rc-pre-sc-nt  c-d  hx  a  point  in  an  [.r.ii.ll]  eonliym  at  ion  space, 
could  not  rc-ac  h  anx  othc-r  point  in  c  cniliynt  at  ion  space-  that  had  a  hiyhc-r  rc-latixc- 
poteiitial  c-m-ryx  .  no  mattc-r  xvhat  (eonsc-rxat  i\c-)  intc-raet  ioiis  took  place-.  1  his  honml 
max  he-  exprc-ssc-d  lieomc-t  ric  allx  as  a  plane-  thronyh  the-  (.i  .ii.lt)  clro|)piny  point  and 

■  A  III  ii  li'  r  .ipiii'iiai  li  dill-  III  Mn  isi  [Id]  is  in  iliri-i  1 1\  iii!<u.i'aii-  iih  a  ii  mi  raiiii's  ,ii  ilisin  ii  pi  m  ills  ■  mi 
ill'  siirr;ii  I  III  l||i  ( 'S  aiiil  I'lMilii'i'l  lliisi-  I'llnrm  Ik  MiMil.iii«s  i  it  iiailialil'  ni;iiMis  I  In -si  In  miihIiiI 
ri  uiDiis  ,iri'  I  III  Ml  lilt  I  1 1'  Iri  mii  I  In  sin  laif  1 1|  i  In  -  <  S  inin  i  In-  Iri-'-  i-ciiiliu.iiral  n  mi  spao-  In  I'nnii  Imiiinli  d 
xiiliiiins  III  Hrnsl  s  applnaiinii  lln-si-  ii-niniis  i-ni  ri-spninl  In  /nn  ^/nn/c  i  tinii-i  Iiimm  u,nal  ri'iiiniis, 
.dllnMii;li  tin-  saiin  iin  I'liaiilsiii  max  In  applii-d  In  Inrward  prn|i'<i  jniis  as  cvi-ll  Sn  MrnsI  [Id] 


}  / . 


A  (>ii-l\  nn  iiKil  ic  (  'oil'll  1(1  ill  I  ■' 


51 


|>('r|»('ii(li(ul;ii'  to  the  >;r;i  \  it  y  xocior  whicli  |(int  it  ion  ^  the  coiiliiiutiit  ion  s|)a(('  into  t  wo 
liall  s|)a(  (’s  fcpri'scnt  iii!^  it'acliaUlc  ainl  iinioacliaMc  conliontat  ions.  I  lie  ititf'i  scct  ion 
ol  the  liall  space  ol  reaclialile  conti!>mal  ions  and  tlie  lice  space  laMinded  1)\'  the  ( 'S 
|)resents  a  siin|)l(‘ tneans  ol  const  rnct inu,  a  \'ei  \' (a)nser\at  i\c  loi  waid  pfojection.  In  a 
part  iculat'ly  elegant  met  aphor  lor  inler|)r«‘t  iinj,  t  li<-  meaning  ol  t  liis  loi  ward  project  ion. 
Hrost  likens  the  resnitinu  itit (Msec! ions  to  "pnddh's"  ol  watet  on  the  sntTace  <>1  t  lu' 

CS." 

Hecalliini  onr  earlier  discussion  on  impacts  and  coc'llicient s  of  restitution,  we 
may  inter|)ret  the  platie  honndiny  the  maxitmitn  pol('ntial  eneri;\  as  the  lotward 
projection  assimiiin;  perlectl\  <daslic  collisions  with  r  =  |.  Since  most  matc-rials 
ha\  ('  some  internal  damping,  we  would  like  to  examine  forward  project  iotis  loi'  cases 
where  f  <  l.i.e.  wIk'Ic  collisions  are  assumed  t  o  lx- inelast  ic.  l.('t  ns  assume  that  the 
stationary  ol)j<'ct  {H]  remains  stal  ionai\  throniihont  an  impact,  theti  I'l^  —  r' f-j  =  0 
and; 

c'  1  =  -'  C  ,  ( -J.  I  ) 

wln't'e  the  minus  siiiii  indicates  that  the  post-im|)a(  t  \('locity  of  tlic'  tnoxiin;  ohjc'ct 
( .  1 1  is  in  t  Ik  '  opposite  direct  ion  to  the  pr<'-im|»a<  t  velocity. 

l.<‘t  us  <  oiisider  a  simph' exam|)le  wit  h  the  |)urpos(>  of  ohtaitiitiu,  ati  a|)proxitnate 
hound  to  the  lotward  project  iou  (or  a  dro\>pc‘<l  ol»jc'Ct  hasecl  on  a  vtilue  oi  i  <  1 . ' 
Iti  l  iiiure  'J.T  we  ha\'e  a  particle  heina  dropped  frotn  rc'st  in  ti  ata\it\-  held  onto  a 
I  Irict  ionless )  Hat  surlace  patch  tilted  hy  an  amount  /'|  relati\'e  to  the'  horizontal,  .\ 
second  surlace  patch  is  positioned  horizontally  at  th('  satne  hcM^lit  as  tin'  lirst  such 
that  the  particles  paraholic  trajectory  altc'r  the  lirst  impact  intc'isects  the  st'cond 
patch,  atid  is  oiic'iited  hy  an  amount  / '_■  such  that  the  particle's  motion  aftc'r  the 
second  ittipact  is  x'ert  ical.  as  shown  in  h  i.irure  If. 7.  I  hi''  part  icniar  conliunrat  ion  of  t  wo 
conseent  i\'e  impact  s  was  chosen  to  allow  us  to  explore  the  ranyc'  of  I  .r.  // 1  excursions  ol 
a  |)art  icie  wit  h  t  he  minimum  tiumher  of  cccllisions  ( t  wo)  nec<'ssar\  to  laisc-  the  pait  icie 
hack  to  its  maximum  heiiiht  with  zero  horizont^d  Nclocity  (i.i'.  maxitnum  potc-ntial 
eiiet'iix  ).  Since  the  |)osition  and  orientation  ol  the'  sc'cond  patch  is  d('))etidetit  on  thi' 
ol  ietit at  ion  ol  t  he  lirst  patch.  W('  may  c'xplore  I  he  ranu,e  of  part  icie  mot  ions  hy  \ai  \  itiu 
onl\  one  parametei'  /•(.  1  he  lower  half  ol  l  iirure  -M  plots  tin-  locus  of  points,  for 

\aiions  \alues  ol  I'l  Irom  (I  — '  -.  of  lit  the  maximntn  heiiiht  li„..,,\  reached  hy  the 
part  icie  alt  ei'  impact  ini;  the  lirst  aniiled  surlace.  atid  fill  tin'  tnaximum  heiiiht  // ,.  , 
rea<  lied  alter  the  second  itiijiai  t. 

iialf\ .  till  |iui|<l|i  uni  a|)lK>i'  i>  |>;irt  Kiil.irfx  iisrl'ul  (nr  hrnsi  >  a|i|iliiat  inn  nl  i-niist  i  iki  iui;  .a 
hill  kjiinii  i  lidii  IVniM  a  nn.il  >lali'  lu  >|n\\l\  •(illiiui  llin  |aii|illn  I'rnm  a  unal  >lati  iinlil  il  iillin 
In.ii  IliN  a  I  nlli'l  r.lllll  n|  n\(|(|n\V''  illln  almlllir  riliinll  nil  l||i  (  S  ^IlllaO'  I  lln  \  nl  II 1 1 K  i  Me  |nM  •(  |  ll\ 
ill'  I  III' I'll'  .  til'll.  I' I  'll 'SI  III  v  I  In  Ml  III  i  j  .  II.  II]  cniifi'j.iiral  inii>  In  an  wliicli  .an  n|i  ici-i  mav  I"  ih"!  i| "  'I 
aii'l  ^Illl  I"  niiaraiili  I  'l  In  i' .n  li  tin  ilfi«ii'al  '.inal 

'  I  )■  I  l\ at  |nll>  Ini  til'  lllnil'N  IlMil  III  llllv  .lll'l  ill'-  Ini  |n\\  1 1 1 1:,  'Xalllpl'S  .11'  |  >1'  S'  1  II '  '  I  III  ,\|i 

li'  ll'lix  1 
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Chapii  V  J:  Rt  i)i  t  s(  1)1  iiifi  I  'uncl to)) 


rii(‘  slia(l('<l  n'gioii  in  tin-  lo\v('r  lialf’ol’  1.1  rcpn'senls  a  coiiscivat iv<'  hound 

on  tlu'  (.(•.//)  positions  tlial  tin'  parli(l('  may  n'acli  or  pass  through  Tor  any  |)air  ol 
<'t)llisions.  riiis  n'gion  corrt'spoiuls  to  a  simple  <ons('rvat ivc'  modc'l  ol  the  lorward 
projection  lor  tlu'  dropped  partich*.  Since  each  semi-elastic  collision  involves  a  loss 
of  {'iK'igv.  we  |)ostulat('  dial  this  r('gion  contains  all  of  tin-  positions  reachahle  In  a 
dropped  particle  for  an>  numlK'f  of  collisions.  Kigiin*  2.S  shows  a  nnmher  of  douhle 
l)onnc(’  ma.ximum  lunght  cnr\('s  lor  various  values  ol  i.  We  noti<('  that,  as  (‘.xjiecti'd. 
t h('  lower  t he  valiK'  of  f .  tin'  smalh'r  t lu'  forward  proj('ct ion  Ix'couk's.  .\gain.  we  may 
consf'ivat  ively  appro.ximate  the  houndaries  of  lh<‘  forward  |)rojections  for  a  dropped 
part  icl(' t  hat  may  luuh'rgo  an  arhitrary  mimlx'r  of  collisions  with  randoml\'  oric'iiti'd 
surfaces  1)\-  straight  liiu's  as  shown  in  l-'igiire  If.S.  Hy  syuuuetrx'  about  tin-  vertical 
a.xis.  tin'  forward  projection  for  a  dropped  |)article  with  a  ma.ximnm  coefficic'iit  of 
rc'stitntion  (  Ix-couk's  a  co/u  in  (.I'.fi).  as  shown  in  the  bottom  ol  higurc’  'J.S. 

W'e  ha\'e  so  far  n('gh'ct('d  the  role  of  friction  and  rotational  motions  in  the  lor¬ 
ward  jirojc'ction  of  a  dropped  obj(‘rt.  iiuxhded  hen' as  a  ])article.  Wf'e.xjx'ct  that  the 
addition  t)f  friction  into  tin-  above'  uuxh'ls  will  se'ivc'  to  furtlx'r  tighte'ii  tlu*  bounds 
oil  I  h<'  forward  projection.  .\lso.  since'  e'lie'rgy  is  pre'se'iit  in  re)tatie)nal  as  we'll  as 
t ranslat ienial  meitieni.  we-  e-xpe-et  similar  be)mids  tei  e'xte'uel  inte>  the'  0  elime'nsie)n  eil 
eeiiiligurat  iein  spaee'  whe'ie'  a  peiint  re'pre'se'iit  s  the'  pe)sition  anel  eirie'iit  at  ie)n  e)f  a  rigiel 
eiiije'e  t  .\s  neile'el  e'arlie'r.  the-  nature’  of  itu()a<  ls  for  rigiel  edije'e  ts  in  the'  pre'.se'iiee’ 
eif  frietieni  ean  Ix'  eeinsiele-rably  mejie'  eeituple'x  than  lor  a  partieh'  (se'e'  Wang  ["(»]). 
.Xe've’it  he'h'ss.  appreiximat  e-  mexh'ls  (dr  sueh  inte'iaet  ie)ns  eh)  exist,  anel  the'  above'  e'X- 
amph’s  se'ive’  tei  illustrate'  the-  nature'  e)f  e'e)iise'rvat ive'  mexh’ls  for  fdrwarel  pre) je'e  t ieiiis 
ejf  eibje’e  ts  nneh’rge)ing  me)t  ieins  that  are'  pege'iit iailv  far  me)re'  eeimph'X. 


Energy  Bounds  for  Non-Conservative  Systems 

One'  meire’  loiwarel  pre) je’et ieiii  meieh'l  that  we'  will  brie'fly  eeinsieh'r  applie's  tei  the-  ease- 
whe'ie'  an  eibje’e  t  inte'iae  ls  with  a  snrfaee'  luieh'igeeing  a  feiree'el  vibratie)n.  Wi'  me'iit  ieni 
this  ease'  lie'ie'  be’eanse'  it  is  re'pre'se’iitat  ive' eif  a  luimbe'r  e)l  re'al  weirhl  e'xaiuph's.  anel 
fie'eaiise’  bexinels  eiii  tile’  feirwarel  prei  je’et  ieen  are’  part  ienlarly  use’ful  in  eh’seribing  the’ 
be’havieir  eif  sue  h  syste’ius  sine  e’  t  he'V  are'  klieiwn  tee  be'  e  hae)tie'  in  ge'iie'ial." 

We  exice’  again  Ix’gin  with  a  simple’  mexh’l  eonsisting  eif  a  partieh'  that  is  e'itlx'r 
elre)|)pe’el  eir  plaee’el  enitei  a  surfaee’  that  is  imeh'igeiing  a  loree'el  eiseillat  ieiii  eel  //(7)  = 


'"Oiii-  iiii|i' III  ant  ('x<'<'|it  imi  ii<il<'<l  li>  brosl  [I’J]  lia>  in  <lo  wit  li  c(i////i(/ iimt  inns  ol  ol)j('rt>.  II  an 
(ihjiri  i?,  allowril  lo  I'fill.  it  i>  I  iK’orci  icallx  (>o?.,sil>lc  ilial  ilir  lorward  projcrlioii  could  i.xuiid  to 
iiiliiiilv  I'or  iiilcraci  ioii;~  with  a  Hal  Miilaec.  Since  we  are  concerned  willi  oliject^  re|ire>ented  as 
(io|vj;oiis.  We  i|o  not  consider  tins  exception  since  an>  rolliiif!,  motion  of  a  polenoiial  ohjeci  will 
involve  impacts  lieiween  the  vertices  ol'llii'  moving  olijeci  and  the  smiace  on  wliicli  rollinn  lakes 
place.  I  lieNe  impacts  will  remove  (’iiei'KV  IVom  I  lie  mo\  inn  oh  jeci  and  event  iiallv  In  inn  it  to  rest 
''lor  a  classic  example,  see  ■'I  lie  Dyiiamics  of  a  l{onncin'n  ball  '.  Seciioii  'J.l  in  ( inckenlieinier 
el.  al.  [;i(i]. 


■<  • 
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Mc;iir<‘  '2.1:  Locns  ol  jxtsit  ions  ol  mrtximmii  li('ip;lil  rcHclird  l)y  ;i  |)arli(  l('  alln  im 
|)H<tiiift  two  siirlficcs  as  lli<’  orientation  i'  ol  tlK'  first  surface'  is  varied  from  ()—*-. 


J..j:  .\oii-hiii(  inaiic  (  'onst niiiils 
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y(t)  =  Ag  sin  cot 


Figuro  2.!):  A  |)arti<'l<'  roleased  onlo  a  vibrating  1abl(“  in  a  gravity  fi('l(l. 

. l() sin(a,'/ ),  as  sliown  in  I'ignrc  2.!).  Figun'  2.10  shows  tliv  rosnlts  of  a  nnnierical 
sininlat  ion  of  t  hr  maxiinnni  bright  arhirvrfi  aftrr  ('arh  bonnrr  of  t  hr  part  irlr.  Brransr 
riK'i'gy  is  bring  i)nt  into  thr  s\strin  by  tlir  tablr  vibration,  tin'  (•onsrr\at ion  of  rnrrgy 
argiuurnts  inadr  rai  lin'  do  not  apply  hrrr. 

•Mthongli  tlu'  systrni  is  not  ronsrrvativr.  wr  can  establish  bounds  on  thr  maxi- 
mnin  amount  of  rnrrgy  that  may  br  imparted  into  tin'  particle  in  any  one  bounce. 
Furt In'i'inorr.  if  wr  assume  that  th('  collision  between  thr  particle  and  tablr  is  in¬ 
elastic  (f  <  1).  then  each  impact  will  also  remove  rnrrgy  from  the  particle,  (liven 
these'  two  observations.  W('  may  establish  an  e()nilibrinm  scenario  where'  the  maxi¬ 
mum  ame)nnt  of  e'lie'rgy  that  may  be'  imparted  to  the'  particle'  by  the  table'  e'xactly 
balance's  the  energy  le)st  in  the  imi)act  with  the  table.  The  derivation  of  this  bonnel 
is  given  in  .'\pi)e'neli.x  .\.2.  anel  the*  re'snlt ing  expre'ssion  for  the'  maximum  height  that 
may  be'  re'ache'el  by  a  partie  le  starting  fremi  re'st  is: 


_  ( (1  +  <  ) 
“  ■>!,  (  1  -  f  )  ‘’ 


It  turns  enit  that  in  practie-e'.  the-  maximum  height  given  by  is  ve'ry  ce)nservat ive'. 

he)!'  e'xamjile.  taking  a  histeegram  ed  the'  simulation  she)wn  in  Figure  2.1(1  afle'r  1000 
iinjiaets.  100‘/f  e)f  t  he'  maximum  be)unee'  he'ights  were  le'ssihan  lO'/f  e)f  t  he' e'st  imate'el 
// 

*  *  lll't.l'' 

We  ceuilel  use' t  he  result  of  Fepiat  ie)n  2.-')  te)  ee)nst  met  a  e  e)ns('rvat  ive-  ai)pre)ximat  ion 
to  the  le)rwarel  proje'ctiein  of  an  erbje'et  impaeting  a  vibrating  surface'.  Figure'  2.11 
ilhist rate's  the'  range'  e)f  jieist -impact  ve'le)eit ie's  fe»r  a  |)artiele'  imiiaeting  a  vibrating 
e)rie'nte'el  snriaee'  as  a  lnnctie)n  eef  the'  range'  eif  peissibh'  pre'-im|)aet  \e'le)eit ies.  In 
ee)nlignrat ie)n  spaee'.  the'  feirwarel  pre)je'clion  eif  the'  |)e)st -impae  t  xe-leieity  range's  freim 

'■\Ve'  iiolie'c  that  if  the  e'ollisioii  ise'la.slie-  (<  =  1)  till'll  a.s  him  ii  Ii\  I .i|ii:it ion  1'..’)  i^  iiiliiiiti'. 


Maximum  Bounce  Haight 
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('li<ii)l)  r  J:  U I  i>n  s(  n I  i luj  l  a  n cl  io a 


J. /;  .\(>n-l\in<  iiKitii-  ('oust  rain  f.' 
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liRiirc  2.11:  llhisl  rat  ion  of  tlu'  rane;*'  of  |M)st-im|)a(t  vf'locit  ios  corn'spoiKliiif’,  to  a 
|)r<'-iiii|)a(  t  velocity  iaiitj,('. 

tli<' point  of  impact  would  form  a  "hnbltlc'"  on  1  li(' surface  of  t h<' ( 'S  at  that  point.  For 
a  given  starting  |K)int  on  tlu'  surface  of  tin*  CS.  tin'  forward  i)roi(>ction  of  an  ohjc'ct’s 
iiKjtion  conld  be  const  met  ed  by  g<'nerating  the  forward  projc'ction  bid)bl('  from  that 
|)oint .  and  t  Ikmi  expanding  ont  ward  from  t  h<'  bonndary  of  t  Ik*  bnbble  by  using  i)oints 
(jii  tin'  bonndar\  that  inters<'ct  tin*  CS  as  starting  points  for  gc'in'iating  in’w  bnbbh's. 
i  he  proc<'ss  wonid  stop  when,  at  «'Very  point  on  the  bonndary  of  the  expanded 
lorward  i)roiection,  tin-  post-impact  velocity  range  i)oints  into  theexpand('d  forward 
|)rojection.  01  course’,  tln'ie’  is  no  guarantee  that  t  h*'  forward  projection  e)p('ration 
wonid  terminate  since’  the’  lejrwarel  pre)je’et ion  ee)nlel  be’  nnbe)nnele‘el.  ( 'e)nsiele’r.  fe)i' 
e’xample’.  the’  ease’  ol  a  vibrating  staircase’  whe’ie’  the’  le)eal  pe)int  feerwarel  preeje’et  ieni 
eeii  eene’  ste’p  is  jnst  large’  e’ne)ngh  te)  e'lielejse’  the’  e’elge’  eel  the’  ne’xl  ste'|).  making  it 
peessible’  Ibr  an  eebjc’et  te)  "heep’’  np  the’  stairease’  ste’p  by  ste’p.  e’Ve’ii  thenigh  the’  inpnt 
vibrat  ieeii  may  be’  small. 


2.4.3  Support  Constraints 

leerwarel  pre)  je’et  ie)ns  aeM  te)  Inrthe'r  ee)nstrain  the*  re’gie)ns  e)l  ee)tdignrat  ie)n  s|)aee'. 
be)nne|e’el  by  the’  kine’inatie-  eenist raint s.  in  whieh  e)bje’el  me)tie)ns  may  eeeenr.  One’ 
impe)itanl  elass  eel  me)tie)ns  has  te)  eie)  with  the’  ee)ne'e’pt  e)f  supiporl.  I  p  te)  ne)W  we’ 
have’  assnme’el  that  the’  me)ving  e)bje’ets  in  e)nr  re'|)re’se’nt  at  ieens  are’  e'e)nst  raine’el  te) 
me)Ve’  in  t  he-  (./•.  // )  plane’  wit  he)nt  e’xplie  it  ly  e-e)nsiele’ring  I  he’  nat  nre’  e)f  t  his  e  eeiist  raint . 
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Clidplcr  J:  H( pn St  dHnf]  Faiiclioii 


Consider  tlie  lollowino  ('Nperiineiil .  Pla<  «'  an  oh  jc'ct  on  a  (lal  tal)le.  tlien  slowly 
rotate  the  ohjeet  (nit  ol  the  plane  of  the  table  surface'  while  ke<'))in«  one  vert<'N  or 
e(li!,('  of  the  object  in  contact  with  th<'  surface  at  all  tiiiu's.  11  the'  object  started 
in  a  stable  rest  ori('ntation  on  tlu'  table,  then  an\'  motion  oi  the  objt'ct  away  Iroiii 
the  table  siirfaec  will  act  to  raise  the  cc'iiter  of  mass  of  t  h<'  object  relati\<'  to  the 
st able  rest  posit  ion.  In  ot  her  words,  t  h<'  table  siirlace  support  s  t  he  ob  ject  in  a  st  abh' 
conliunrat  ion  so  that  th('obj<‘ct  s  cent<  f  ol  mass,  and  hence  its  potential  eneri>y.  is 
at  a  lo(  al  minimum.  If  the  same  object  were*  pla<<'d  with  its  c<'nter  ol  <>;ravity  over 
the  edne  of  the  table,  it  would  be  possil>le  to  rotatt'  the  object  in  contact  with  the 
table  ('due  in  such  a  wa\'  that  the  object  s  cc'iiterol  !»ra\'it\'  would  bt'  lowt'rt'd  relative 
to  it  's  initial  ( onliitnrat  ion.  If  the  object  w<'fe  re'leased  from  this  conliij,urat ion  in  the' 
))re.s('nce  of  <>ravity.  it  would  naturally  tend  towards  the  loW('r  ('tiergy  state  and  (all 
olf  t  he  t  able. 

rids  simple  ('Xpf'fiment  sei\<'s  to  illustrat*'  the  nature  ol  the  sn|)port  constraint 
iti  terms  of  potential  energ\.  \  iewed  auotlu'f  way.  if  W('  la'call  t  lu'  ('iK'igy  bounds 
list'd  to  (geiK'iate  forward  jirojc'ct  ions  <'arli<'r.  w<'  can  <  lassily  snp])or1  as  tin'  set  ol 
configurat iotis  whose  forward  projt'ctions  utnh'r  gra\  ity  art'  const raiiu'd  to  lie*  withiti 
th('  platK'.  1  he  reason  for  taking  this  vit'w  ol  support  is  that  we  can  use  th('  same 
t<'chni(iu<'s  (h'vc'lopi'd  above'  to  gene'rate'  the'  htmiiilti  rit  s  dividing  snjiporte'd  and  uti- 
supported  re'gions  ol  (.r.  i/.d)  conliguration  space'.  Figure'  2.12  shows  a  moving  obje'ct 
tueide'le'd  as  a  planar  pedygon  lying  oti  te)|)  erf  a  statieuiary  platiar  polygon,  terge'tlu'r 
with  ati  illnst rat ioti  of  a  surface'  in  e-onligurat ieui  space'  re'pre'se'ut ing  the'  bonnelar\ 
be'twe'e'ii  suppofte'd  ainl  unsupperite'el  eeudigurat  ions  erf  t  he'  merxing  erbje'et  re'lativeto 
the'  stationarx  snp|)errting  erbje'et.  I  his  surlaee'  is  similar  ter  the'  CS  iti  that  it  jrarti- 
tieriis  the'  eernlignrat  iern  spaee'  inter  t  xver  elist  iiiet  re'gierns:  supperrt  e'e|  anei  unsnpperrte'el. 
The'  surlaee'  dere's  not  re'pre'se'iit  eerntaet  eerust  railit  s  be'txve'e'ii  erbje'ets.  but  rathe'r  the' 
s(>t  erf  perints  in  eernlignrat  iern  space-  at  whieh  the-  merving  erbje'ct’s  supperrt  status 
t Id iisilioits  frerm  supporle'd  to  unsupperrte'd.  Spe'cilicallx .  perints  inside-  the-  bernneling 
surlaee'  re-pre'se-nt  (.l■.!|.0)  eemligurat ierns  ert  the-  merving  polygerti  that  are-  snpporte-el 
by  the-  statiemarx  suirperrting  polxgem.  xvlie-re-as  perints  erutside-  the-  surlaee'  re-pre'se-nt 
eemligurat  ions  xvlie-re-  the-  moxing  iredygeru  is  unsup|rort  e-d  and  wernid  lall  out  erl  the- 
I  .r.  !i )  plane-. 

riie-  strneture'  of  the-  sn|iirerrt  ceriistraiiit  beriiuelarie's  is  in  manx  xvays  mueh  sim- 
ple-r  than  that  ferr  eerinaet  eonst  raiiit  s.  but  the-re-  are-  also  a  le-xv  ”int  e-re-st  ing  anel 
merre-  eermple-x  ease's  that  a.ppe  ar  e,idte'  erfte'ii.  For  the-  e-xamirle-  slierxvn  in  Figure'  2.12 
xv('  nerticc  that  matix’  of  the-  snirport  eerust raiut  surfaee's  are-  Hat  platie-s  paralle-l  to 
the-  I)  axis  erf  the-  eernlignrat  iern  spaee-.  1  he-se'  surlaee's  arc  eerust  met  e-el  by  ma|rping 
the-  irerints  whe-re-  the’  ce-nte-i'  erf  grax  ity  eel  the-  merxing  pedygern  cfeisse's  an  e-dge-  ed  the- 
snpperrt  perlxgem.  II  the-  re'le'ie'iiee'  perint  erl  the-  moxing  perlygon  nse-d  to  const  met 
the-  eernlignrat  iern  spaee-  is  eerineide-nl  with  the-  pedygern  s  ce-nte-r  ol  graxity.  the-n  the- 
supperrt  transition  bemndarx-  is  sim|rly  t  hat  e-elge- erf  t  he- support  perlygon  sxve-pt  Irerm 


J.(:  Xon-Kini  iiialic  Con  slid  ini.' 
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l  it'iin’  2.12:  A  moviiif*,  planar  polygon  sui)pt)rt<‘(l  by  a  stationary  planar  polygon, 
and  tli('  corrcsijonding  support  transition  boiindarit's  in  {.v.ti.O)  configiirat ion  s|)a<<'. 

0  — ►  2-  along  t  lu'  ^baxis  of  t  ho  conlignrat  ion  space*.  Wo  note,  however,  t  hat  a  numlx'r 
ol  the  support  constraint  stirlace's  sliown  ar<‘  ciir\('el.  not  Hat.  in  the*  {.r.fi.O)  diiiK’ii- 
sions.  These'  surl'aee’s  alse)  ee)rre'spe)nel  to  e-onlignrat ie)ns  where  the  mo\ing  polygon's 
sii|)|)e)rt  status  is  in  transitie)n  Irenn  siip|)orte'el  te)  nnsuppe)rt e'el.  hut  the-  |)olyge)n  s 
ee'iite'r  eel'  gravity  lie-s  eeutsiele  eel'  the'  supporting  polygon's  ee)ntonr.  Such  ease's  may 
e)e(  tir  within  eoneave'  ee)nte)urs  e)l  tiie'  su|)pent  pe)lyge)n  where*  the-  moving  pe)lyge)n  s 
ee-nte'r  e)!  gravity  is  ceentaine'el  within  the*  conre.r  hull  e)i  the*  interse'e  t ion  eel  the-  me)v- 
ing  anel  suppeerting  pedygeens.’ '  Se-e  tieni  .■).•"). 2  ee)ntains  a  me)re' ele'taile'fl  elise  nssion  eel 
suppeerl  transitieen  heeunelarie's  anel  heew  to  ee)mpnte' t  he'm.  .\t  thispe)int  we*  are*  meere* 
e-eeiiee'ine-el  with  the-  ejiialit  at  i\ «'  inte'ipre'tat  ie»n  e)r  snppent  ee)nstraint  hounelarie's.  anel 
the'ir  re'lat  ionshi|)  tee  e  e)ntae  t  lace-ts  anel  I’orwarel  |)re)ie'e  t  ienis  as  an  aeldit  ieeiial  lorm  e)f 
me)t  ieeii  e  e)nst  raint . 

One*  linal  note*  re'gareling  support  eonst raint  henmelarie's  lias  tei  eh)  with  the'ir  re*- 
latieeiiship  tee  liighe'r  elime'iisienial  meetions  whose*  eh’seript ieen  is  l)e'\e)nel  the*  sce)pe'  of 
( .r.  //.  0)  e  einlignrat  ie)n  s|)ae  e'.  In  jiart  ie  nlar.  t  he-  me)t  ie)n  e)l  an  e)l)ie'e  t  lalling  eelf  eel  a  jila- 
nar  suppe)rt  snrfae  e'  e  anneit  he*  re*pre'se'nte*el  seilely  in  te'i  nis  of  (.c.  i/.  as  t  he'  nmiihe'r  e)f 

'■’One  oilier  possiMi'  sri'iiario  involves  inoviii);  |)oiy>!,oiis  wliosi'  centers  ol  uravilv  are  outside  ol 
their  conlonrs.  In  such  cases,  it  is  possible  to  have  the  rj;  iiisiih'  the  ronlonr  ol  the  snpi>orl iiiR 
poIvKon  hill  still  have  thi'  moving  polygon  he  nnsn|>port>'d. 
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(’luipff  r  J:  H(  pi  f  s(  nlliifi  Fuiirtioii 


(l<‘t2,r<'('s  of  I'n'^'cloni  lor  sucli  a  mol  ion.  and  li<‘n<<‘  tin*  nnmlx'r  ol'  i)osition  paraniclcrs 
n-<|nir('d  to  cliaracf  cri/o  it.  am  gr<*at<T  than  tliroo.  llio  support  roust  raint  ))onnd- 
arirs  just  (U'srrihrd  r<'pr<>s('nt  1  lios(‘ ronfignrat ions  wliorr  a  |)lanar  motion  rr|)res(Mitc(l 
as  a  trajrrtorx'  in  {.r.ii.O)  would  lt(iiisit/oii  to  a  tra'p’rtory  in  a  )ii«lirr  dimrnsional 
ron  I  i  12,11  rat  ion  s|)arr  of  whirli  (.v.ti.O)  is  a  snhst'l.  I'lir  sn|)por1  constraint  lionndaric's. 
then,  rrinc'srnt  a  lower  dimrnsional  mapping  of  t  Ik*  transitions  to  liigln'r  dinn'iisional 
motions,  riiis  transition  nuxU'l  const  it  ntt's  a  tradeoff  wlu're  we  sacrifice'  dc'taih'd 
know|('dg('  of  these  higher  dimensional  motions  in  return  for  a  simpler  and  more 
managc'ahh'  repre'se'iit  at  ion.  In  the  iK'Xt  se'ction  we  will  examine  further  the  use  of 
such  simplifications  that  allow  ns  to  r<‘<ln<'e  the*  dimensionality  and  comi)lexit\'  of 
motion  constraints  re'pre'se'iite'd  in  configuration  space*,  as  we'll  as  explore*  ways  e)l  re'p- 
re'se'iiling  the*  eliffere'iit  Idrms  eif  meitieni  eonstraints  eliscnsseel  ahene  within  the*  same* 
gleihal  Iranu'weirk. 

2.5  Mapping  Constraints  into  Motion  Space 

The*  C.S.  forwarel  pre/|e'et ienis.  anel  snppewt  constraints  all  partition  the*  eenifignral ion 
s|)ae'e'  iiitei  re'gieins  tliat  are*  e'ithe'r  re'aehable  or  nnre'achahle'  with  re'spe'ct  te)  meitions 
ed'  tile*  me>\ing  (d>ie'et.  Our  pnrpexse*  in  ge'ne'rating  the'se*  constraints  is  tei  eomhine' 
tlie'm  in  sneh  a  way  as  te)  pre'eliet  the*  he'havior.  e'xpre'sseel  as  me)tie)ns.  e)f  the*  sysle'in 
nnele'r  st  nely.  in  t  his  .se'e  t  iein  we*  will  hrie'lly  elisenss  some*  e)f  t  he*  ways  of  e  e)ml)ining  t  he* 
ge’e)me't  lie-  re'pre'se'iit  at  ie)ns  e)f  me)tie)n  ee)nst  raint  ele've'leipe'el  al)e)V('  within  eonfigurat  ie)n 
spae'e*  so  as  to  make*  such  he'havie)!'  e'.xplicit.  I  he*  impe)rtant  i)e)int  tei  ke'e'p  in  miiiel  as 
we*  manipulate'  the*  varieens  eliffere'iit  Ibrms  of  ee)nst  raint  re'pre'se'iit  at  ienis  is  that  tlie'v 
are*  all  e'Xpre's.se'el  in  te'rms  eif  the*  motion  e)f  the*  me)\ing  eihji'it  as  eapture'el  hy  the* 
eeinfigiirat ieiii  spaee*.  ’I'lie*  fae  teirs  that  ele'te'rmine' t he'se*  eeiiist raint s:  shape-,  me'ehanies 
anel  elynamie  s.  are-  all  repre'se-nt e-el  iinplirillp  in  the*  e  einst  raint s  il  e.s  tin  ((nislniiiil^ 
on  tin  inotinnf<  l/n  iii.sc  In  llnil  art  (.rplicil. 

Contact  Constraints  -  The  CS 

We-  have-  alre-aely  elisensse-el  the*  re-pre'se-ntat  iem  e)f  eeintaet  ceiiist  raint  s  in  e'e)nligiirat  ieiii 
spae  e*.  Hy  taking  the*  nnie)n  eif  e  eiiit ae  l  fae  e'ts  fe>r  all  leatnre'  pairs  for  a  meiving  anel  sta- 
I  ion  ary  oh  je-ct .  we-  ge-ne-rate-  a  re-pre'se-nt  at  ieiii  e»f  t  he-  e-nt  ire-  se-l  e)l  kine-mat  ieallv  elist  inet 
coiitaet  inte-rael  ieiiis  leer  tlieise-  eihje'ets  that  alsei  se-rxe-s  tei  partitiein  the-  e-onlignrat  iein 
spae  e-  into  re'gienis  eif  re-ae  liahle-  anel  iinre-ae  liahle'  ]»e)sit  ieiiis  of  t  he-  mo\  ing  eihje'e  t . 

Forward  Projections 

Ihe-  two  hioael  elasse-s  of  feirwaril  proje'et  ienis  diseiisse-el  in  Se'etie>n  1’.  1.2.  i.e*.  e-xaet 
anel  e-ne-rgy  heainele'd.  max’  he-  re'ine'se-iile-el  in  e  enifigiirat  ieiii  spae  e*  as  eine'-elime'iisieinal 
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I'isuH' 1M:{:  A  I'orward  |)ruj<‘<t ion  g«>n<'ra1«'<l  iVoni  a  inmK'iicallv  iiit('grat(‘(l  motion 
patli  across  the  suilacc'  of  a  CS. 


space  cnrx'es  and  t  lire<’-diniensional  Ijounded  r('gions.  K'spect  i\'('l\’.  l  ignn'  LMd  il¬ 
lustrates  an  exact  trajectory  lor  a  moving  ol)i<'ct.  starting  Irom  a  spc'cilic'd  initial 
posit  i<»n.  r<’pr<’sented  as  a  s|)a<'e  cnr\<'  on  the  surlace  ol  the  ( 'S  ol  lignix'  ’J.l.  1  Ik' 

forward  |)roie<tion  consists  of  the  set  ol  points  along  th('  cnrv<'.''  In  tin'  cas<'  ol 
eiKMgy  hounded  motion  dynamics,  a  Hat  |)lan<'  (for  f  =  I)  per|)('ndicnlar  to  tlu'  di- 
I'ection  of  gra\ity  would  int<'rsect  t  In*  snrlac«' ol  the  CS.  I  he  lorward  pi'ojc'ction  would 
tin'll  consist  of  tin'  s<'t  of  points  correspoinling  to  tin'  volimn’ of  coiiligurat ion  s|)ac<' 
homnh'd  Ix'hnv  hy  tin'  surface'  of  tin'  CS  and  ahovt'  hy  tin'  homnh'd  ('in'igy  |)lain'. 

Intersection  of  Contact  and  Support  Constraints 

A  flirt  In'r  simplilicat  ion  for  t  In'  support  < oust  raint  re'gions  int  rodnee'd  in  Sc'ct  ion  2.  1  .•{. 
hot  h  in  te'iins  of  com  pi  it  at  ion  and  r«'pr<'S<'nt  at  ion.  is  t  o  dirc'ct  ly  compute' t  In'  nih  cse  e  - 

' 'A  It  hough  ijiri'lv  ri'iircsfiili’il  in  Irniis  of  l>oiin<larii's.  wc  may  consnh'i'  a  traicctory  gciu'ratiil 
from  ('xart  inlcgral  ion  of  motion  ini’rhaiiics  to  In-  ;i  Inhniar  rogioii  in  conligiiral ion  spare  hoiiinhsl 
In  motion  roust  raiiits  that  have  |>eeii  rollapseil  onto  a  oii<'-<limeiisioiial  s|)ar(  rnr\e.  I  his  \ii'\v  is 
semaiitirally  roiisistiiit  with  the  mnrh  looser  liomnis  imposed  hy  I  lie  const  raint  snrfares  gi'iierated 
for  an  energy  hounded  forwaril  project  ion. 
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lion  ()l  t  lie  support  const  mint  l)onn<laii<'s  wit  li  the  sni  lace  ol  t  lie  (  S  in  coniii;niat  ion 
space.  1  he  result  is  a  part  it  ioniiiu;  of  t  he  surface  ol  t  he  ( 'S  into  coiiliiinrat  ions  where 
the  ino\  int!,  ohjec  t  is;  (/)  in  contact  with  the  outer  contoni'  ol  a  stationai  v  ohject 
in  the  same  plane,  and  (ii)  (Mthc'r  supported  or  nnsnpportc'd  hy  a  second  stationai\ 
ohjc-ct  iinili  nil  nih  the  plane- ol  motion.  This  simplilicat  ion  allows  ns  to  rc-present  the 
snhsc't  of  support  transitions  that  occur  while- an  ohjc-ct  is  in  contact  with  anothc-r 
oh  jc-c  t  in  t  he-  same  plane-,  wit  hont  ohsenrin^  t  he-  clisplay  ol  t  he-  ( 'S  hy  t  r\  in<i  to  ic-prc- 
sc-nt  anothc-r  const  laint  sni  lacc-  in  conli",nrat ion  space-.  l"m,ure-  lM  1  illnstrate-s  such  a 
part  it  ioniin;  ol  t  he- ( 'S  snriacc-.  whe-re  t  he- darke-ne-d  re-^ions  re-pre-se-nt  contact  conlii;m 
rations  that  are-  nnsnpporte-d.  .Since-  most  ol  the-  motions  wc-  shall  he-  coiice-rnc-cl  with 
arc-  const  raiiic-d  motions  whc-rc-  the-  movinu,  ohje-ct  is  in  contact  with  the-  stationar\ 
ohjc-ct.  this  simpliiic-d  rc-prc-sc-nt  at  ion  ol  support  constraints  pic-sc-r\ c-s  most  ol  thc- 
nsc-lnl  iidormation  prc-sc-nt  in  t  he- »c-ne-ral  support  constraint  homiclarv  snriace-. 

Superposition  of  C’onfiguratiou  Space  Slices 

.\s  wc-  mc-ntioiic-d  in  Sc-ction  '2.2.  we-  will  de-al  primarilx  with  int  eiact  ions  hc-twe-e-n  oh- 
jc-cts  const  rainc-d  to  have-  thrc-c-  or  |e-we-r  de-gre-e-s  ol  Irc-e-dom.  It  is  im|)e)rtant  to  notc- 
that  t  his  const  raint  doc--'  not  rc-c|nire- t  hat  t  he- oh  je-ct  s  wc-  conside-r  must  t  he-msc‘l\c-s 
he-  planar.  Indc-c-d.  with  a  (not  insi<ynilieant )  amount  c»(  acldit ional  woik  and  compu¬ 
tation.  it  is  possible  to  rc-prc-sc-nt  inte-ract ions  he-twe-e-n  thrc-c-  dimc-nsional  pol\hc-dia. 
.\nothc-r  appioNimatc-  hnl  more- convc-nieiit  approach  is  to  modc-l  t hrc-c- dimc-iisional 
ohjc-cis  as  a  se-ric-s  ol  polyi>ons  corrc-spenielint'  to  slicc-s  ol  the-  ohjc-cts  at  dillc-rc-nt 
lic-iyhts.  I  he-  +  1/)  ( 'S  lor  c-ach  ol  these-  sliee-s  may  thc-n  he-  gc-nc-rat  c-d  using  thc- 
tools  ancl  rc-presc-nt  at  ions  dc-scrihe-d  e-arlic-r  in  this  chaptc-r  and  thc-n  siijn  rliniio.si  il 
wit  hill  t  he-  same-  \  .r.  ii.O)  conlignrat  ion  space-,  fhe-  re-snlt  ing  comiiosit  c-  ( 'S  st  me  t  nrc-. 
although  soiiic-what  morecomplc-N  and  with  a  nine  h  largc-r  nnmhc-r  ol  contact  lacc-ts 
(many  ol  which  wonhl  he-  occ  liicle-d  hy  othe-r  lace-ts).  could  he-  iisc-cl  lor  analysis  in 
iiiiich  the-  same-  mantic-r  as  (he  ( 'S  lor  a  single- sc-t  of  polygon  int  c-ract  ions.  ’  ’ 


Other  C'onstraiiit  Mappings 

I  hc-rc-  arc-  a  nnmhc-r  ol  o(hc-r  mappings  ol  constraints  to  conlignrat  ion  space-  (hat. 
de-pc-ncling  on  the-  application,  can  he-  nse-hil  in  re-pre-se-nt  ing  Innctioii  in  tc-rnis  ol 
motion.  I  he-  lollowiiig  thic-c-  constraint  mappings  are-  chic-  to  Hrost  [Id]  ancl  wc-rc- 

*  ’( )iii'  cao  ai  111  1  Ills  a|)|)ri)a(  |i  li.a^  in  dn  wil  h  i  In  (ai  l  I  lial  inn  rai  l  mils  evil  li  i  in-  <  'S  >iii  lari'  I  li.it 

I  nrii  siM nni  In  ((iiiiai'ls  aiiioiin  >lii  i  >  ai  ilifri-i’i’iil  In  iKlii^  wmilil  iim|mim  mil  nt  plaii'  iuri|ii'>  In  lin 
i)l)ii'(l  llial  wmild  In  miisiilc  iln-  mi)|>i'  i«l  lln-  Ij-.i/.II)  r<  |ir'Miil  al  imi  S|iirial  i.iri-  wmilil  liao 
111  III  laki'li  III  iliMil'i-  llial  l(|i-  ili>l  riliiil  mil  nl  (niri'.  ,iiniin'.;  lli'  ^llll^  in  iniilail  cc.is  l■lln^l^ll  nl 

I I  I'll  nil  I  III  ■j'  an.ili  i|;iinN  In  lln-  mi|i|)i  iil  I  raiiMl  inn  In  iiiinl.ini i  d  Si  i  I  imi  '2  Id  nni;lil  .iIm  i  In  iimTiiI  in 
rl•|l|•l■M•nl  III}!,  I  III-  idi  i  O  nl  lliiM  inri|ni> 
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ii|)|>lic<l  ti)  tin'  liisks  ()|  ainl  plaiiiiiiii;  piisliiiiu  aii<l  <lru|)|)iiii:  iiiotioii"  «»l 

|)laiiai  polygons; 

•  Sticking  regions  due  to  friction.  ( a  coii-staiit  aj>|)lic<l  Idk c.  t  he  <  (»nta(  t 
•  uiitiunral  lulls  un  tlic  siirlaif  ul  tli<‘  (  S  tliat  would  K'sult  in  no  nioiioii  ilno  lo 
lri(  tioii  air  idrnt  iliril  aiid  inai  krd  so  llml  tlir\  may  l»r  avoided  in  ( misl  i  in  I  iinj 
liackiirojrt  I  ions  Iroiii  a  u,oal  rontiiJ.nial  ion. 

•  State  transition  cones,  (iivm  an  applied  Iokc.  Io<  al  loi  ward  pioieetioii" 
may  1  >e  yeiHTat  ed  and  dis|  ilayed  at  diserei  <•  |)oi  n1  s  on  t  lie  s  ml  are  ol  the  (  S  to 
indiiate  the  "How  held  ol  (oii^l  laiin'd  moli«ais.  I  his  iepie-.('iita1  ion  is  pailii 
niailv  iiselnl  in  (  apt  niiny  <ind  feincsenl  iny  mnertaintv  in  motion  parameiei'^ 
ill  terms  ol  (ones  ol  |)ossilile  motions  Irom  each  disc  rete  point. 

•  Arbitrary  Constraints.  Some  ohjeei  leatmes  should  he  a\oi<led  dnriny  a 
mani|)nlat  i(»n  opera t  ion  heeanse  I  he>  are  part  i(  niai  l\ delii  ate.  or  ma\  he  <  oate(| 
with  an  adhesive  or  other  material  wldeli  should  not  he  hronyht  into  eoiitac  t 
with  ot  lietoh  jeet  s  except  in  a  certain  pie<|('liiie<l  eon  liy  mat  ion.  I  he  (oiis|  raiiit 
hnets  eorrespoiidmy  to  eoiitaets  with  these  leatnres  are  laheled  as  nf]  liiiiil>. 

Some  ol  lief  pot  eiil  iailv  iisel  111  const  rail  it  mappiliys  d('fi  veil  Irom  t  he  enei  yv  hounded 
lorward  piojec  tioiis  discussed  earlier  iiiclnde: 

•  Topographic  potential  energy  map.  I  he  plain'  ( ei  respondiny  to  an  (  =  1 
hounded  eneryv  lorward  projeclion  r<'pres«'iiis  a  (eiistiaint  lor  a  sinyle  eiieryv 
level.  It  is  not  dilhcnlt  to  imayine  yeiieratiiiy  (  iirves  on  the  ( 'S  snilaie  cone 
spoiidiny  to  slices  ol  t  he  ( 'S  at  dillereiit  eneryv  levels.  Sin  h  a  laimlv  ol  ( (iiitoiiis 
Would  he  ('(piivaleiit  loa  t ojxiyraphical  map  ol  t  he  < 'S  sni  hne.  and  vvnnhl  pro 
V  ide  a  ylohal  pict  lire  ol  the  "hills  and  valleys  in  the  set  o|  mot  ion  ( oust  i  anil 

1  he  "vallevs  in  partic  niai  are  ini  crest  iny  to  ns  siiae  I  hev  corre''pond  to  local 
minima  in  which  the  mov  iiiy  ohjec  t  could  ceme  to  rest  Icfi  cert.iiii  motions. 

•  C'S  intersections  with  vil)ratory  impact  forward  projection  bound¬ 
aries.  Similar  to  the  lopoyraphi<  al  i>oninlai  ies  in  the  p  lev  ions  example,  c  iirve-' 
lepresent  iny  the  set  ol  ( (iiiliynial  ions  wheie  the  vihraloiv  lorward  piojeclion 
hoimdaries  intersec  t  t  he  ( 'S  sni  lace  serve  to  part  it  ion  I  he  ( 'S  sin  lace  into  reac  h 
aide  and  niiieac  hahle  coiiliynial  iom  lor  a  yiveii  set  ol  initial  c  ondil  icciis.  .\s  the 
amplilndeoi  Irecineiic  v  ol  vihralioii  is  vaiied.  these  honndaiies  would  yive  ,i 
ylohal  pic  I  lire  ot  1  he  (  hanyes  in  system  hehav  ior  ac  c  (»mp.inv  iny  c  hanyi"'  in  I  liese 
parameters.  As  in  the  c  ase  o|  the  support  ccttistraint  hoimdaries.  the  lesiiltiny 
I  lit  el  sec  1  io|  I  (  It  rves  \\  c  mi  Id  Hot  ohscnie  siiI  lace  ( let  a  I  b  ol  the  (  S . 

Ihe  ahove  repieseni  al  ions  in  |.c.//.H|  c  onliynrat  ion  ■'pace  c.iplnre  motion  con 
straints  in  terms  ol  yeometiic  siriiclnres  that  iiiclnde  |>aranielii(  •'iiilacc"'.  planes. 
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iiiiil  --p.icc  ciiiAi's.  I  li("'('  st  iiict  iii'cs  iir<’  ii^cliil  l)ulli  as  coinpiit  a1  ioiially  acccssiMc 
( Dii-'l  1  aiiit  |■('|n ('sent at  ioiis  Miital)l<‘  lot'  iiiaiiipiilal  ioii  hy  al‘;orit  hms.  and  as  x  isiial 
K'pK'scnt  at  ions  lor  disjilay  and  int  oipict  at  ion  li\  liunians.  I  his  second  application  is 
part  i(  niai  l\  at  1 1  a<t  i\  c  since  we  will  nee*  I  to  mid  erst  and  t  lie  nat  nre  ol  t  he  const  taint  s 
we  wish  to  impose  hi'lore  w<'  <an  attempt  to  de\'elop  alyoiitlmis  that  generate  tln'iii 
.mt  oinat  ii  all\ . 


2.6  Summary 

In  thi"  chaptei  we  explored  the  representation  ol  Imic  tion  in  tc-rnis  ol  motion  con¬ 
straints.  \\(-  ('xaniitie'l  what  we  iiieati  wheti  we  speak  ol  Innctiotial  (onst  taints  oit 
ttiotioti.  atid  tttidet  s(  ()re<l  t  h«-  tie<'d  lor  a  tiiat  lietnat  icall\  precis*'  r*'|)r*'setit  at  i*)ti  lor 
th*'se  c*)nst  raitits  withitt  cotilitinral  i*)ii  spa**'.  W*'  ih'scrih*'*!  a  /*'ro- v*'l*»*it  y  stat*' 

spac*'  I  cottliiiitt  at  ioti  spa**')  t*»  *aptitr*'  *)!»j*'*t  motiotis.  attd  itt  so  (hiittu  Uxtts  *)nr 
attetttioti  *)ti  ttt*)ti*>ti  itist*'a*l  *>l  shap*'  as  a  latnyttau*'  iti  whi<ii  to  d*'scril)*'  th*’  litttc- 
tiottalit\  or*»lii<'(t  ittt*'riict  i*»tis.  Siti**'.  iti  !>*'tt*'ral.  th*'  conliu;ttrat  iott  spac*'  *att  h*' 
iptit*'  larue.  \\*'  litttit*'*!  ottt  *rts*  itssi*ni  I*)  *)hj*'cts  whos*'  ttioti*)tis  w*'r('  lotist  raitt*'*!  t*) 
Ii*'  in  a  plane.  I  lie  r*'sttlt  was  a  ihr*'*'  *lim*'tisi*)tial  *  otiliiiitrat  i*)ti  spac*'  whos*'  axt's 
at*'  l.r.//.d|.  \\*'  <  *»tisid*'t*'d  tw*>  htaiad  *lass*'s  *>|  tn*ttioti  cottst  taints;  kita'tnat  ic  att*l 
ti*)ti  kitK'tttat  i*'.  Kiitt'tttat  i*  ttt*)tioti  *'oitst  taint  s  arise  lr*)ttt  ittt  *'ract  ioits  l)*'tw*'i'tt  oh- 
i*'ct  sha|i<'s.  attd  ttiay  tak*'  th*'  l*»rtit  *>1'  iti*li\i*lttal  **)ttta*t  siirlait's  or  sit|)*'rs('t s  ol 
cotttai  t  (dtist  t aitit s  ill  cotiliiiurat  i*>ti  spa*  *'.  .\ott  kitt«'tiiat  i*  tnotioti  cottst  raittt s  aris*' 
lt*)ttt  t  h*'  lot<  *'s  d*'t  i\*'*l  Irotit  t  h*'  m*'*  hani*'s  *)l  *'*)ittact.  iis  w*'ll  as  *'xt*'rtially  ajipli*'*! 
lorct's  atnl  i;ra\ity  Iti'Ids.  lit*'  tti*'*hatiics  *»r  **)tit  a*t  w*'  cottsid*'r*'il  iti*htd*'*l  sliditiy 
lri*  t  ioti.  r<'pr*'s<'tite<l  t;<'otti*'t  ri*'all\  as  t  h*'  It  i*  l  ioti  cotie  in  coiiliyiirat  i*)n  sjiac*'.  as  w*'ll 
as  *  lasti(  and  inelasti*  <  i)llisi*)ns  l»*'lw*'*'n  *>l.i*'(  ts.  l  idtii  tin's*'  ni*'chanics  w*'  w*'r*' 
aide  to  (Oust  lint  loiwai*!  |)n>j*’*t  i*)ns  ol  unit  ions  that  liiitin'r  partiti*m*’d  *'onhutna- 
tion  spa**'  into  i*'trions  *d  r*'a*  hald*'  an*l  imi*'a*  liahle  stiites.  I  w**  kinds  *>1  lorward 
|)r*d<'<'l  i‘»n  tliiit  we  *  *insid<'r*'*l  in  *l*'tail  w*'r*'  th*'  exa*  t  inteiiiation  ol  motions  lor  the 
cases  wh*'i*'  w*'  had  a  iletaih'd  mo*l*'l  *>1  th*'  *l\ii<miics.  <md  l>*)nndeil  eneiiiX  motion 
c*)nst  raint  s  lot  tints*'  *as*"'  wh*'r*'  tin-  *lynami*s  **inl*l  intt  *'asily  It*'  *  haia*t*'i  i/*'*l.  In 
hot  It  *  as*'s.  w'e  lik*'n*'*l  l*)t  wai*l  pi*ii*'*  t  ions  to  a  tim*'l*'ss  snp*'i  s*'t  ol  simnlatioiis  o| 
*)hi*'*  t  m*ili*)ns  nn*l*'i  th*'  sp*'*ili*'*l  *  anisi  raints.  .\  thir*l  special  *iis*' *>1  loiwai*!  pro 
j*'*ti*)n  w*'  *  *)nsi*l*'i*'*l  was  t  h*'  snp|>*>rt  **>nst  raint .  the  stability  *>1  whi*h  was  \i*'w*'*l 
as  a  * atiist  taint  *in  t  h*'  |)*it*'nt  iai  *'n*'ii>y  in  a  yrav  ity  liehl  ol  t  h*'  nio\  iny  *)hi*'ct  s  *  *'nt*'i 
*)l  'yra\  it\  w  hile  i*'stinii  *iii  a  Hat  sni  la*  *'.  1  h*is*'  i*'ei*)ns  *)l  * xtnliynrat  i*)n  spa*  *'  wh*'i*' 
th*'  p*)t*'ntial  *'n*'ry\  *il  th*'  *ihj*'*I  **>nl*l  h*'  re*ln**'*l  h\  nn'aiis  *)l  a  r*itation  *)nt  ol 
t  h* '  I  thill* '  w*'r* '  *  1*  '*'111*  ’*  I  t  *  I  It*'  It  iisii  pp*  It  t  *■*  I .  I  In '  SI  I  p  port  **inst  ra  i  nt  was  a  Iso  yi  \  *  'ii  as 
an  I'xamph'  ol  a  simplili*  at  ion  wh*'r*'liy  **insl  taints  on  hiyln'f  ilimeiisional  motions 
iitiihl  It*'  I  *'pi  *'senl  *'d  in  a  l*iw*'r  *lim*'nsional  *  itiiliunrat  ion  spa**’  as  liaiisitioiis  h*- 
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IwtH'ii  planar  and  non-planar  mol  ions.  I'inally.  al'lor  cliaiactc'rixin'i,  tlic  ahovc  sot  of 
motion  constraints,  wo  (waminod  varitnis  m<‘ans  Iw  wliicli  tlioso  constraints  conld  do 
coml)inod  witliin  tlio  coidii>,nrat  ion  s|)ac<'  n'prosont  at  ion. 

I  li('  purpose  ol  this  chaptc'r  was  to  d<‘\('lo|)  lli<‘  roprosont  at  ions  that  will  sorxc  as 
tin'  ronndation  n|)on  whicli  W('  ma\-  Iniild  a  s('l  of  tools  that  will  allow  ns  to  pc-rlorm 
hot  h  analysis  aiifl  design  ol  Imict  ionally  iis<‘lnl  sliajx's.  lo  make  t  hose  r(“|)ros<*nt at  ions 
and  \  isnalizat  ion  l('chni(|nos  mor«‘  concrol<‘.  in  I  ho  next  chapt<'r  \\r  will  introdneo  a 
sot  ol  lour  oxamph's;  pot>,-indiolo  assoml)ly.  vil>ralor\’  h»)wl  fooch'rs.  assomhK  pallets 
and  lixtnros.  and  anotln'r  vihratory  lood<M'  known  as  .\1H)S.  1  hose  oxam|)los  ha\<‘ 
Ix'on  chosen  Ix'canso  t  Ik'v  span  tin'  sot  ol  constraint  roprc'sc'iit  at  ions  dovolopotl  hole, 
as  well  as  to  hi,u,hlit>,ht  similarit  i<'s  amonj*,  and  diiror<‘nc('s  Ix'tWfXMi  tin'  various  forms 
of  fnnet  ional  cotist  raint  s. 


Visualization  and  Application 
Domains 

Cliaptc'r  3 


111  t  liis  cliaiitcr  wc  will  examine  lour  a|)|)lirat  ion  doinaiiis  int  nxincc'd  in  l-'ie.nre  I  .N: 
compliant  asseiiiMv.  viliratorv  howl  lee(l«‘is.  ass('ml)l\'  fixtures,  anrl  tlie  Al’OS  vil>ra- 
tory  feeding!,  system.  We  will  us('  tli<‘  motion  constraint  r<‘|)res(‘ntat ions  developed  in 
the  pixnious  cliapt<'r  to  visiiali/<'.  reason  about  and  analyze  the  I'mictional  chara< 
ti'i  ist  ics  of  ('.xamph’s  from  <'ach  of  t  hes<‘  domains  in  terms  of  mot  ion  <-onsl  raint  s. 

In  Section  2.d.l  we  referix'd  to  th«‘  similarities  Ix'tween  the  surface  of  a  ( ‘S  fai  <'t 
and  a  "real"  snrfac<'  that  produced  r«“action  lor<<‘s  anci  torcpies  in  rt'sponsc  to  api)li<‘r| 
forc<‘s.  In  Section  2.2.2  we  relerr<“<l  to  featmx's  on  the  surface  of  the  ( 'S  usinu  terms 
such  as  \all<'ys.  ridj><'s.  and  peaks  that  conv<“\  images  of  multi|)li-  features  coinbiniiui 
to  form  what  amounts  to  a  landscape  in  conlij»;urat  ion  spai  e.  I  1m’  intent  of  t  his  \  isiia! 
imagery  is  to  convey  an  intuitiv<'  feel  for  some  of  the  strin  ture  imbedded  in  tlu'  ( 'S 
and  henv  thes<-  constraints  act  to  j>,ui<le  motions  of  a  point  represent  inti  the  motion 
ol  a  i)h\  sical  ob  ject . 

.\  point  in  cotili,i>,urat  ion  space,  whose  (.r.i/)  <<»mponents  i  urrespotid  to  the  posi 
t  ion  of  t  he  reference  point  of.  a  ml  t  h«‘  0  <'omponent  to  the  orient  at  ion  of.  the  mo\  iim 
object  can  be  thoup,ht  of  as  th<’  point  of  actioti  throutih  which  ('Xternal  and  leai  tion 
forces  act  to  constrain  the  motion  of  the  object.  All  interactions  bc-twc'en  shapes 
of  both  the  tnoviiif^  and  stationary  olcjc'cts  arc'  combined  so  as  to  be  local  to  thi^ 
point.  If  we  imaf>inc' t hat  point  as  a  ball  bouncinii  oi  slicliiui  ac  ross  t he- surface' of  t he- 
CS  constraints,  then  wc-  have  a  powc-rful  metaphor  with  whic  h  to  v  isualize  how  cem 
straints  ititc'iac  t.  lor  c'xample.  wc*  have-  discussc'd  etieiRV  iti  terms  of  tion  kitietnatic 
constraints,  or  boiimls.  that  determine  whc'ic'  a  point,  or  ball,  tnay  travc'l  in  the 
prc'semc'  of  an  externallv  ajiplic'd  motive-  force'  suc  h  as  wc'iii,ht  due  to  t>ra\it\.  I  his 
c'lic'iKV  imposes  on  t  he- c'otififturat  ion  space' a  sc'iisc' of  up  and  clown  that  itntnc'diatelv 
implies  a  sc'iise  of  wlic'tc'  the  ball  will  ami  will  ticct  no  basc'd  on  its  intc'tac  tion  with 
the'  ( 'S  surface'.  Ihc'  curvc'd  surface's  of  individual  ( 'S  facc'ts  nniclc'  the-  motion  of  the- 
ball  alonn  ciirvc'd  1 1  a  jectories  itnpose'd  by  I  he' e've'i-eham>,ini*  surface'  normal  aloim  tin- 
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Iii(  (M  .  w  liiN'  viillcys  l)('t  wc'cii  ( 'S  liiccl  s  and  const  lain  1  lie  tiall  alonu,  t  iu'ir  ilooi'. 

Ini  nil  ion  |■('l;a^dint;  t  lie  Wcliax  ior  ol  rollinu,  and  lnann  iiijj,  Kails  can  prove  (piite  nselul 
in  th  e  more  al)st  ract  domains  ol  mat  liemal  ieal  const  raint  sni  laces  and  conlif>,m  al  ion 
space. 

Willi  III.  ■se  visual  metapliors  lor  constraint  snrla<-es  in  mind,  we  r.'lnrn  to  lli<’ 
(|neslionol  what  t  o  do  w  it  li  1  lieni  liow  <l.)  \v.- lepr.’s.Mit  Imiclion.’  lirst  of  all.  lorwai'd 
pioje.  I  lulls,  like  siimilat  ions.  pro\  i<le  a  \ usual  verilicat  ion  ol  mot  ion  in  1  lie  pres.uic.'  of 
motion  (oiisi  raint  s.  With  the  conli!>nra1  ion  spa..-  r<■presen1  at  ion.  liowev.’r.  we  lia\<' 
in  addition  t.i  a  \  .uili.  at  ion  ol  w  liere  I  lie  mol  ion  «•/////.»  a  sens.' ol  wlier.' t  lie  mot  ion 
ml'jlil  lias.'  'u.m.'.  .a  miylil  u...  as  a  r.'siill  ol  p.'ii  nrlial  ions  t.)  .iiie  or  mor.'  syst.'iii 
paiuimeii'is.  l  or  .'\ampl.'.  in  .'xaminiii”  ill.'  m.>lioii  of  a  .lis.  r.'te  patli  across  a  lac.'t 
siirla..'.  we  also  liav.in  t  In- siirla. .' .d  ill.'  lac.'t  ils.'ll  I  li.'  lamily  ..I  potential  motions 
■'li.iiini;  ill.'  sail!.'  .onl.i.  t  w.'  kin.w  at  a  i^lan..'  wli.'r.'  .'Is.'  tliat  motion  coiil.l  an.l 
..ad. I  not  "o.  As  allot  li. 'I  .'X.impl.'-  coiisid.'i  tin'  .as.'  o)  iin  .'ii.'ii^y-homi.l.'d  forward 
|iio  j.'i  1  ion  loi  <1  diopp.'.l  olije.  I  int .'t  s.'cl  int!,  I  li.'  siirla.'.'  .il  1  li.'  ( 'S.  W.'r.'  w.'  to  .'x pa i id 
til.'  laiii!.'  ol  til.'  i.iiii'  .'ll.  oinpassinii  r.'a.lialde  slal.'s.  say  l>y  in.r.'asinjj,  th.'  xalne  ol 
ill.'  I  o.'lln  i.'iit  ol  r.'si  it  lit  ion  <  It.itii  t.»  ().!)  lliroiii>li  a  .liaiii’.'  of  mal.'iials.  lli.'ii 
we  w.ail.l  iiimi.'.li<ii.'l\  I..'  alil.'  lo  .l.'l .'i  iiiiii.'  wlial  ii.'w  r.',i;i.)iis  ol  coiiliKurat  i.iii  space 
waaiM  tiow  lie  r.a.  Iialil.'  atnl  wliat  ii.'W  ...list  raint  s  mi,t;lit  intera.t  witli  tli.'  new 
tiiolioii'.  I  liis  'Oil  o|  ■•ulnii  i("  \  isiiaii/al  i.Hi  ..f  .liK.'r.'iit  sc.'iiarios  is  .ritical  lot 
d.'i.'iiimmi'j  ill.'  roliiisi  n.'ss  o|  <i  svsicni  as  w.'ll  as  .let  .'i  tiiininii,  what  cliani;es  .ir  new 
li'.ii  m.'s  mmlit  K.'  r.'.|mi.'.l  of  oi  .l.'sirald.'  in  a  n.'W  .l('sii>n.' 

I  li.'i.'  I'  a  .  .iiisideral.l.'  am.iuiil  .»l  u.'om.'tri.  .I.'tail  . out ain.'.l  within  ill.'  nioti.)ii 
.  oust  1  amt '  <is  s||.  iw  n  in  I  lum. ■  I .  in  soin.'  wa  \  s  ja'i  liaps  loo  imnli  .l.'l  ail.  Sin.'.'  ill.' 
(  S  i-  ,1  mat  li.'iiiat  n  all\  pi.'.  isc  <'iiil>odim.'nl  .»f  I  li<'  .'.Miipl.'t.'  s.'l  ol  mot  i.m  .'oust  raint  s 
Li. 'll. '1  at .'.  I  li\  two  mi.'i4i.  tini;  .ilij.'.ts.  ,dl  .»l  th.'  .  ..rr.'sp.Mi.lini;  kin.'inati.'  .'oust  raint 
miorm.ii  loll  i-  .ix.iikdile.  1  h.'  .|ii.'sti.ni  It.'.'.Mii.'s.  lli.'ii.  ln>w  .an  w.'  r<'.'ot;iii/.'  and 
4il)si  1,1(1  what  w.'  II. '.'.I  Ir.iiii  wh.ii  is  not  n.'.  .'ssary .’  Ol  .onrs.'.  what  is  an.l  what 

I'll  I  n.'i  .'"(Il  \  <l.'p. 'ini'  oil  I  h.'  ajtpli.  at  i.>n  in  .pi.'st  i.>n.  II  w.'  wish  to  x'.'i  ily  a  mot  i.iii 

ol  s.'l  ol  motions.  .1'  d.'s.  rili.'.l  alio\.'.  lli.'ii  th.'  .l.'lail.'.l  .plant  it  at  i\'.'  ini.)rmat  i.>n 
.  out  am.'.  I  III  I  In'  <  S  iii,i\  he  ii.'.  .'ssarx .  II.  .>n  I  h.'  .>1  li.'i  ha  ml.  oiir  ii.>al  is  to  ahst  ra.t 

1 1 1 1 1.  I  loi  la  1  .  I  la  ra*  I .  'i  i'l  I.  '  lot  a  .  la"  ol  .  ..list  rami  s  or  .  la"  ol  tin  >1 1.  ills  a.  r. >ss  .  liller.'iit 

'p.'i  ill.  .'xam|il.''.  tin'll  'in  h  .I.'tail  ...nhl  (>r.»\<'  mm.'.'.'ssary  ami  .'X'.'ii  .list  ra.t  ini;. 
foi  till'  piirp.i'.'.  w.'  will  .l.'x.'lop  .<11  liinttioiiul  iii<  /iif>lior>  that  se<'k  l.»  .l.'s.iih.'. 
Ill  .pialil  at  i\ .'  i.'iiiis.  ill.'  i.ip.ilo..i\  .»l  ill.'  inoli.iii  ..(list  raint  s  (h.»lh  kin.'inati.'  ami 
lion  kin.'iiiatn  I  that  hc'i  .  hara.  I  .'li/.'  a  parti. nlai  Imnti.Mi.  \\.'  shonhl  si  r.'ss  that 
ill.'  lol.'  .)l  ill.''.'  m.'iapliot'  will  h.'  l.i  .  ompl.'in.'iil .  ralh.'i  than  repla..',  th.'  m.ilioti 

\\ '  P'  !■  I  n  .  I  In  \  i'ii.i|i/,il  |(  III  "I  1 1  iM'i  niiiil'  I'  >r  a  ii.irl  nil  la  r  sd  <  >1  paraiinlcrs  as  shilii  i  looluniit 
I  i-iiiili  iilii'ii  \ii"lli<r  I'aiM  "I  V  I'll  ili/al  n  III  l<>  In  (||'(■ll"(■()  iii  tin  in  \l  I'liapn  i'  lias  to  do  willi 
\  I'liali/iiii;  tin  coiipliili;  l"lw''ii  < '  ai'l  ra  ml '  as  parann  I'-rs  an  \arifil.  wliicli  Wf  will  rdcr  I"  as 

il  till  II  III  II  I II  iisl  I  n  I II I  I  I'liiiili  ii/ii’ii 
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const raiiils  (Icscrihc'd  carlic'r. 

Application  Domains 

I  lie  assort  ineiit  ol  r<’|)res('iit  at  ions  ainl  const  raint  ma|)|)ings  discnssc'd  in  t  lie  prex  ions 
sections  (contact  t'acels.  lorwarrl  [>roj<*ct ions  and  snpixnt  constraints)  allow  us  to 
r<'|)r<'s<'nt  a  rich  s('t  ot  motion  constraints  within  tin*  (.i-.iiJi)  con(ip,nrat ion  space.  \\v 
will  now  apply  various  combinations  of  th(‘s<‘  rc'prescuitat  ions  to  a  series  of  siiecific 
('xamph' domains.  In  so  doing,  wv  hopr'  to  mak«'  the  visualization  conc('|)ts  discnssc'd 
above  more  concrete',  as  we'll  as  e'.xplene'  anel  illustrate'  the'  preipe'it ie's  and  jiejte'iitial 
nse'fnlne'ss  e)f  fmie  t  ieinal  re'|)re'sentat  ie)n  using  meMiein  e  ejiist  raint  s.  Spe'e  ifie  all  w  we'  will 
e'xamine-  anel  elisenss  leinr  e'xamph'  ele)mains  wlie'ie'  fime  tie)n  is  eh'i  ive'el  fre)m  meniejns 
ele)minate'el  by  shape'  inte'taet  ions.  The'  elise‘nssie)n  lie'ie'  is  inte'iieh'el  to  be'  illustrative' 
in  nature'.  In  the'  lu'xt  ehapte'r  we'  will  ele've'lop  twei  e)f  the'  example's  in  greate'i-  eh'tail 
by  imi)le'ment  ing  a  eom|)Utatie)nal  e'nvireinme'iit  snppe)rting  a  se't  e)f  te)e>ls  tei  be'  nse'el 
Ibr  visnalizat ie)n  anel  eh'sign. 


3.1  Assembly 


h'igiire'  d.l  ilhist rate's  what  has  be'come'  a  e-lassie-  instantiation  eif  the'  asse'inbly  prob- 
le'in:  t  he' task  eif  inse'it  ing  a  e  ylinelrie-al  pe'g  inte)  a  tight  e  h'arance  he)le.  .\e-e-omplishing 
this  task  is  e-ennplicate'el  by  t  he  fact  that  t  he' posit  ion  e)f  t  he' pe'g  may  not  be' well  known 
lie)!'  the'  asse'inbly  traje'etory  eef  the'  re)bot  pre'cise'ly  cont rolh'el  elne*  te)  the'  pre'sene-e'  of 
nnee'rtaintie's  in  peisitieni  anel  <-ontre>l.  '|b  e-e)mpensate'  for  |)osilie)nal  misalignments, 
the'  eomie'et  ieni  be'twe'e'ii  the'  pe'g  anel  the'  robot  ine-ori)e)rates  a  eleygre'e  of  cemiplianee 
that  is  imph’me'iite'el  e-ither  in  harelware.  such  as  a  e-e)mi)liant  spring  eleviee  like  the 
|{e'me)te'  Ce'iite'r  ol  ( 'ennpliance'  (HCC).  e>r  by  nu'ans  e)f  software'  e-ontrol  of  the'  robot 
itse'K  [SI.  7!)].  lypie-al  failure'  meeeie's  e)f  an  asse'mbly  operation  inciuele  /V/non/ne/. 
whe'ie  the'  leiree's  be'twe'e'ii  the'  |)e'g  anel  heele'  are'  balanee'el  ehie'  te)  friction  .so  that  lu) 
meitieui  eeeeurs.  eir  ere  e/e/ei/e/.  whe'ie'  the'  e-e)mpliane-e' e)f  the'  pe'g  itself  can  re'siilt  in  signif¬ 
icant  re’aet  ie)n  leiree's  be’twe'e'ii  the  pe’g  anel  he)le'  that  are  inelepeneh'iit  of  any  e'xternal 
applie’el  Ibree’s  anel  pre’ve’iit  the'  pe'g  fre)m  be'ing  meeve’el  inte)  e)r  re'me>ve'el  freem  the’  he)le' 
(se’e’  W  hit  ne’y  [Sl  ] ). 

l-'igure’  d.'J  slieiws  a  e-e)mme)iily  nse'el  re'pre'se'iit at  ie)n  feir  axisymnu't  ric  parts,  where 
be>th  the'  pe’g  anel  lieeh’  are’  meeele’h’el  as  planar  peelygeins.  'I'lie'  e-e)mpliane-e'  can  be- 
me)ele’le’el  as  a  ge’iie’ialize’el  s|)ring  e)r  ge’iie'ralize'el  elampe'r.  Ke)r  the’  ge'iieralize'el  spring 
meeele’l  we'  have’: 

(.r  -  .flA  =  K']/’ 


whe’ie' the’  eliageenal  e-e)nil)liane-e’ mat  rix  [f ']  maps  elisplaee’iiie'iit  s.  be’t  we'e'ii  t  he' peisit  ie)n 
.r  eel  a  re'fe’re’iiee'  peiint  eiii  the’  jie’g  anel  the'  e-eimmanele'el  peisiliein  /ree-.Cd  eif  that  peiint 
aleeiig  a  iieimiiial  asse’inbly  t  ra  je’e  teu  v  eel  the-  reibeit .  te)  le)re-e's  anel  teerepie’s  /•  ap|)lie'el  te) 
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I' igiirc  Fiinct ioiial  iiu’taplior  for  peg  in  li()I('  assc'inhly  in  If'rnis  ol  motion  con¬ 
st  raints. 

tlic  p<‘g  at  tlic  rolcrcnco  point .  1  lie  ('Irnu'iits  of  t  Ix' (•omi)lianc(' mat  rix.  as  well  as  tlx' 
location  of  tlu'  ix'IVm'cik'c  point  (tlic  complianc(>  cont('r)  are  important  ])arameters  in 
addition  to  jiart  sliape  that  must  he  consid('red  in  designing  a  sncci'ssfiil  ass<>ml)ly/ 
Compliance  liaseil  on  a  generali/.<‘d  dampiM'  may  Ix'  modc'led  in  a  similar  fashion 
with  displacc'nu'iits  ix'placed  hy  diff(*rences  in  vidocity.  as  shown  in  I'ignre  W’e 
use  an  apinoximate  model  of  positional  uncertainty  wIk'IX'  motions  are  inti'gratexl 
from  discrete  points  within  a  hounded  starting  region  that  has  been  subdivided. 
1  he  resulting  biiiulU  of  discri'te  paths  provides  a  crude  nuxh'l  of  the  range'  of  motieins 
|)ossible  niuh-r  nn< ert ainty.  Ivach  path  may  have  assex  iated  with  it  a  preibability  that 
may  be  used  to  determine  the  overall  re'iativ*'  re’liability  of  tlx-  assc'mbly  ope'iation 
slionld  some  of  the  paths  in  tlx'  bnndh'  fail  to  reach  the  goal. 

.\  nx'taphor  for  th<’  fnix  tion  emixxlie'd  in  the  assembly  task  in  te'rms  ol  motion 
(oust raints  is  a  funnel  as  shown  in  Figure  d.d.  Fssentially.  a  successful  assembly  is 
charae  terized  by  a  class  of  nx)t  ions  start  ing  from  a  s('t  of  init iai  starting  conlignrat ions 
that  are  constrained  to  r<’a<  h  a  single'  geial  state'  ex  re'giexi  elix'  tei  nxitiexi  constraint 
interaet  ie»ns.  I  Ix'se'  nxitiexi  constraints  arise'  frexn  the'  kiix'inatie  eexistraints  impeise'd 
bv  the'  cexitaets  Ix'twe'e'ii  the  twe»  part  shape's  anel  nexi-kiix'inat  ie-  eexistraints  ele'iivi'd 
from  Irie  lion  aixl  coiiiiilianee'. 

l  ignre'd.l  slxiws  t  Ix' e  onfignrat  ieiii  re-pre'se-nt  at  ieiii  eif  a  planar  |x’g  in  lieih' asse'iiibly. 
We  eaii  se'e  that  the'  jilivsical  attribute's  we'  assexiate'  with  a  lieih'  are'  re'taiix'd  in  tlx' 
(  exist  raints  foriix'd  by  t  Ix'  ( 'S.  Spe'cilie  allv.  t  Ix'  ge»al  state'  wlx're' t  Ix'  bottom  eif  t  Ix'  pe'g 


'.■\>  iiiiicil  carlii  r.  .iclivc  <'<iiii|iliaii<'i'  may  li<-  im|il<'m('nt('<l  in  soflwari'.  in  wliirli  ca.sc  llic  rompli- 
.'ino  nialrix  nci'il  not  lie  diajiimal  («'<•  Scliinmn'ls  and  IN'slikin  [tix]) 
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is  Hi  I  li<’  l>()l  tom  of  I  lie  liolr  <'orr«'s|>omls  to  n  lonitjii  id  I  lie  l)o1  tom  ol  ii  ( oi  icspoiidiii^ 
liolc  ill  tlic  ( 'S  l)oim<l('<l  liy  const  liiiiil  la<'«‘ts.  If  \vc  were  to  take  ii  slice  ol  tlie  ( 'S  in 
tin'  (./'.//)  [iliiiie  |)er|)en(licnliU'  to  the  0  axis  iit  0  =  0.  tin'  width  ol  tin'  CS  hoh'  would 
h('  ('(|ni\ident  to  the  cUtiidnci  ix'tween  the  pi'j;  iiinl  hoh':  tin'  ;>,r<'iit c'l  tin'  (  h'aritncc'. 
tin'  wid('i'  tin'  hoh'.  ( 'on<'s|)ondinj>ly.  ii  tin'  pe”  wer<'  slight  l\  larf>,er  than  tin'  hoh'. 
sit\  for  iin  intc'rh'n'in  ('  lit.  tln'ii  the  hoh'  in  tin'  ( 'S  would  disappeiii’. 

With  ^('■■;lI■ds  to  tin'  iin't  iiphor  of  a  motion  const  laint  Innnel.  tin'  most  impoitant 
r('u,ion  on  tin'  ( 'S  is  tin'  ('iitry  r<',u,ion  imnn'dial<'l\  snironndinu,  tin'  hoh'.  1  In'  laci'ts 
ronnin,t>  t  his  ri'^ion  iirt' t  In'  lonst  l  iiint  s  t  hat  will  fj,nid«'  assi'inhly  mot  ions,  whose'  init  iid 
|)ositions  and  t  ra  je'ctories  will  vary  in  tin'  prc'se'iice' ol  nneert  ainty.  toward  the  throat 
ol  tin'  ln)h'.  Once'  the'  meetienis  re'aeh  the'  thre)at  erl  the'  heeh'  the'  re'inaininii,  peiitieeiis  eel 
tlie'ir  t  I'ii  je'eteirie's  are'  tightly  eeeiist  railie'el  teewarel  tin'  geeal  state'  at  the'  he)tle)m  e»|  the' 
heih'  ( ( 'iune'  [  1 5] ). 

The'  ieh'a  ed  h't  ting  ge'enne't  rie'  eenist  rainis  gnieh'  ;in  iisse'inhly  is  ii  we'll  kiieewn  st  rat  - 
e'gy  ieh'iit ilie'el  hy  a  nnmhe'r  eel  re'se'are  ln'is ’’  ainl  le>rmalize'el  in  te'iins  eel  nn)tie)n  ee)n- 
stiidiits  hy  .Maseeii  [ol].  .\  ge'eeme'l  rieal  h'al  lire' eilte-n  e'lnpleAe'el  its  an  aiel  in  asse'inhlx' 
is  the'  cIkiiiiJ)  r.  whieli  eaii  he'  vie-we'el  as  a  elire'el  physieiil  inst  ant  iat  ieeii  e)|  the'  me)tie»n 
ce»nstraint  rnnin'l  me'ta|)he)r.  .\n  inte're'sting  anah>g  tee  t In- e  hande'r  is  e'lnhetelie'el  in  tin' 
eennpliiinl  meitieni  strate'gy  etf  inte-nl  ie)nally  ini  rerelneing  a  lettat  ietiiiil  ainl  petsit  ieeiial 
etll'se't  hy  tilting  the'  pe'g  re'lative'  te»  the'  he)h'  he'l'ore'  inse'rtieen  ( Ineeiie'  (llj).  tilting 
the'  pe'g  ainl  plae  ing  its  hiwe'r  eetrne'r  intee  tin*  he)h'  it  is  pe>ssihh'  tee  iin  re'ase'  the-  se't  e)l 
initiiil  starting  peisitieiiis  rreim  whieh  I  In'  pe'g  may  he-  inse'ite'el.  I  he'  re'snlt.  sinewn  in 
e  eeiiligniat  ion  spae  e'  in  1' igiire'  d.'t  (a),  is  it  h)ea!  e'litrv  re'gie)n  eeii  the'  ( 'S  snriaee'  that, 
like' t  In'  se't  ed  e  etnsi  l  iiint s  h)!'  t  In'  e  hamle're'el  lieih'  slniwii  in  (b).  gnieh's  unit  ieiiis  leiwarel 
the'  threiat  ed  the'  liede'.  In  he»t  h  ease's,  an  e'litire'  range'  eel  t  ra  je'et  eiiie's  is  ciiptnre'el  anel 
gnieh'el  hy  t  In'  rnnne'l  like'  me)l  ieni  eeinst  rainis.  thus  impreiv  ing  I  In'  e  a  ('rail  re'liiihilit  \’  ed 
I  In'  iisse'inhly  eipcrat  ion.  1  In'ie'  is  eiiie'  impenlani  diHe're'iice'  he'l  wi'e'ii  e  hamle'i  s  and  1  In' 
lilting  si  rat  e'gy:  st  raiglil  line  (inshing  mol  ions  alone'  are'  not  snllicie'iil  t  o  pe'ilorm  I  In' 
I  ill  ing  si  rale'gy  since' I  In'  pe'g  iinist  ('ve'iil  nally  In' aligin'd  with  tin' axis  ed  1  In' Inile' lei 
(■liminale' I  In' signilicant  init  ial  angular  edi.se'l .  lie'in  e'.  I  In' I  ill  ing  st  rale'gy  ciiii  re'einire' 
ii  gre'ate'r  de'gre'e'  ol  comple’xil  \  in  le'iliis  ol  iisse'inhly  hardware',  idihenigh  piissixe'  de' 
viee's  hii\e'  he'cn  elcM'lope'd  whieh  ('Xle'iid  lo  this  case'  lea  simple'  pail  ge'eaiie'l  lie's  (se'e' 
Diiipe'r  [L’.'ij.  ('iiiiic  [l'»|.  Strip  [T'Jj). 

(ie'in’iidly  spe'iiking.  incre'iising  the'  size  ol  tin'  limin'l  like'  re'gieni  eil  the'  ( 'S  snr 
romnling  I  In'  Imh'  is  de'siiiihle'  in  impreiv  ing  asse'inldx  re'liiihilit y.  1  ypie  allx  I  In'  elinn'ii 
sioiis  ol  t  In'  ( 'S  In d('  it  si'll,  i.c.  t  In'  i  li'iii  iiiice'  Ix'l  we'e'ii  t  In'  pe'g  iiiid  t  In'  Imle'.  iire'  lixe'd 
h\  non  iisse'iiihU  de'sign  e  eiiiside'ial  ie»ns  sue  h  iis  iiiaxiiiinm  idleiwe'd  s|e»p  in  ii  he'iiring 
iisse'inhly.  lor  ('Xiimpli'.  I’iiriinn'ti'is  tliiit  i  eiiit  i  ilaite'  to  tin'  motion  eonstraints  iiri'  tin' 
gi'olin't  lie  id  le'iitnre's  of  I  In'  pe'g  hottenil  iilnl  hole'  rim.  the'  peisitiun  ed  the'  e  eiinpliiiin  e' 
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l  iRiirc  .{.■):  I'jilry  r<’>>,ioiis  on  tlio  CS  for  (a)  a  liltrW  and  lu)lr  (inirnlional  0 
offsrl ).  and  (b)  a  cliamfrn'd  |)(’;;>  ainl  liol<‘. 
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(■(MiU'r  ( n'l('r<'iicc  pi)iiit  )  on  tin-  png.  and  non-kiiKMiiat  ic  parann'tnrs  inclnding  lli('  co- 
('(li(i(Mit  of  friction  //  and  compliance  matrix  [("].  In  S('ction  1.")  we  will  examiin'  in 
gr<'at<M-  (U'tail  tlie  redat ionships  l)etw«‘en  these  parameters  as  well  as  de\('lop  the  tools 
and  strat(\gi('s  that  will  allow  ns  to  manipniatc'  tln'in  for  the  |)ur])os('s  of  dc'signing 
mor<'  rc'liahle  assemhlies. 


3.2  Vibratory  Bowl  Feeders 

In  S<'ction  1.1  we  gave  a  \  ('r\  l>ri<'f  (h'seript  ion  of  a  portion  of  a  \  il)rator\  howl  li-eder 
track  ns('d  to  oric'iit  small  |)arts.  We  will  now  complete  this  description  and  de\'elop 
the  api)ropriat('  r<'pres('nt  at  ions  to  model  le<‘d<'r  function.  I'ignre  .'{.(»  shows  a  tv])ical 
vihratorv  howl  feeder  ns('d  to  sort  small  parts  for  an  automated  assemhly  systi'in. 
.\  larg<'  nimdx'r  of  nnori<'nl(‘d  parts  are  plac<'d  in  tin'  howl  and  drive'll  nj)  the  spiral 
track  on  tlu'  howl's  interior  hy  vihratorv  motion.  Parts  re'ach  tlu'  top  of  tin'  track 
in  single  fih'  in  one  of  a  finite*  nnmlx'r  of  stahh*  orientations  as  shown  in  kigni’e  .1.7. 
As  tlx'  parts  re'ach  tlu*  top  of  the  track.  1  Ix'v  pass  throngh  a  se'iic's  of  features  hnilt 
into  tlx'  track  and  fiowl  wall  (h'signed  to  (i)  reoric’iit  c<'rtain  part  conlignrat ions,  or 
(iij  re'ject  parts  in  an  nndesirahle  orientation  hy  cansing  I  Ix'm  to  fall  olf  the  track 
ai\d  l>ack  into  tlie  liowl  to  l)e  rerircnlale'd.  Some'  ty])ical  track  leat lire's  are*  slieiwn 
in  I’ignre'  il.S.  I'lie  de'sire'd  re'sult  is  a  se'rie's  e)f  |>arts  in  a  single'  known  eirie'iitat  ieni 
e'xiting  the*  emtie't  e)f  the*  fe'e'ele'r  to  he  place'el  inte)  a  lixtnre'  e)r  |)alle't  hy  a  rohe)t  e)r 
e)the'r  transfe'r  elevice*. 

One-  eeinlel  argue'  that  the*  term  feeder  use'el  te»  re'fe'r  tei  tlx*  ele'viee'  eeinsisting  eif 
the'  he)wl  anel  trae  k  is  somet hing  e)f  a  misnome'r  in  that  the*  heiwl  anel  trae  k  ge'e)me't rie-s 
e)nly  pe'ifexni  the*  function  of  fe'e'ding  few  a  spe'cifie’  part  eir  se't  e)f  parts.  Parts  eethe-r 
than  those'  fe)r  whie'h  the*  he)wl  anel  traek  we're*  ele'sigix'el  we)nlel  ne)t  he*  fe'el  |)re)pe'rl\  if 
plaee'el  in  the*  he)wl.  Thus,  frejiii  a  fnnctie)nal  standpoint,  the-  "fe'e'eler"  is  elist rihiite'el 
he'twe'e'ii  heith  the*  part  ge*e)me't  rie's  anel  the*  he)wl/track  ge'eime't  rie's  with  whieh  the- 
part  s  inte'i  act . 

Hie  '  se'e'e)nel  feniii  eel  part  /e  e  e/exe/ eepe'iat  ieeii  liste-el  aheexe*  {(Hi  re'je'et  parts  in  imele'- 
sirahle- eerie'iitatieens)  e  aii  he*  e  harae  te'rize'el  as  a  lilte'reeii  jeart  niolion-^.  In  t  he' \  ihrateerx 
heewl  fe'e'ele'r.  jeart  s  meeving  aleeng  t  he*  trae  k  in  a  immhe'r  eef  elilfe're'iit  init  iai  eerie'iitat  ieni'' 
inte'iae  t  with  henvl  anel  trae  k  ge'exne't lie's  like*  1  lieese-  sheewn  ill  I' igiire’  d.s  ainl  miele'rgei 
eliffe're'lit  elasse's  eef  meitienis  ele’pe'iielillg  eeli  the'  eliaraet  e'list  ie'  eexist  railit  s  impeese-el  hy 
tlieese*  inle'iaet  ieeiis.  We*  iele'iitily  twee  hreeael  elasse's  eil  nieetieeiis  eenisisting  eif  an  eieee/e/ 
me»tie)n  in  whieh  part  is  alleewe'el  tee  e-ontiinie'  tee  re'iiiain  exi  the-  traek.  aiiel  a  se-rie's  eef 
n jicl  meetieeiis  wlie'ie'  the'  parts  are*  leMee-el  edf  eel  the-  trae  k  h\  re'llleex  ing  tlie-ir  snp|eeert. 
ligiire'  d.f)  illnstrale's  a  llieetieeli  e-eeiist  railll  llie-tapheer  leer  this  pieeee'ss  whe-re'  a  se-rie's 
eel  elise  re'te'  meetieeiis.  eeerre’S|ieeneling  tee  parts  traxe'lillg  ill  e-aeli  eef  the'  initial  slahle-  eeri 
e-lilatieelis.  are-  lilte'ie'el  iiitee  e'itlx'r  a  single'  ae  e  e'pl  iiieelieen  eer  a  se-rie"'  eef  re'je'e  t  meet  ions 
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Input  Motions 


l  iiiurc  ;{.?):  A  motion  filter  m<'tai)lioi  lor  liic  run<  tioii  (milxxlii'd  in  the  |)art  /f(‘('<|i'r 
interactions. 

tliat  r<'tnrn  the  |)art^  to  the  Ixnvl  lor  anotlx'r  r«xni<l. 

1  he  int<'raet  ions  we  will  locus  onr  att<Mitioii  on  will  (xxni  within  the  retiioii  en 
coni  passing  t  h<‘  part  /liowl/ 1  rack  int  Ci  a<t  ions  n<-ar  t  hi'  out  h  t  o|  i  he  feeder. '  lo  model 
the  part/leedei'  interaclion>  we  will  asMime  the  parts  to  he  travcliiiu  in  tlie  plane  of 
the  track  as  shown  in  the  to|»  of  i  it>nre  .{.iO.  with  l>olh  the  howl  wall  and  track 
rnixleled  as  Ix-iim  (lixallyt  straight.  .Sinie  we  will  not  e.\pli(  itl\  model  fallinu  mo 
tions  out  ol  the  plane,  we  will  Inrther  simplil\  the  model  to  the  |)lanar  |)ol\iioiis 
l)>  takim;  appropriate  slices  ol  the  olijeils  ^s  shown  in  the  holtom  ol  l  iiinre  .f.H). 
where  we  \  iew  the  t  rai  k  from  alio\e  lookiini,  down  alonu  the  neu,ali\e  :  axis.  1  he 
pai't.  howl  wall  and  track  are  niixh'led  as  pol\ irons,  with  the  howl  wall  poKiion  at 
the  hottom  ol  the  liirnie  and  the  tiack  pol\i>ott  nndetiieath  l>oth  the  part  and  howl 
wall  polygons.  I’aits  entei  Itom  the  left  ol  in  thi'  litiiire  (hottom  I  and  slide  to  the 
riiiht  while  in  contai  t  with  the  howl  wall  while  Ix-imr  sn|)potted  hy  the  tiai  k.  I’arts 
t  hat  fall  oil  t  he  I  rack  ret  nrn  to  t  he  interioi  ol  I  lie  howl  hxxiteil  aho\  e  t  he  edne  ol  t  he 
t  rai  k  (  +//  direi  t  ion  ). 

I  he  e\a<  t  motion  ol  a  |)att  aloitii  the  tia<  k  <  an  he  (piite  (  oinplex.  1  he  left  hall 

A\(  slidiild  n<>l<  licit  tills  SI  I  111'  mil., .>11  1 1  >iisi  r.'imis  ,ut  icill\  o  iiii|insi  s  ihi  mihoi/  si.mi  >>1 
lilli  rmi;  |<.irt  mnl imis  snii  i  |ciris  ,irrn  iim -it  tlx  tnii  i>l  tlx  s|iir.’il  tr.ii  k  Ii.im  .ilri  .xlx  lii  i  ii  in  i  ll' i  t 
(iri  lill'riil  I  lit  1 1  iiiii  1 1|  I  III'  st  ;ili|i  I  irx  III  .It  x  Ills  iliiriiiir  i  lx  ii  |i  nirix  \  ii|i  tlx  t  rai  k  1  Ills  first  lllti  rnii: 
I ijii T.it X III  ill  [II  ixis  sill'  ll  mi  till  tii  iiiix  iri  III  tlx  (i.irt  iisi  K  snxi  tlx  li'  ili  r  li'iiiix  lri  ii(i  In  llii' 
|i'inil  I'liiisisls  'll  ;i  siiii|i|'  w.'ill 


I' i time  A  pulylK'diiil  nuxlcl  ul  ;i 

llic  l>()\\l  (Io|)|.  iiiid  itii  (’<|iii\'iil<'ii1  |)liui 
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Cliaptf  r  Vimtalizolioii  aiul  Applirafinn  Domains 


Fi<i.iirc'  M.ll;  I^oicc  (‘<|uilil)riuni  for  a  part  in  contact  with  the  track  (left),  anti  a 
typical  hopping-sliding  motion  for  a  part  on  the  track  (right).  Both  illustrations  are 
in  the  vertical  plane  containing  the  gravity  vector  (f. 


of  Figure  .'hll  illustrates  the  forces  acting  on  a  part  in  contact  with  the  track  in  a 
vertical  [)lane  containing  the  gravity  vector  <i  whore  n/,,  is  the  mass  of  the  part,  o  is 
the  inclination  of  the  track  relative  to  the  horizontal.  is  the  acceleration  of  the 
howl  cine  to  vibration,  ir  is  the  angle  between  the  vibration  acceleration  and  the  track 
surface.  ,V  is  the  normal  and  F  the  frictional  forces  between  the  part  and  the  track. 
The*  right  half  of  Figure  .'{.11  illustrates  the  various  modes  of  part  motion  including 
hopping  and  sliding,  where  the  hopping  height  h  is  normal  to  the  track,  and  the 
hopping  distance  II  and  sliding  distance  .s’  are  both  parallel  to  the  track.  For  most 
reasonable  values  of  the  vibration  parameters  c/,,.  t*.’  and  i.’,  the  hopping  height  h  is 
OIK’  to  two  orders  of  magnitude  smallf  v  than  c'ither  of  the  sliding  motions  //  and  .S’,'’ 
'I'o  simplify  the  analysis,  we  will  approximate  the  overall  motion  of  the  part  on  the 
track  as  being  purely  sliding,  furthermore,  we  will  combine  the  j)art‘s  mass  and  tlu’ 
applied  accelerations  due  to  vibration  and  gravity  into  one  force'  aj)plied  to  tlu'  part's 
center  of  gravity  (i.e.  CS  reference  point ).  and  will  only  consider  the  components 
parallel  to  the  (  r,//)  plane  of  motion.  Finally,  since  the  average'  ve'hx'ity  of  the  part's 
macroscopic  motion  is  constant  and  re'latively  small,  we  will  nuxlel  the'  elynamics  of 
part  motion  as  being  (piasi-static. 

Figure'  .'{.1*2  shows  the  CS  and  suppmt  e-onsiraints  in  »e)nfiguratie)n  space’  for  a 
planar  vibratory  bowl  fe’eder  example'  (frenn  l•'lgure'  l.:l  (a)).  The'  CS  re'pre'se'nis 
the*  kiiK’malie'  motion  e’euistraints  due'  te»  inte'rae’tiems  bi'twe'e'ii  the'  part  ane!  Iu»wl 
wall  euily.  riie’  highlighte'el  re'gions  eni  the-  surfae’e  of  the'  CS  re'pre'se'ut  theese'  peeints 

'Orie  ii  fccflfT  I  parks  nPf  rfivi’pesl  willi  n  riihlH'P  rnafiiig  h*  nttstipli  impart  I’lii  pRy.  i  .i-  <  I.  m 

r  it»  k’l  p  the  part  mt)lic>iis  ili’trpminislir  (sea-  |{iH)throy<l  rt.  at.  (7)) 
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l‘'i,!>;iir<'  ;{.12;  ( 'onfigiiratioii  space  representation  of  a  planar  bowl  IW'der  example. 


in  configurat  ion  space  where  the  part  is  in  contact  with  the  bowl  wall  but  is  not 
su|)i)or1e<l  by  the  track  (see  S<'clions  2,1. and  2.b).  The*  paths  illustrated  on  the 
surface  of  the  C.S  represent  motions  of  parts  along  the  track  in  contact  willi  the 
bowl  wall  from  each  of  the  stable  initial  starting  orientations  (also  shown).  I’he 
t  hickness  of  each  i)at  h  is  drawn  proportional  to  t  lu'  relat  ive  probability  that  a  part 
will  (’liter  the  feeder  in  that  initial  orientation,  with  the  thickest  paths  having  the 
highest  probability  and  t  lu’  t  hinnest  having  the  least  .  In  tlu'  example  shown.  W(‘ 
notice  that  all  but  one  of  the  motions  paths  enter  one'  of  llu’  unsupported  regions 
and  terminate  at  the  boundary  marking  the  (.r.if.O)  position  where  tiu'  part  will  fall 
off  the  track  and  back  into  the  bowl.  'I'he  on<’  remaining  path  exits  the  feed(‘r  to  llu' 
right,  corresponding  to  the  outh’t  of  the  bowl  leech’r.  Hecalling  the  filter  metaphor  of 
I'igure  :{.!>.  t  he  finite  number  of  discrete  pat  hs  entering  t  lu'  le('<h‘r  are  filten'd  into  one 
pass  iiKhioM  (path  number;!),  and  a  number  of  reject  motions  (paths  0. 1.2).  The 
result  is  ail  explicit  represent  at  i(Ui  of  the  feeding  function  (h'rivt'd  from  the  intf’raction 
between  the’  part  and  the  feeder  geometries. 

We  will  examine  the  vibratory  bowl  IVM'der  domain  in  greater  detail  in  the  next 
chapter  on  dc’sigii.  for  the  moment  we  will  briefly  discuss  some  of  the  major  char¬ 
acteristics  of  feeder  function  as  represiMitt'd  in  configuration  space.  We  Ix’gin  by 


82 


(linphr  .i:  \  isti(ili::alioii  (lud  A iipliration  Dotntiiiin 


If.iciii.u,  iIk’  motion  p.itlis  sliowii  in  I''iK<ii‘<*  -M-  ms  llu'y  niovo  fioin  the  initial  posi¬ 
tions  across  the  CS.  One  ol  the  most  nolieeal)i<*  features  on  the  CS  is  the  seri(*s  of 
■\alleys  parallel  to  the  .r  axis  ami  offsc't  from  one  anot Ikm’  in  0.  (‘ach  containing  om* 
of  the  nnmltensl  initial  part  orientations  at  the  l>eginning  of  each  palfi.  As  no1e<l  in 
S<  <  tion  the  CS  e(lg<‘s  forming  the  l)ot.l()m  of  these  valh'ys  occur  along  type  H 

lac<'t  adjacencies  where  an  e(lg<‘  of  the  moving  polygon  (part  )  ami  llie  stationary 
polygon  (l)owl  wall)  ar<‘  in  contact,  h'aving  one  n'maining  (h'gree  of  freedom  for  the 
part,  riiese  valh'vs.  and  fin*  type  H  facets  that  honnd  thejii.  form  a  pre-filter  which 
divid('  parts  plac<'<l  into  the  l>owI  in  purely  random  ori<'nt  at  ions  into  the  s('t  of  dis¬ 
crete  st  able  orient  ations  shown.  'I'he  motions  along  t  lu'  one-dimensional  lines  at  t  he 
hot  tom  of  t  h<-s(>  valh'ys  are  extix'iiu'lv  st  ahh'  and  relatively  insensit  iv('  to  chang(‘s  in 
dynamics  parameters.  Hy  the  same  token,  the  0  positions  of  t  hes<'  valleys  and  the 
cnrvatnix'  of  the  facets  forming  them  are  determinefl  by  the  gc'ometry  of  the  part 
as  it  interacts  with  the  straight  bowl  wall.  As  a  result,  little  further  differentiation 
bet  w<'en  motions  of  the  part  in  different  orientations  is  possible. 

'I’he  iK'xt  set  of  CS  feat  ures  encountered  by  the  motion  pat  hs  is  a  “ridge"  running 
roughly  parallel  to  the  0  axis.  This  ridge,  composed  of  both  type  A  and  tyjie  H 
facets,  serves  to  mov('  the  parts  closer  to  the  track  edge  (+//  direction)  as  well  as 
disperse  tin*  motion  paths  from  their  fi.xed-f^  valleys.  .As  the  j)aths  leave  their  valleys 
and  cross  t  hese  facets  their  degrees  of  freedom  increase  from  one  to  two,  making 
the  motion  paths  more  susrrpliblf  to  (or  rovirollahlf  by)  changes  in  the  dynamics 
parameters.  Finally,  all  but  one  of  the  paths  encounter  the  edge  of  the  track  by 
entering  unsupported  regions  of  the  ('S  where  tin'  planar  j)ath  is  terminated  when 
t  he  part  falls  off  the  track  and  back  into  the  bowl. 


'I’he  parameters  that  contribute  to  the  motion  constraints  forming  the  CS  are 
t  he  geometrical  features  of  the  part  and  bowl  wall.  I’he  part  and  track  geometries 
interact  to  determine  the  su|)ported  regions  of  configuration  s])ace.  which  are  then  in- 
ter.secte<l  with  and  ix'presented  on  the  CS  surface.  Finally,  the  dynamics  parameters 
represented  by  an  apjjlied  forc<'  representing  the  combination  of  gravit  ational  and  vi¬ 
brational  accelerat  ions,  and  t  he  coefficient  of  friction  round  out  the  list  of  parameters 


that  go  in  to  creat  ing  t  he  full  set  of  motion  constraints  shown  in  l^igure  d.l’i. 


3.3  Fixtures  and  Pallets 

|■’igure  d.  Id  shows  a  typical  fixt iire/palh't  used  to  locate  and  hold  parts  for  transport, 
light  machining  atul  assembly.  'I’his  class  of  fixture  falls  into  tlu'  class  of  static, 
or  tiiiarl icidated.  [ixtnr«’s  (as  oppos<’d  to  thos('  t  hat  contain  manual  clamps  uv  an' 
ot  lu'i'wise  aci  natf'd).  'I'he  function  of  a  lixiun'  is  to  s»'curc'  a  part  or  subassc'inbly  in  a 
known  position  and  orientation,  and  to  keep  it  in  that  configuration  in  the  prest'in'e 
of  whatevf'i'  forces  may  be  generat.e<l  during  tlu'  abov'e  operations.  Characteristics 
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I'’igiir('  .'{.KJ:  All  illiis<  lation  of  a  typical  fixturc/pallot  used  in  auioinatcd  assembly. 


that  arc  desirable  for  a  fixture  include: 


1.  the  ability  to  bold  parts  in  a  known  configuration  that  is  also  easily  and  reliably 
lyacbable  when  placing  tlie  part  in  the  fixture. 

2.  the  ability  to  hold  parts  stably  under  a  variety  of  external  loads  applied  to  the 
l)art. 

provides  access  to  the  parts  by  other  parts,  grijipers,  or  tools  as  necessary,  and 

1.  l  h<*  part  or  subassembly  may  be  removed  once  the  desired  o]>eralion  has  l>een 
performed. 


There  are  a  number  of  other  fixture  characteristics  not  listed  above  whose  relative 
importance  depends  on  the  application.  By  no  means  the  least  of  these  other  charac¬ 
teristics  is  the  requirement  t  hat  the  fixtun’  be  as  inexpensive  and  quickly  producible 
as  possible.  Fixtures  are  a  compoinMit  of  virtually  every  manufacturing  system,  both 
manual  and  automated.  As  noted  iit  the  section  on  vibratory  bowl  feeders,  a  consid¬ 
erable  portion  of  the  fixed  capital  cost  for  a  manufact  uring  syst  em  consists  of  feeders 
and  fixlur<’s.  Since  the  g<’ometry  of  the  fixture  depends  heavily  on  the  geometry  of 
th(’  parts  and  the  type  of  manufacturing  operat  ion,  fixtures  must  typically  be  custom 
desigiK'd  for  each  application.  Therefore,  tools  and  techni(|ues  that  would  improve 
t  he  product  ivity  and  performance  of  fixtuix'  design  would  b«'  e'xtremely  valuabh'. 

Kuncf ioiially,  a  fixture  shares  a  great  deal  in  common  with  an  assembly.  Tin' 
goal,  in  terms  of  tnotions.  is  to  place  a  part  into  the  fixture  in  a  known  position  and 
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•■{.!  1:  Ininct.ioiial  metaphor  for  (Iroppiiig  a  part  into  a  fixture  in  l(’nns  of 
motion  const  raints. 


orientation  in  the  presence  of  micertainty.  Like  Figure*  the  kinematic  motion 
const  raints  due  to  t  he  part/fixture  interaction  may  he  consich'ied  to  form  a  funnel 
uhicli,  in  t  he  ideal  case*,  will  guide  the  |>art  to  the  desired  location  from  a  range  of 
init  ial  positions.  'I'lie*  main  difference  l>etwee*n  fixtures  and  assembly  is  the  nature  of 
t  he*  fe)rwarel  proje*ction  constraining  the  rnotieuis  of  the  part.  Whereas  we  consiele'reHl 
an  assembly  to  consist  of  a  compliantly  helel  part  (l)eg)  guide*d  along  a  nominal 
traje*ctory  by  a  de*vice  such  as  a  robot,  we  view  the  task  of  inserting  a  part  into  a 
fixture*  as  one  of  elropping  the*  part  into  plaee  from  some  height  in  a  gravity  fielel.  As 
a  re*sidt,  the*  be)unele*el-ene*rgy  forward  proje*ction  for  conservative*  systems,  as  she)wn 
in  l''igure*  .'1.1  I,  is  a  me)re  appropriate  me)elel. 

As  for  asse*mbly,  we  will  use*  a  planar  moele*!  of  a  part  anel  fixture,  with  gravity 
assunu'el  tej  lie*  in  the*  plane  of  the  figure*  pe)ititing  de)wn,  as  she)wn  in  l‘''igure  .‘{.ir).  Like 
the*  asse*mbly  tneKlel,  the  plane*  in  which  motions  may  take  plae-e*  is  choseui 

te;  capt  ure  the*  re*le*vant  ge*ome*trical  feature's  eif  both  the*  part  and  t  he*  fixt  ure*.  I'br 
axisymme*!  ricobje'cts  t  he  plane*  is  che)se*n  t  e)  e'ontain  the  axis  of  symmetry.  We*  asseime* 

I  hat  the*  part  is  elroppe*el  with  /e*ro  itiitial  velocity  abem*  the*  fixture*  frenn  within  a 
benmel(*el  range*  e)f  init  ial  i)e)sitie)ns  anel  en’ientatienis.  'I'lie*  e‘e)e*fficie*nl  e)f  frictie)n  p  anel 
eeK*ffie  ie*nl  eef  re*sl it  utieiii  e  feir  tJie*  l,we>  parts  are*  a.ssnme*e|  to  be*  kne)wn  e*e)nstants. 


'Aw  rotisidcr  tliosr  (  (ihch  when*  Kriisprd  |iar(K  nri*  |»le»f«*il  inln  tin*  llxtim*  using  roinpliant  nudioii 
to  !»<•  an  asseiiildy.  and  model  them  in  the  snnn*  way  ns  c|ese'ril»e’d  for  the  peg  in  fade  example'.  In 
the'  eonlext  of  motifiii  constrainls,  there  is  no  elistinrlion  helwe'e'ii  a  lixtnre*  anel  a  siihassi'inhly  in 
Hilfh  ease-s. 


■  /■'i.rittirs  and  Pallrts 
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rii(‘  confii^iiratioii  spare'  irprosontat ion  of  tlio  part /fixture'  inte'ractie)ii  is  slie)\vn 
in  {'igure'  .'MG.  VVe'  se'e'  a  strenig  re'seniblanee'  be'twe'e'ii  Figure'  anel  Figure'  :M 
shenviug  tlu'  CS  for  the  i)e'g  in  hole'  e'xaiiiple'.  The*  "tbiwit"  of  the'  CS  herb'  for  a 
fixture'  is  soine'what  wiele'r  anel  shallowor  in  coiupariseni  te)  that  fe)r  tlie*  pe'g  in  hole' 
asse'inbly.  but  t  he-  e'utrv  re'gion  areninel  the'  hole'  has  many  of  the*  same'  fuune'l-like' 
charae  te'iisties  inte'iiele'el  to  guiele'  motienis  ferwarel  the*  goal  slate'  at  the'  be)t  tom  of  the- 
1k)1<'. 


1  he-  primary  eliffere'iice'  be'twe'en  the'  fixture  anel  assembly  is  the'  use  e)f  an  energy 
be)unele'el  forwarel  proje'ction  moelel  rather  than  that  of  a  path  pre)eluceel  by  compliant 
me)tion  (see'  Se'ction  ‘2.1.2).  The  resulting  forwarel  preyjection  woulel  a|)pe'ar  as  a 
l>e)lyhe'elral  ce)ne'.  similar  to  tliat  illiistrate'el  in  the  lower  half  of  Figure  2.8.  with  its 
central  axis  jiarallel  to  the  gravity  vecterr  in  the  (.r,i/.0)  configuration  space.' 

Phe  CS  anel  fen  warel  preyjection  repre'sentat  ie)ns  elescribe'el  above  aelelre»ss  the  first 
of  the  ele'sirable*  characteristics  for  a  fixture  liste'el  above,  namely  the  ability  te)  ge't  a 
part  into  a  known  configuration  anel  ke'eping  it  there,  lo  aelclre'ss  the  se'conel  issue 
of  holding  a  part  stably  under  a  variety  of  loads  once  the  part  has  reacheel  the  ge)al 
configuration,  we  return  to  our  discu.ssion  of  the  configuration  space  friction  cone. 
We  re'call  from  Section  2.1.1  that  the  friction  ce)ne  spans  the  set  of  reaction  forces 
t  hat  will  maintain  eepiilibrium  for  an  obje'ct.  The  negation  of  t  his  cone,  therefore. 
repres('nts  the  s('l  of  applied  forces,  and  tonpies,  that  may  be  appHtd  to  the  ])art 
without  any  motion  resulting.  The  larger  the  span  of  the  friction  cone,  the  more 
stably  the  part  will  be  held  in  the  presence  of  applied  loads.  Of  course,  the  caveat  is 
that  the  same  frictional  effects  that  help  keep  the  part  in  place  are  also  the  frictional 
effects  that  can  make  getting  the  part  into  the  desired  configuration  more  difficult. 


'riie  third  desirable  characb'iistic  of  a  fixture  providing  access  to  the  secured 
part  by  other  parts.  gripi)ers.  or  tools  has  to  do  with  the  kinematic  constraints 
Ix'tween  the  fixture  and  these  other  objects.  Sj)ecifically,  we  wish  to  determine  if 
the  gri|)per/pait/tool  will  come  into  contact  with  the  fixture  during  it's  ojieration 
on  the  part  being  held  in  the  fixture.”  In  terms  of  the  above  representation,  if  the 
referenc<'  point  of  the  moving  object  is  chosen  to  coincide  with  the  reference  point 
(i.e.  eg)  of  the  part  when  that  object  was  interactiiig  with  the  part  (gras])ing  it.  for 
example),  then  the  CS  for  the  object/fixture  interaction  could  be  fniprrintposfd ouio 
t  he  part /fixture  CS  to  ])roduce  the  complete  set  of  kinematic  motion  constraints  on 
the  part,  fixture  and  object.  This  superposition  is  the  sanu'  as  that  discussed  in 
Section  2.5  for  superim])osing  (*S  constraints  for  inb'racting  polygons  repres<'nting 
multiple  slices  of  three  dimension.'d  obj('cts. 


'  for  simplicity,  niir  cxnniph'  li.xtiirf  is  assiuni'd  hi  hi’  rrictiunli'ss.  Ker  imii-zrrn  friction  we  wonhl 
also  iK'i  il  to  add  rcprcscnlat  ions  for  stickinji;  ri'Kif)ns  on  I  lie  surl'aci-  of  tltc  CS.  similar  to  those 
>fcni‘ratcd  liy  Brost  [l.'f],  wlii'n’  a  part  might  hi’rome  stuck. 

”'I  his  is  precisely  t  he  collision  avoidance  prohh’in  to  which  the  configuration  space  rejiresentation 
was  iiiili.dly  applieil  to  robotics  for  planning  pnrposi's. 
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l  iiially.  11k'  lourlii  cliaiftctnisl  ic  <l(“siral)lc  in  a  lixtnrc.  that  ol  Ix'ing  ahU*  to  rr- 
niori  a  part  IVoin  1  lie  fixturo.  is  atUlrosst'd  holli  by  the  rcprosr'ntation  t  hat  (lotcM  inincs 
if  t  in*  part  may  reach  tlu'  goal  after  l)c'iug  clroppecl,  aiicl  the  ability  of  anot  her  ohjc'ct 
siieli  as  a  gripper  to  r<“a<li  tli<’  part  in  the  fixture  in  order  to  remove  it  the-  basic 
assumption  l)eing  that  if  yon  can  gc't  it  in  and  c'an  still  grab  it.  tlien  you  can  get  it 
out  again. 

.As  with  the  p«'g  in  hole  exam])h‘.  the  c'ase  and  reliability  with  which  a  j>art  may 
!)('  |)laced  in  tlie  fixture'  is  dcMermined  by  the  motion  constraint  facets  forming  the 
c'ntr\'  rc'gion  of  the*  CS  hole',  or  in  this  case'  the  subse't  of  those*  face'ts  that  lie'  within 
the  forwarel  |)roi('ction  of  the*  droi)ping  motion.  To  im])rove  the  reliability  ol  this 
motion  we  may: 

•  vary  the'  fixture/part  ge'ometry  that  defiiu's  the  shape  of  the  constraint  facets 
to  im|)rove  the*  funne'l  characteristics  of  the  e'litry  region  similar  to  assembly,  as 
we'll  as  e  hanging  the*  size  and  loevdion  of  the  sticking  re'gions  on  the  CS, 

•  vary  the*  coefficient'of  restitution  e  that  determiners  the  span  of  the*  forward 
proje'ction  cone*  by  clianging  the  materials  used  for  the  fixture,  and 

•  vary  the  coefficient  of  friction  //  that  dete'rmine's  the  e'xtent  of  the  sticking 
re'gions  on  the  surface  of  the  CS.  also  by  changing  the  materials  used  for  the* 
fixture*. 


S|)e*cifically.  for  the  dropping  task,  we  are  concerned  wdth  the  region  of  configuration 
spaec'  boiineh'd  above*  by  the  forward  projection  cone  anel  below  by  the  kinematic 
motion  constraints  of  the  CS.  'Fhe'  funneMike  entry  re'gion  on  the  CS  is  dete'rmineel 
by  t  he*  part  and  fixture  geometrie's,  whereas  the  forward  ]uojcction  cone  is  determined 
by  t  he*  initial  set  of  dro])])ing  positions  and  e.  We  note  t  hat  here,  as  in  many  of  t  he 
e)the*r  examples,  shape  is  generally  the  easiest  to  change  of  the  parameters  tliat  may 
be  modified  since  tfie  choice  of  fixturr*  materials  may  1^('  limited  l)y  other  factors. 
For  changing  th<'  stability  of  the  fixture,  tlie  span  of  the  friction  cone  at  tfie  goal 
configuration  is  a  function  of  l)otli  the  (’S  (i.e.  part  and  fixture  geometry),  and  //. 
y\nfl  finally,  t  he  acr  essibility  and  removability  of  the  i)art  in  the  fixture  as  represented 
by  th('  superposerl  CSs  for  the  part /fixture  and  gripper/fi.xture  are  functions  of  the 
g('om(*tri(’s  of  I  hose  t  hree  objects. 

\V<'  have  included  the  part-fixture  example  to  round  out  the  set  of  e.xam])!es  in 
whi<h  function  may  be  repres<*nted  and  visualized  in  terms  of  motion  constraints. 
Much  work  remains  to  be  done  in  implementing  detailed  energy-bounded  forward 
projection  mod('ls  for  both  the  conservative  and  non-conservative  cases  dr'scrilx'd 
<'arli('r  in  this  chapter.  Therefoix*.  we  will  not  consider  this  example  in  any  more 
(h'tail  wit  hin  this  report  .  'I'lie  reader  is  referred  to  extensive  work  on  th<’  analysis  of 
planar  dropping  tasks  found  in  Hrost  [111], 
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3.4  APOS 

Allot  her  Ibrni  of  vibratory  foodor  dovclopcd  more*  rccoiil  ly  for  oricnling  small  parts 
is  llio  Advaiirod  Paris  OritMitiiig  System  (APOS)  developed  by  llie  Sony  Corpo¬ 
ration.  APOS.  sliown  in  I'iejnre  d.lT.  eonsists  of  a  viliratiiif:;  pallet  into  whicli  has 
been  machiiK'd  a  series  of  cavities,  or  \v<‘lls.  <lesign('cl  to  capture-  parts  in  a  known 
orientation.  .\  clnste-r  of  hojiiiers  containing  different  sets  of  randomly  orie-nted  parts 
is  local  eel  near  the  to|)  of  the-  palh-t  wiiich  is  angled  slightly  down  and  away  from  the 
biicke-ls.  When  a  small  gate-  in  one-  of  the  hopi)e‘rs  is  ope-ne-el  a  clusle-r  of  parts  falls 
onle»  the-  vibrating  palle-t  where-  the  parts  hop  anel  sliele  ele)wnhill  aere)ss  the-  surfaee-  of 
the-  palle-t.  A  part  that  hapi)ens  to  be  near  the  desireel  orientation  will  fall  into  one- 
of  the-  e-mpty  eavilie-s  anel  be  helel  the-re-.  Parts  that  are  ne)l  captured  by  one-  of  the 
e  avilie-s  eont  inue-  elown  the-  pallet  whe-re-  they  fall  into  a  return  bucke-t.  The  return 
biie  ket  is  then  perie)elieally  lifte-el  anel  its  contents  elumped  back  into  the  hoppe-r.  This 
cye  le-  is  repe-ale-el  for  a  pre-ele-t  ermine-el  period  of  time  so  t  hat  a  majorit  y  ol  t  he-  cavil  ie-s 
will  eontain  an  oriented  part.  At  the  end  of  the  cycle  the  vibration  is  sto])pe'd.  and 
e-xee-ss  parts  are  cle-are-el  from  the-  i)allet  by  an  air  jet.  anel  the  pallet  is  transferre-el  to 
a  eonve-ye)r  anel  carrie-el  off  to  a  robotic  assembly  station.  Figure  .’1,18  illustrate-s  the 
maie)r  e>perations  of  APOS. 

In  e-eonomic  terms  APOS  has  a  number  of  advantages  over  the  more-  common 
vibrateiry  beiwl  fe-e-der.  First  of  all.  most  of  the  hardware  components  in  APOS  are 
re-usable-  for  new  jiroducts  and  i)roeluction  liiu-s  t  he-  only  hardware  component  that 
must  be-  custom  elesigned  for  a  given  part  ge-ometry  is  the  pallet.  .Another  advantage 
e)f  .\1H)S  is  t  hat  it  combines  into  erne  unit  a  number  of  assembly  system  e  omponents 
that  are-  typically  se-parate  in  othe-r  systeuns,  including:  fe-eeler,  fixtures,  anel  pallets  for 
parts  transport  .-’  APOS  thus  combine*s  into  one  cemipact  unit  a  number  of  typically 
elistinct  manufacturing  subsystems,  most  of  which  are  reusable. 

The  e)ne  asiK-ct  of  APOS  that  proves  to  be  the  most  difficult  and  time  consuming 
to  devf-lop  is  the  pallet  geometry  containing  the  shaped  cavities.’^  Figure  ;M9  illus- 
trate-s  a  number  of  “ge-ne-ric”  pallet  geome-trie-s  de-signeel  to  handle  different  classe-s 
of  parts  [10].  d'he  pallet  ge-ometries  shown  are  used  to  initially  orient  parts  into  om- 
of  a  limit(-d  number  of  orientations.  As  tin-  parts  move  down  the  slots  and  channels 
t  hey  conn-  across,  and  some  are  t  rapped  by.  cavities  machined  into  the  jiallet.  In  tin- 
figure.  part  s  are  dropped  from  t  in-  hopper  onto  a  ))allet  at  the  top  right  and  ho])  and 
slid<-  down  the  pallet  surface  toward  t  he  lower  left .  A  palh-t  of  the  type-  shown  in  (a) 
is  used  to  capture  flat  symmetrical  |)arts.  like  g<'ars.  whosi-  orientation  in  the  jilane 
is  not  critical.  A  pallet  of  type  (b)  is  typically  u.sed  to  orient  long  thin  parts  such 

'Some  n-rcnl  work  lias  cvcm  considered  AI’OS  for  iis)-  in  parts  assenddy  directly.  See  Monce- 
vic/,  [.jS], 

'"In  addit  ion  lo  individual  pall<-l  designs,  different  parts  often  reepdre  individual  vibration  profiles 
which  are  s(r»red  in  a  programmable  controller. 


Figure  .‘M7:  The  APOS  vibratory  parts  fwder  {IeveIoi)ecl  by  Sony.  The  vibrating 
parts  pallet  is  in  the  center  of  the  machine.  From  Fnjimori  [32]. 
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[•’igiin* 


V  A  si<Ir-vi<’\v  sclicrnatir  of  tlio  APOS  fooder,  from  Moncev’icz  [58]. 
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its  s(  r('\vs  fUid  springs  llial  slido  into  tlu'  slots  in  n  ])rofon('d  orientation.  A  palhM 
lik('  (c)  is  tin’  most  eoimiKni  type  and  is  typi<‘ally  nsc'd  ior  less  symniet rieal  parts 
wliieli  (all  int(j  the  ‘’saw-tooth  valley  and  against  tlu*  v(*rtieal  wall  in  oiu'ol’a  limited 
nnmher  ol  ori('nla1  ions,  similar  to  a  l)Owl  fe<‘der  traek.  And  finally,  a  palh'l  of  typ<' 
(d)  is  ns<‘d  to  orient  parts  that.  alt<*r  falling  into  oiu*  of  the  cavities,  might  block 
the  liow  of  following  parts.  It  is  expt'cted  that  parts  in  the  correct  oric'iitation  will 
lall  into  a  cavity  and  remain  there  whereas  parts  in  the  wrong  orientation  may  fall 
partially  into  a  cavity.  l>nt  should  eventually  honnce  hack  out  again.  Characteristics 
that  an*  desirahie  for  an  APOS  |)all<*t  inchuh*: 

1.  the  ability  to  trap  only  those  parts  that  ar(*  in  a  (h'sired  configuration. 

2.  tlu*  ability  to  hohl  trapped  parts  stably  after  the  feeding  o])eration.  i.e.  after 
t  he  vibration  has  been  stopped,  while  the  pallet  is  unloaded  and  transferred  to 
the  assembly  station,  and 

the  pallet  provides  access  to  |)arts  by  a  robot  gripper  so  t  he  ])art  may  be  reliably 
grasped  and  rc'inoved  from  t  lu*  pallet  for  assembly. 

Comparison  of  t  hese  characteristics  wit  h  the  vibratory  bowl  f('('der  and  fi.xlrin*  e.\- 
am])les  suggests  a  consi<lerable  degree  of  functional  overlap  with  .APOS. 

bike  the  vibratory  bowl  feeder,  the  function  of  APOS  can  be  viewed  in  terms  of 
a  filter  on  part  motions.  Parts  moving  along  the  pallet  surface  interact  with  pallet 
features  like  those  shown  in  Figure  .’{.19  and  undergo  different  classes  of  motions 
depending  on  the  characteristic  constraints  imposetl  by  those  interact  ions.  As  before, 
we  identify  two  motion  classes:  ncccpf  and  irjfcl.  In  the  APOS  example,  however, 
the  accept  motion  consists  of  a  motion  termination,  or  trapping  motion,  in  which 
the  part  is  sto])ped  and  held  in  the  desired  configuration,  while  the  reject  motion 
for  a  i)art  consists  of  all  other  motions  where  the  part  continues  across  the  pallet 
surface  and  into  the  return  basket.  Interestingly,  the  characteristics  of  the  accept  and 
reject  mot  ion  classes  for  APOS  are  the  reverse  of  those  for  the  vibratory  bowl  feeder. 
Figure  ;b20  illustrates  a  motion  constraint  metaphor  for  APOS,  which  is  identical 
to  that  of  the  bowl  feeder  except  that  the  multiple  output  motions  are  the  reject 
mol  ions,  and  the  single  accept  motion  is.  in  (‘ssence,  a  null  motion  corn'sponding  to 
t  he  part  being  contained  wit  hin  t  lu*  vicinity  of  a  goal  region  into  which  it  will  settle 
when  the  vibratory  motion  is  sloi)ped. 

Depending  on  t  he  type  of  part  and  pallet  us<’d.  tlu*  hop])ing  mot  ions  of  tlu*  ill) 
parts  on  an  AI’OS  pallet  arc*  not  always  planar  in  a  geiu'ral  sense*.  Parts  droi)ped 
onto  a  pallet  such  as  Figure  .’{.19  (b)  are  constrained  to  move*  within  narrow  slots 
so  that  the  resulting  motions  all  occur  in  more  or  lf*ss  a  vertical  plane.  I'lat  parts 
such  as  gears,  plates.  l)rack(*ts.  I('v<’rs.  etc.  that  are  dropp<*d  onto  palh*ts  stich  as 
Figure  i{.  19  (a),  (c)  or  (cl),  move  more  or  less  in  t  lu*  plain*  of  t  lu*  palh*t  and  can  oftc*n 
be  viewed  as  planar  sliding  mot  ions  with  minimal  vc’i-l  ical  mol  ion.  similar  to  vibratory 
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3. 1!):  A  (ax()nomyA)l’ four  “Rt'iiiM’ic"  Al’OS  fi'cdinp;  pallets. 
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C'hnptiv  i:  \  isuali:(ifion  (ind  Application  Domains 


Input 

Motions 


Output 

Motions 


Figure  .{.20:  A  motion  filter  metaplmr  for  tlie  fuiirtion  embodied  in  the  ])art/feeder 
interactions  within  APOS. 

bowl  feeding.  Other  more  complicated  parts  will  tyi)ically  find  themselves  in  one  of 
a  number  of  stable  orientations  with  motions  occurring  in  i)rimarily  horizontal  or 
vertical  i)lanes  (possibly  both),  which  can  be  used  to  capture  the  ma  jor  characteristics 
of  the  part/pallet  interaction.  The  ap])lied  vibration  has  horizontal  and  vertical 
components  that  are  separately  programmable,  and  in  all  of  the  above  cases  the 
am|)litude  of  the  vibration  used  is  typically  moderated  by  the  desire  to  make  gross 
part  motions  more  or  less  deterministic,  as  in  the  case  for  vibratory  bowl  feeders. 

For  the  j)urposes  of  this  discussion  we  will  consider  the  subset  of  part /pallet  in¬ 
teractions  whose  motions  may  be  characterized  within  a  vertical  i)lane.  as  illustrated 
in  Figure  3.21.  .\s  in  the  fixture  example,  the  coefficient  of  friction  p  and  coefficient 
of  restitution  (  for  the  part  and  pallet  are  assumed  to  be  known  constants.  I'he 
pallet  oscillates  within  tlu'  plane  of  the  figure,  although  the  amplitude  is  considered 
iK'gligibh'  in  cotnparison  to  tlu*  scale  of  the  parts.  The  gravity  vector  is  also  in  the 
plane  of  motion  as  shown. 

Figun*  .3.22  shows  the  CS  for  a  |)lanar  .Al’OS  example,  along  with  an  approximate 
rei)resentat ion  of  the  non-conservat ive  energy-boun<ied  forward  i)rojection  that  has 
be<'n  projected  onto  the  surface  of  th<*  CS.  By  approximate  w«’  mean  that  the  forward 
projection  representation  shown  in  Figure  3.22  was  constructed  using  a  modification 
of  th<’  sup|)ort  region  impleiiM'iitat ion  jfiscussed  in  Section  2.  It  is  presented 
here  for  illustration  purposes  oidy  and  is  not  the  result  of  any  actual  computation 
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Figure  •{.'Jl:  A  i)lanar  model  of  a  i)art  and  a  vibrating  APOS  pallet. 
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('hapffr  i:  Visualizutiou  and  Application  Domain.' 


Figure  .■{.22;  Configuration  space  representation  of  a  planar  .APOS  example.  (.Note: 
the  forward  projection  shown  is  for  illustration  purposes  only  and  is  not  the  result 
of  any  actual  dynamics  computations.) 


of  houncing  dynamics.  Conceptually,  the  highlighted  regions  on  the  surface  of  the 
CS  re])reseut  the  set  of  (.i.p.O)  points  in  which  the  |)art  and  i)allet  may  come  into 
contact.  The  houndaries  of  these  regions  re|)resent  the  int(Msect ion  between  tin' 
non-conser\ative  bouncing  forward  projection  motion  constraints  discussed  in  S<'c- 
tion  2.1.2  and  kinematic  constraints  of  the  CS.  What  is  lost  in  this  representation  is 
any  information  about  tin'  positions  in  coiiliguration  s|)ac('  that  may  be  travers('d  by 
a  part  in  free  flight,  i.e.  not  in  contact  with  tin’  |)allel  surface. 

For  simplicity  we  assume  that,  as  in  the  bowl  f('eder  exam])l('.  parts  start  out 
in  one  of  tlu'ir  stabh'  resting  asp<'cts  on  the  flat  ])ortion  of  the  |)allet  to  the  left  in 
Figure  2.2 1.  Fhese  |)oints  lie  at  the  bottom  of  CS  valleys  of  the  kind  found  on  tin' 
bowl  feeder  CS.  I’he  forward  projection  constraint  boundaric's  ('xtend  outward  from 
t  hes<'  starting  points  under  t  he  act  ion  of  the  applied  vibrat  ion  and  gravity  to  ('iivcdoin' 
all  reachable  points  on  the  CS  surface.  I'he  result  of  this  ('xpansiou  is  a  "flow"  of 
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n'aclialtU’  points  that  s])r<>a<l  down  tin*  CS  vallovs."  W  Ikmi  tlio  lorward  |)roj('rt ion 
n'gions.  t)r  ••riv«'rs''  if  W('  may  fnrtlu'r  oxtciid  tli(“  nuMaplior.  r(‘a(  li  tli<>  s<'l  of  wells 
on  tli('  ( 'S  coi  responding  to  tin*  kiiieinatie  eonsiraints  Ix'lwecMi  the  |)all<'t  eaviti<‘s 
and  parts  in  eaeli  of  tin*  initial  ori<Mital ions,  then  the  determination  ol  whc-ther  or 
not  a  part  is  tra|)ped  in  a  cavity  in  a  giv«‘n  ori<Mit at it)ii  will  de|)('nd  on  whether  the 
riv('r  is  a!)le  to  overilow  tlu'  W('ll  and  eontimu*  to  the  right  across  the  CS.  l-'or  the 
part,  palh't.  and  levc'l  of  appli«'d  vihralion  to  p<'rlorm  |)roptMly  tog('th(M  as  a  |e('d«'r 
will  re(|uir«'  that  oidy  om  of  the  river  Hows  he  stopped  hv  a  CS  well  while  the  rest 
ovc'i  llow  and  cont  imie  off  t  lu'  right  of  t  h<'  palh't .  In  t('rms  of  mot  ions,  t  his  means  t  hat 
a  |)art  starting  in  oiu' orieiitat ion  will  Ix' caught  and  held  in  the  cavity,  win’reas  parts 
starting  in  otln'r  oric'iitat  ions  will  iniitiuilli/  honnce  out  ol  the  ca\ilv  and  continiK' 
across  th<'  palh't 

We  should  note  tliat  th<'  al)ov<'  re<|uir<'m<'nts  on  the  nature  and  ('xtent  ol  tin'  lor¬ 
ward  project  i()us  on  tin'  (’S  lor  a  successlul  .\P()S  (h'sign  an*  \  ('ry  cons('rvat  i\  c.  lor 
<'xamph'.  it  is  possihh'  that  if  tin'  forward  |)roj('<t  ions  ov('rllow('d  all  ol  the  cavil  it's  in 
each  valh'v  of  t  lu'  ( 'S  t  hat  part  s  woidd  st  ill  he  caj)!  uri'd  iiy  some  of  t  host'  t)ri('nt  at  ions, 
rin'  forward  projt'clion  ovt'illowing  a  cavity  simi)ly  nn'aiis  that  it  is  iK»sihli  lor  a 
|)art  in  that  orit'iital ion  to  h'avt' t In' cavity.  .\  more  (h'taih'd  nnxh'l  might  ( ontaiii  I'ln- 
hed(h'<l  sln'lls  of  forward  projt'ct ions.  «'ach  with  an  associatt'd  prohahilil>  that  a  part 
may  reach  tin'  set  of  contacts  contained  within  that  sin'll.  Of  course',  such  a  iinxlel 
would  h('  conside'iahly  more'  comph'X  than  tin'  ('xisling  ( unimph'un'ule'd  1  forward 
proje'cliou  moeh'l.  .\s  ne)l<'d  e'arlie'r.  mue'h  work  re'iuains  to  he  doin'  in  imph'un’iit ing 
noii-coiis('r\al i\<' <'in'rgy-he)uiid('d  forward  ])roi<'ct ion  model  eh'scrilx'd  ('arlie-r  in  this 
chapte'r. 

In  le'rms  e)f  .\I’()S  eh'sigu.  w<'  wish  to  eh'e'pe'ii  I  In'  we'll  surrouiieling  the'  eh'sire'el 
eonligural ion  rilatin  to  we'lls  lor  e>lln’r  e-onligurat ieins  so  that  the'  lorwarel  pieije'e- 
tieni  will  Ix'  trappe'el  einly  hv  that  we'll.  1  In'  CS  lace'ts  forming  e'aeh  eel  ihe'se'  we'lls 
are'  delermine'el  hy  inle'iael  ions  Ix'twe'e'ii  elilfe're'nl  part  fe'alures.  anel  the-  same'  |)allel 
cavity  leature's.  The'  re'sulliiig  CS  face'Is.  tln'ie'fore.  le'inl  tei  e'xhihit  a  sireing  eh'gre'e' 
of  coupling.  .\s  a  re'sull.  iinxlifying  a  palh't  h'ature'  lei  eh'e'pe'ii  eiiie'  we'll  will  olle'u 
le'iiel  to  eh'e'pen  the  siirreiuiieliug  we'lls.  Care'ful  atte'ntiein  te)  this  eeuipling.  as  we'll  as 
a  eeiusieh'iahh'  ameiunl  eif  trial  anel  e'lreu'.  is  re'e|uire'el  le)  arrive'  at  palh't  ge'eime'l  lie's 
that  aehie've'  the'  eh’sire'el  re’sulls. 

' '  Hy  evav  of  analeegy  with  the  vihralurv  howl  fcrdi-r.  \v<’  ran  iiiiaginr  eollapsinn  iln-M'  mcruv- 
l>ouinl<'<l  "rivrrs"  down  to  II)  spare  rurvrs.  at  wliirli  pe>inl  wr  would  ('xprrt  to  si-r  a  mot  ion  rr|i- 
ri'st'nlalion  similar  lee  dial  of  howl  ferdeTs.  .An  important  point  to  note  lirrr  is  ili.ii.  as  disrnssrd 
in  Se'clion  I  hr  e'.xarl  mot  iexis  of  t  hr  parts  on  the'  Al’OS  pallrl  will  hr  iluioln  in  n.iiiirr.  .aml 

ihrrri'orr  im|>ossihl<' to  rompiite'  (’xarllv,  riii'  rnrrgy-hexiinlrel  forward  pro.jrriion  rrprrsmls  .ihoul 
lh(’  Ix'sl  wr  ran  rxprri  to  dei  in  Irrms  of  pii'elirling  tin'  hrhavior  of  |>arts  in  this  systrm. 

'■’Wr  arr  nrgirriing  ihr  rffrri  of  a  jiarl  trapped  in  a  ravily  on  siihsetpie’iil  parts  moe  iiiK  .irross  the 
pallet .  IVi  explicit  ly  rapt  lire'  I  Ix'se'  I'lfe'cls.  it  might  he-  in'ri'ssary  to  siipi'rinipose'  mol  ion  roust  ramis 
gi'in'rati'd  using  a  moililii'd  palh't  gi'oiiii'i ry  roiisisling  of  tin-  |ialh'l  ami  a  trappe'el  part 
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111  addition  to  kiiioniatic  constraints  ai>ovc.  tlu*  forward  jiroji'ct ions  on  tlic  CS 
snrlacc  will  he  determined  by  the  dynamics  |>aramet<Ms.  incindine,  material  iiriiperties 
ol  the  part  and  pallet  such  as // and  <.  as  well  as  t  he  orient  at  ion  of  t  he  pallet  r<‘lati\e 
to  gravity  o.  and  the  orientation,  amplitude  and  fre(|U('ncv  of  the  a|)|)lied  vibration 

.1(1  and  a,'  respectively. 

.\s  \\v  ha\('  se(>n.  .\1‘()S  shari's  many  of  the  motion  constraint  characteristics 
IouihI  in  th('  other  ('xami)l('s  discusst'd  so  lar.  such  as  the  presence  of  valleys  on  the 
( 'S  corresponding  to  stable  |)art  orientations  as  found  in  bowl  fei-diMs.  and  constraint 
wells  to  captnri'  parts  like  tho.se  found  in  assemblies  and  fixtures.  The  task  of  de¬ 
signing  an  .\POS  system  is  comiilicated  by  the  hc'avy  amount  of  coupling  |)res<'nt 
between  these  motion  constraints,  which  results  from  th*'  fact  that  .\!*()S  itself  com¬ 
bines  so  many  functions  into  a  singh*  system.  We  should  stress  that  this  coupling  is 
a  reflection  of  the  nature  of  the  .\P()S  system  itsidf  and  not  the  configuration  space 
represi'iitation.  The  r('presentations  discussed  in  this  chapter  are  useful  for  this  ap¬ 
plication  precisely  because  they  make  this  inherent  coupling  ex|)licit.  .At  i)resent  tlu’ 
computation  of  forward  |)roiection  rc'gions  for  actively  driv-  iator\’  systems,  such 
as  .APOS.  remain  an  open  issue  for  further  research. 


3.5  Summary 

Figuri'  d.'Jd  shows  the  planar  reiiresentatioiis  of  the  four  example  domains  discuss(>d 
in  this  section,  and  Figuix*  d.'_M  shows  their  corresponding  repn'siuitations  in  config¬ 
uration  s|)ace.  \\('  liav*'  noted  a  number  of  similarities  between  thesi'  representations 
throughout  our  discussion  that  are  worth  availing  lierix  First,  wr  hav('  focused  a 
consiiU'iable  amount  of  attention  on  th«‘  role  of  kinematic  motion  constraints  re|)- 
resente*!  by  the  surfaci'  ol  th<‘  ( 'S  and  d<‘t<'rmin<'<l  by  interact  it)ns  betwivn  object 
shapes.  In  the  I’xamples  ol  assembly,  parts  lixturi’s.  and  the  .\P()S  feeder  we  saw 
how  some  ol  these  constraints  took  the  form  of  h'atures  on  the  ( 'S  surfaci*  that  w(' 
likened  \  u  finiml.>  or  wt  //.s  t  hat  guide  mol  ions  lowaril  a  spc'cilic  state  or  set  of  states  in 
coidigurat ion  sjiace.  In  the  bowl  feeder  and  .\I*()S  example's  we'  saw  parallel  rnllfi/s 
in  I  he'  d-dime'iisieeii  on  t  he'  ( 'S  that  aele'el  tee  seerl  anel  guiile'  |)art  s  intei  diffe'rent  stable' 
orie'iit  at  ieeiis.  In  aeldition  to  kine'inat  ie' e'onst  raint  s  we' saw  re'pre'se'iit  at  ions  e>f  dynamic 
motion  e'oiisl raint s  in  ti'iins  ol  feuwarel  preeje'el ieuis  ele'te'iinine'el  by  the'  me'chanics  of 
obje'et  inte'iaet ieui.  For  the'  pe'g-in-he>le'  asse'inbly  anel  vibrateery  bowl  IV'e'de'r  exam¬ 
ple's  we-  we'ie'  able'  to  ge'iie'rale'  ele'taile'el  re'|)re'se'nl at ieens  e)f  eebje'e  t  nuitions  as  a  set  of 
paths,  or  t ra je'e  leuie's.  from  initial  slate's  in  eeuiligurat ieeii  spaee'  and  eonsi raine'el  by 
(eeiitaet  with  the'  CS.  leir  the’  fixture'  anel  .\|’()S  le'e'eli'f  e'xamph's  we'  we'ie'  unable'  to 
ge'iie'iate' e'xae  t  meet  ion  eh'seript  ieeiis.  but  iliste'ael  beeuneh'el  the'se't  of  re'achable  st  at  e's 
in  conligurat  ieeii  spae  e-  threeugh  whie  h  any  I  ra  je'eieerx  weeulel  pass. 

In  aelelitieen  lee  the'ii’  siimlaiit  ie-s.  the-  leeui  e'xam|)le'  elomaiiis  we-re'  alsee  elieese-n  feu 
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tlu'ir  (liff'enMit  iisago  of  tli<'  rosourc(“s  made  available  within  the  coiifigiirat  ion  s|)aee 
i('|)resental ion.  S|)('(  ifirally.  both  t h«‘ assembly  an<l  fi.xt nre  exainph's  focnsc'd  on  a  rel¬ 
atively  small  region  of  configuration  si)ac<‘  wh<‘r<‘  the  Uxal  s(>t  of  CS  facets  w(>rt‘  s\ifii- 
ci('nt  to  describe  the  kiiu'inatic  motion  constraints  of  interest,  whereas  the  fnnctional 
description  ol  both  the  vibratory  bowl  and  .\P()S  feeders  re(|nired  the  consid<-rat  ion 
of  kinematic  motion  constraints  over  large*  regions  of  the  CS.  On  the  othei'  hand, 
the  assc'inbly  and  bowl  lee'de'r  <*xam|)l<'s  utiliz<'<l  exact  integration  of  motion  paths 
to  construct  forward  proje-ct ions,  whereas  the*  lixlnre*  and  .\P()S  feeder  (‘xamples 
r('rK'd  on  b(jund('d  energ\'  mode'ls  to  ge'iu'iate  tlu'ir  non-kinemat  ic  constraints.  Ihis 
particnlar  set  ol  lour  example  domains  was  chose'ii  to  combine  eliffen’iit  constraint 
r(’pr<'s<'nt  at  ions  in  differe'iit  ways  in  an  attempt  te)  s))an  the*  class  of  ])roblems  that 
might  lx*  consid<*r('d  using  the*  motion  constraint  r('])resent  at  ions  eh'velope'd. 

In  each  of  tlu*  four  e'xamples.  we  prese'iite'd  functional  metaphors  inte'iidc'd  to 
abstract  the*  important  rc'lat iouships  b(*tw<'eu  obje'ct  motions  and  their  constraints 
without  distraction  by  geomet  ri<al  or  physical  de'tails.  Of  course*,  t  he*se*  "eletails”  are* 
e  rucial  fe)r  (*nsuring  that  a  |)artieular  instanee*  e)f  a  syste*m  has  the*  de'sire*el  functional 
eharae'te*risties.  In  this  se'iise*.  the*  e*e)nligurat ieni  space*  re*prese*ntatie)n  is  me>ant  to  act 
as  a  kinel  of  bridge*  be*twe*e*n  the*  abstrae  t  functie)n  ce)mmon  te)  all  instanee*s  e)r  artifacts 
fre)m  a  partieedar  deemaiti.  anel  the  ele*taile*el  infe)rmat ie)n  that  make's  e'ach  particular 
instant iatieui  unie|ne*.  S|)e*e-irH'ally.  the*  me)tie>n  e-e)nstraint  re|)re*se*ntatie)ns  in  ee)nlign- 
ratieeii  spaee*.  inclueling  the*  CS.  fe)rwarel  pre)je*ctie)ns.  anel  snppejrt  re-gions.  all  pe)sse*ss 
be)th  the*  te)pe)leegieal  |)re)pe*rt ie's  that  map  te>  the*  abstract  funetienial  me*t ai)he)rs.  as 
we*ll  as  ele*taile*el  me'trie'  inferrmat ie)n  that  e*nsure‘s  fiele*lity  with  the*  be*havie)r  of  the* 
ae  tual  e*xami)le*  unele*r  ee)nsiele*rat iem. 

Finally,  in  e*aeh  e)f  the*  e*xample*s  we*  attempte*el  te)  give*  a  se'iise*  e)f  he)w  a  give*n 
syste’in  might  be*  nK)eIifie*el.  eer  ele*signe*el.  te>  achie*ve*  the*  ele*sire*el  fnnetie)nal  eharae  te*!- 
istics.  .Mtherngh  the*  nie)tie)n  ce)nstraint  re*|)re'se*nt  at  ie)ns  alle)w  us  te)  eernlirm  whe*the*r 
e)r  not  a  particular  syste*m  has  the*  ele'sire'el  l)e'havie)r.  anel  in  se)me’  ease's  a  se'iise*  ))f 
he)W  re)bust  that  be*havie)r  is  te)  i)e)te*ntial  variatie)ns  in  syste*m  parame*te*rs.  we*  still 
ele)  ne)t  have*  an  e/  p/vV)/  /  me*ans  e)f  re*liably  ge*ne*rating  the*  ele*sire'el  ee)nst raint s  fre)m 
scratch.  Ihis  te)pie-  will  be*  aelelre*sse*el  me)re*  fnll\  in  the*  next  e'ha|)te*r  fe)r  the*  first 
t we)  e’xamples:  |)e*g-in  he)le'  asse'inbly  anel  vibrateery  be)wl  fe'e*ele*rs.  I  he*  re*maining  twe) 
e*xample*s.  altheeiigh  |)re)filing  fre)m  the*  ele*ve*le)pme*nt s  maele*  for  the*  e)the*r  e*xam|)le*s. 
await  further  re*se*areh  inte)  the*  im|)le*me*ntat  ie)n  e)f  ee)nse'rvat  ive*  anel  ne)n-ee)nse'r\at  ive* 
e*ne*rgy  be)nne|e*el  lorwarel  pre)je*e  t  ie)ns. 

Ihe*  pnrpe)se*  e)l  this  ehapte*r  was  te)  make*  the*  re*i)re*se*ntat ions  anel  visualization 
le*e  hnie|ne*s  int  re)elne-e*el  in  Chapte*r  2  nieere*  e  eene  rete*  by  ini  re)elne'ing  a  se*l  e)f  e*xam|)le' 
applie  at  ieeiis.  I  he*se*  e*xam|)le*s  we*re*  e  he)se*n  te)  span  t  he*  ax  ailable*  se*l  e)f  e  eenst  raint  re*p- 
re*se*nt at ie)us.  as  we*ll  as  te)  highlight  similaril ie's  anel  eliffe're'nee's  be'twe'e’n  the*  varieeus 
Inne  l  ie)nal  e  eeiisl  raint  s.  In  t  he*  ne*xt  e-ha|)le*r  we*  will  e  e)nsiele*r  in  ele*t  ail  t  he*  iiuntijuildl loii 
e)l  the*  re'pre'se'iit at ie)ns  ele’ve*lope'el  see  far.  anel  in  parlieiilar  we*  will  appl\  the*  re'snil- 
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ing  tools  to  tlir  first  two  oxaniplo  domains  introduced  in  tliis  rlia])ter:  peg-in-liole 
assembly  and  vibratory  bowl  feeders. 


Design 


Cliai)tor  4 


)  oii  <an‘l  (litmus  r/f  /  ir/inl  i/oii  waul...  Hut  if  i/oii  In/  soiiii  liiiii.  i/oii 
mi  fill  I  fit)  (I.  ijott  fill  what  non  nidi. 

M.  .)agg(')  K.  Hirlianls.  KKif) 


III  lliis  <lia|)t<'r  \V('  will  take*  tlu'  representations  of  I'nnetion  in  terms  of  motion 
constraint  tliat  wc'H'  ckwc'loped  in  the  |)revions  cliapti'r  and  examine  liow  they  may 
h<’  utilixed  (or  the  |)m poses  of  design.  W'e  h(*gin  by  considering  a  innnlH'r  of  pot('n- 
tial  nn'thods  by  whicli  objects  with  the  desired  constraint  characteristics  miglit  be 
generated,  and  consider  a  suliset  of  these  methods  that  aj-pear  to  be  l)otli  feasil)h' 
and  sviital)l<'  for  di'sign.  \V('  tlien  provide  an  overview  of  an  implemented  toolkit  for 
the  design  ol  motion  constraints  in  tin*  form  of  an  interactive  computer  aided  design 
enviromiK'iit .  I  his  toolkit  is  a|)|)lie<l  to  the  design  of  artifacts  from  two  of  tin'  ex- 
ample  domains  in  tlu'  previous  chapter:  vibrator\  bowl  feeder  tracks  and  comi)liant 
p<'g-in-hole  assembli«'s.  l-iiially.  we  discuss  some  additional  characteristics  of  design 
using  motion  constraints  and  examine  the  possibility  of  ('xtending  the  scope  of  th(' 
toolkit  to  include  fully  or  partially  automate<l  design  methodologies. 

4.1  The  Design  of  Motion  Constraints 

I  h('  C.S.  lorward  i)rojection  and  sup|)ort  boundary  r(’pr('sentat  it)ns  in  contigiirat  ion 
spac<'  allow  ns  to  perlorm  the  analysis  necessary  to  d('t('rmine  if  a  gi\'<'n  s\st('m  has 
the  desir(‘d  functional  l)eha\ior.  as  was  illustrated  for  tin'  four  ('xamph's  in  Sirtion  .1. 
What  we  lack  at  this  point  is  t  he  ability  to  go  t  he  ot  her  way.  t  hat  is  to  create' artifacts 
that  e’xhibit  d<'sir<'d  functional  characteristics.  In  this  se'ction  wi'  will  consich'r  a 
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iiiiinlx'r  ol' ai)|)n)a<li<'s  aiiiK'd  at  iii\('it  iiii^  mot  ion  rtnisl  laini  s  to  produce  shape's.  We 
will  ('.xamiiK' t  he  re-lat  ioiiship  Ix't  wen'ii  (h'sigii  para  met  ('is.  that  (h'scrilx'  such  t  hiugs  as 
shap('.  and  tlu'  motion  constraints  that  we  wish  to  crc'atr'.  Wv  will  exlc'ud  tin'  scope' 
e)l  Innetional  xisnalizat iein  eh'xe'leipe'el  in  the'  pre'xions  chapte'r  to  ea])tnre'  ce)nstraints 
ein  the'  range'  ol  aelmissilile'  variations  of  eh'sign  paranu'te'rs  that  are-  eeinsistent  with 
ehange's  maeh'  tee  meetieni  eeinst  raini  s.  I'inally.  we'  will  eeinside'r  either  lenins  of  de'sign 
ope'iations  in  aelelitiein  tei  the'  \ariation  eif  e'xist  ing  ele'sign  paranu'te'rs. 


4.1.1  Generating  Shape  from  Motion  Constraints 

We'  will  hrie'fly  e'onsieh'r  a  nnmhe'i  of  te'chnie|ne's  leir  ge'iie'rating  shapes  from  motion 
ceinstraints  s|)e'citie'el  in  eendignrat  iem  space',  and  e'valnate'  heith  tlu'ir  feasibility  and 
suitability  for  shape'  de'sign.  ( ‘ein^ieh'ring  only  kiiu'inaties  lor  the'  menne'iit.  one'  ])os- 
sibh'  lormnlatieni  ol  the'  de'sign  in'obh'in  would  be'  tei  ge'iu'rate'  a  se't  of  shape's  base'el 
on  a  ele'sire'el  s^'t  eif  meitions  and  kine'inat  ie- mot  iem  eonst  raint  s  i.e'.  inve'rting  meition 
eemstraints  to  proeluee'  shape'.  .\s  we'  have'  see'ii.  the'  mapping  fremi  shape'  te)  kine'inatie- 
motion  eemstraints.  as  de'seribe'd  in  Se'etiem  2.3.  is  mat  lu'mat  iealix  we'll  ele'liiu'el  aiul 
re'asemably  st  raight  forwarel  tee  imiile'me'ut .  We'  re'ler  tei  this  as  I  he'  /brecu  re/ mapping 
from  shape'  to  kine'inatie  mot  iem  eemstraints  to  distinguish  it  from  the'  iinu  rx  prei- 
ee'ss:  mapping  from  motion  constraints  to  a  pair  of  shape's.  WV  will  brie'fly  consiele'r  a 
le'W  aspe'ets  of  the'  inve'ise'  preible'in  in  orele'r  to  illustrate'  that,  as  might  be'  e'xpe'ete'el. 
sne  h  a  elire'ct  inve'isiem  is  neit  possible'.  '  WV  will  tlu'ii  illnstratc  an  aiiproach.  which 
w('  re'ler  to  as  "appare'iit"  iine'ision.  that  allows  ns  to  pe'iform  some'  limite'd  aspe'cts 
eif  sne  h  an  inve'isiem  nnde'r  a  ve'iy  spe'cilic  se't  eif  e  emst raint s. 


Direct  Constraint  Inversion 

.\n  intnitive'ly  natural  apineiaeh  tei  eemsiele'r  in  ge'ne'ialing  shape'  from  nuitiem  eem¬ 
straints  is  to  eemstrnet  the'  mce/.se  mapping  Irom  a  spe'eilie'd  se't  of  eemst  raint  s  re'|)- 
re'se'iitinga  eU'sire'el  Innetion  intei  shape'.  I  nfeirt  iinate'ly.  sneh  a  elire'et  inve'ision  is  ne>l 
|)e>ssibl('  leir  a  nnmbe'r  eif  re'asems.  ( ‘onside'r.  for  e'xamph'.  eemst  met  ing  an  arbitrarx 
CS  similar  to  that  in  hignie'  2.1.  but  in  xvliich  sonic  tx|)('  .\  face'Is  txvist  e  lockxx isc 
xvhile' ot  he'is  txvist  in  t  he  cemnte'i-clockxvise' elire'ct  iem.  .Mtlumgli  it  xvonid  be'  possi¬ 
ble'  te)  e'onsirnct  a  elose'el  snrfaee'  eemsisting  eil  sneh  laects.  it  xvemlel  be'  impeessible' 
tee  ge'iie'iate'  sneh  a  snrfaee'  xvith  any  pair  of  pe>lygems.  It  is  nnlike'lx  that  xve'  xvemlel 
e-onstrnel  such  an  eielel.  anel  faulty.  CS.  .Nexe'it lu'le'ss.  it  se-rxe's  te)  illustrate'  the-  point 
that  t  lu'ie' eleie's  ne)t  ne'ee'ssarilx  e’xist  a  pair  eif  shape's  that  xvill  ge'iu'iate  an  arbitrarilx 
const  rncte'd  surface'  in  eemlignrat  iein  spaec.  Ibit  aneilhe'i  xvax.  arbitrarilx  spe'e  ilied 
eemstraints  max'  be'  ine  einsisle'iit . 

'Ill  lari,  it  is  not  I'Vcn  a  ^iDoil  loriiiiilal  ion  ol  ihr  (lisijiii  |>roli|iiii.  as  xvr  shall  sir  sliorllx 
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l  i"ur('  l.'J:  All  ('xaiuplc  ol  t lie  sliapr  gc'iK'ralc'd  l>\  s\ve('i)iiig  an  olijnct  along  a  (!('- 
sired  t  ra  i<>('torv.  I  lie  ii'snit  ing  shape  ini  (Mad  ions  do  nol  produce'  motion  constraints 
consist('nt  witli  tlu'  dc'sired  motion. 


straintson  t  he  mot  ion  ol  theoli  ject.  I  nlort  unately.  t  h(' answer  lor  t  h(' ge'iu'ral  cas(' is 
no.  as  can  he  seen  hy  t  he  ('.xample  sliown  in  I'igure  1.2.  In  t  his  exami)h' 1  h(' diamond 
shaped  block  is  guided  along  a  ■■r"-shaped  traje'ctory  with  its  rotation  lixed.  swec'])- 
ing  out  the  volume  shown.  \\  hen  t  he  (.r.  // )  mot  ion  const  raints  conx'sponding  to  t  lu' 
interaction  ol  the  Mock  and  the  new  shape'  are'  ge'iie'rat e'd.  how('\('r.  the'  re'snlts  are' 
not  siifficie'iit  to  produce' only  the'  eh'sire'd  motion.  I  he'  prohlem  with  this  a|)proach 
ste'iiis  Iroiii  the'  fact  that,  although  the'  shape'  de'iive'd  hy  taking  the'  comple'iiie'iit  eif 
an  ohjee  t  at  a  gi\e'n  |)oint  in  conligurat ion  space' comple'te'ly  ce)nst rains  that  e)hje'et. 
swe’e'ping  1  he-  e^hject  along  a  t  ra  je'ct  ory  may  fail  he'canse'  one'  point  along  t  he'  path  ean 
"e'rase  constraints  that  were'  ne'ee'ssary  lor  anothe'r  point  on  the'  path.  Spe'cilicall\ . 
the  x'e'itie  al  portion  ol  the  impose'd  "  I  "-t ra je'e  tory  on  the'  block  in  l  igiire  1.2  swe'e'jis 
away  a  pent  ion  ol  the  shape'  ge'iie-rale'd  l)\'  the'  horizontal  motiein.  1  he'  re-snlt  is  a  pair 
ed  shar|)  corne'is  on  the-  ik'w  ohje'ct  that,  through  inte'iaet  ion  with  the'  sieh's  of  the' 
h|e)ck.  prexince'  the'  iiiiiiit  e'lit  ieiiial  "chamle'is"  in  the'  re'snlting  motiein  e'oiist  raint  s. 

It  is  inte'ie'st  ing  to  note-  that  the-  |)rohle'm  with  the-  approaeh  of  ge'iie'rat  ing  sliajie' 
Iroiii  swe'pt  motions  is  similar  tei  the'  probh'in  of  unde'rcnt  t  ing  ceimnion  in  machining 
ope'iatioiis.  Specilically.  ii  we'  imagine' e  ill t ing  enit  a  earn  preilih'  with.  say.  a  tl..')  inch 
('lie I  mill  de'signe'd  to  e-orre'spone|  I  o  t  he*  me»l  ie>ii  of  a  cam  lolleiwe'i  eif  I  he'  same-  eliaiiie'le'i . 
we-  liliel  that  it  is  impossible'  to  ge'iierale'  a  earn  prolile'  that  will  eanse'  the'  hillowe'i 
to  Iraek  a  eiirve'  with  a  raelius  ol  eiirvatiiK'  smalle-i  than  that  of  the'  followe'i  itse-lf. 
Ihe-  re'snit  of  at  le'iiipl  ing  to  ge'iie-rale'  sueh  a  prolile'  is  the'  iiiide'rent  jirolih'  slieiwn  in 


l  I.-}:  An  ('Namijlc  of  uii<U‘r<  ultini>  in  a  <  aiu  piDlilc.  ulii(  li  is  analotiuns  to  tlic 

inconsistcMil  motion  const lainl s  i>,<‘n<‘ial<‘<l  in  I-'i!j,nrc  1.2. 

I'is’iirc 

Apparent  Constraint  Inversion 

Wc  lia\  »'  seen  t  liat  invert  inu,  slia(K's  Irom  a  spcr  ilicat  ion  ol  (l<‘siie<l  mot  i»»n  const  raint  s 
is  an  ill-|)osc(|  |)i<)l»lcm.  In  t  li<‘ cas»’ of  <liicct  inversion  vvlicrc  l>otli  shapes  vv«M'e  nn- 
(lelined  tli<’  inversion  from  mot  ion  <'onst  raint  s  to  sliape  was  ninlercoiist  rained.  Coii- 
verselv.  for  tlie  cas<‘  ol  partiallv  constrained  inversion  vvliere  oni’  ol  the  two  sliaja's 
was  specilied.  tin'  lesnltinn  inversi»>n  was  «»veieonst  lained  and  tlierelore  inconsisti'iit . 
Mevond  tln's<'  rather  sii>nilicant  limitations  lies  an  even  more  rnndamental  prohlem 
common  to  hoth  approaches:  t  liev  assume  that  we  alieadv  have  a  piecisi'  s|)ecili- 
<  at  ion  of  tin’  motions  and  motion  const  laints  that  we  want  tii  achievi'.  .\s  we  saw 
in  the  pi<'vions  chaptei'  this  is  ult«'n  not  tin'  case.  I  h<’  motion  const  laint  repres<’n 
tat  ions  availahh’  to  ns  provide  a  wav  ol  recomii/im;  the  c/n.s.s  ul  motions  that  are 
i<'(piii'<’d  to  prodnc(’  u,iven  Innctional  chara<  terist ics.  i.e.  W(’ olti'ii  oidv  know  what 
we  want  win’ll  we  see  it.  1  he  <pn'stion  remains,  tin'll,  as  to  how  vv«’  can  achic'Vi' 
desiri’d  motion  constraints  as  vvc’ll  as  tin'  shapi's  that  will  produce  tln’iii.  Oin’  ansvva’i 
that  w<’  propose’  In’ie’  is  ratln’i'  simple’  we'  will  take’  aelvantane'  e>l  tin’  laet  that  the’ 
leerwarel  mappinii  Iremi  shape-  te»  me>tie(n  e  enist  raint  s  is  we’ll  ele’liin’il  hv  allowin'.!  endv 
eeditininnis  paraiin’trie  variatieeiis  eeii  an  (’xistimi  se’t  eel' ele-siirn  parame’te'is. 

r  ii!nre’  l.l  illnst  rate-s  e  eiin  e’pt  iiallv  t  he’ preie  e’ss  ul' apjiare’iit  inv  e’rsie)n.  l-.sse’iit  iailv . 
we’  start  eiir  with  a  pair  ed  iniiiiinal  eelije’e  i  shape’s  (|>lanar  |>e»lv  lieeiis )  liemi  whie  h  we- 
tie’ln’iate’  tin'  (  S.  We-  pleiV  ieh’  a  se’t  ed  a  prie)ri  mappinus  he’twe’e’ii  le’at  lire’s  etn  till’  ( 'S 
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l  iftiUT  1.1:  .\  roMcrpt iial  r<'|)r('S(‘ntat ion  of  ai)i)aionl  invorsion  from  motion  con¬ 
straints  to  sliapc.  \vli(>r<'  a  priori  mappings  Irom  constraint  l('atnrf's  to  sliajK'  features 
and  rapid  compiitation  of  tlie  motion  constraints  gi\e  tin'  illusion  tliat  motion  con¬ 
straints  ma\’  l)e  iinerted  to  produce  shape. 

and  object  leatur('s  which  we  then  us('  to  choose  shape  features  in  the  context 
of  motion  constraints.  'I'h<'  paramet<'rs  d<'scril)ing  tlx'st'  ohjt'ct  features  arc'  tln'ii 
pc'rturhed  \ariat ioiially  and  the'  ('S  for  tlie  ix'W  ohjc'cts  is  computc'd.  If  wc'  arc'  ahlc' 
to:  (il  map  paraiiu’tric  pert iirlcat ions  that  liavc'  intuitive  ('Ih'cts  on  tlu'  ('S.  and  (ii) 
perform  tlie  com|)utatioii  of  the  CS  rapidly,  then  as  far  as  the'  (h'signer  is  concerned 
the  result  is  indist inguishahh'  from  a  true'  invc'ision  from  the  constraints  to  shape, 
lor  e.xample.  I'igure  1.")  illustrates  th«'  detaih'd  |)roct'dure  for  apparc'ut  inversion 
of  object  geometry  from  the  intc'iact  ive  manipulat  ion  of  a  contact  constraint  facc't . 
Starting  in  the  uppc'r  left  of  the'  ligure  where  a  dc'signc'r  selc'cts  a  point  on  the  contact 
constraint  surface  and  displacc's  it  \<'rt icallv.  the  apparent  invc'ision  algorithm  mai)s 
the  seh'ction  to  the  a|)|)ropriate  shape  feature  (up|)«'r  right),  modilies  the  selected 
sha|)e  feature  (lower  right  )  and  rc'computes  tin*  new  motion  constraint  surface'  (lower 
left  I.  file  important  [)oint  to  !«'('[)  in  mind  is  that  t Ix'  desigix'r  sc'c's  only  tlx'  dirc'ct 
manipulation  of  the  motion  constraints,  as  shown  in  the  h'lt  hall  ol  figure'  I.'). 
Ibis  ite'iative-  prexe-ss  is  earrie'd  out  cont inuenislv  in  the'  hackground  as  the'  ele'sigix'r 
meedilie's  t  Ix’  const  raint  s. 

An  impeertant  eharaete-rist  ie- e»f  t  lx*  appare’iit  inve'rsie)n  |)re)ce'ss  is  that  alte-r  e'verx 
ite-rat  ieni  t  Ix'  e)l)  je-e  t  shape’s  anel  t  he’  e  e)rre'sponeling  ( ’.S  are’  guarante'e'el  tee  he’  e  e)nsiste'nt 
he'cause’  we’  are’  aetuallv  using  the*  feuwarel  ma|)ping  fre>m  shajie’  to  const  raint  s.  which 
is  we’ll  (h’liix’d.  Of  course’,  not  hi ng  is  free’.  What  we’ give- up  wit  h  apparc’ut  inve’i  sion  is 
the’  aliility  to  make’  arhitrarv  change’s  to  the’  constraints.  Spe’cilieally.  the’  arhit raril\' 
imposed  a  priori  ma|)ping  from  ( 'S  feature’s  to  ohjc’ct  Ic’ature’s  constrains  the’  class 
of  moililicat  ions  that  wc’  may  make’  to  the’  constraints  anel  the’  shajee’s.  Our  task  in 
imple’ine’iit  ing  a|)pare'ut  im  e’rsion.  such  as  in  I'  igurc’  1.")  will  he’  to  prov  ide’  as  comple’tc’ 


j.l:  Thf  Dfsign  of  Mol  ion  C  b;is/rfi/;i/.s 


109 


110 


Chnptfr  I) (si fin 


and  flexil)l(‘  sot  of  mappings  as  |)ossil>l(‘.  I'lio  details  t)r  this  |)ro(css  will  Ix'  dcsciilx'd 
fnitlKM’  in  Section  1.2  on  (h'sign  functions. 

File  motivation  for  manipulat ing  dc'sign  parameters  by  means  of  apparent  inv('r- 
sion  from  motion  constraints  is  to  irrovith'  the  ability  to  select  and  manipnlate  design 
])aram('ters  directly  in  the  context  of  function  as  represt-nted  b\  motion  constraints. 
The  basic  idea  is  to  be  able  to  grab  on*'  or  mon*  featnix's  on  the  surface  ol  tlu'  CS  and 
simplx'  ])nsh  or  i)ull  them  until  the  constraints  have  tin*  (U'sired  properties,  all  tin' 
whih'  in  tin*  background  the  dc'sign  parametcns  are  modific’d  so  as  to  be  consist (uit 
with  th('  new  constraints. 

4.1.2  The  Space  of  Design  Variables 

In  describing  the  changes  to  design  |)aramet<‘rs  and  tin'  corrt'sponding  changt's  to 
motion  constraints  it  is  usefid  to  distinguish  Ix'twecMi  tlx'  conjifiarnlion  sinicf  of  mo¬ 
tions  and  th<’  (hsifin  sixict  of  parametcns  that  (hdine  a  gi\(’n  systt'in.  We  <listinguish 
b('twe<'n  two  classes  of  (h'sign  parametcM's:  shajx'  ])aram<'ters  and  d\namics  ])aram- 
('ters.  Shape'  i)aramet<'rs  (h'scrilx'  tlx'  geonx'try  of  the  obje'cts  and  may  Ix'  take  the 
lV)rm  of  a  list  of  i)ol\gon  v('rtic('s  representeel  as  (.r.  //)  pairs,  as  (.r.  //. : )  control  pe)ints 
describing  cnbic  polynomial  surface'  patclx's.  e'te  ..  Dynamies  paranx'te'is  iix  lueh'  the' 
eex'flicie'uts  of  frie'tion  anel  re'stitntieui.  iix'rtia.  grax  ity  anel  any  e>the'r  neui-shape'  pa- 
ranx'ters.  In  the'  same'  way  that  a  point  in  e-e)idigeirat ie)n  spaee'  eleline's  the'  state'  e)f  a 
moving  obje'ct .  a  peeint  in  eh'sign  spaee'  ele'liix's  all  aspe'e  ts  e)f  a  syste'in  that  max  be' 
xarie'd  by  a  de'sigix'r.' 

Fix'  eh'sign  spae  e-  P: 

_  I)  V 

—  •  sh'ifu  *  nt-tft  r/'i/.s-  ’  •  S 

.\lt  he)Ugh  an  ex|)lie  it  re'pre'se'iit at  ie)n  e)f  the-  eh'sign  spae  e-  xveenhl  be-  pre)hibit  ixe'  give'ii 
the-  large'  nnmbe'r  e)f  i)arame'te'rs  eh'lining  a  typie  al  syste-m.  the-  eeuxe'pt  is  nse'fnl  xvlx'ii 
ee)nsieh'ring  hoxv  e  hange's  maeh'  tee  eexistraint  fe-ature's  in  eeenlignrat ie)n  s|)aee  ma])  inte) 
e  hange's  in  the-  se't  e)f  eh'sign  paranx'te'is  e'X|)re'sse'ei  as  a  pe)int  in  eh'sign  s|)ace'.  In  par- 
lie  ular.  xxe- are'  inte'ie'ste'el  in  t he- Ix'liavieu' eef  t  lx- se't  e)f  me)tie)n  exuist raint s  in  re's|)e)nse' 
teea  nxxlilicat  iein  e)fexx'e)r  me)re' eh'sign  paranx'te'is.  .\  xariat  ie)nal  meeelilicat  ie)n  maeh' 
te)  a  se'h'ete'el  ( 'S  leatnre'  eer  se't  e)f  h'ature's  may  be-  vie-we-el  as  an  input  path  spe'eifie'el 
in  eeinlignrat ie)n  spae-e'.  i.e'.  a  pejint  or  se't  e)f  ix)ints  se'h'ete'el  fre)m  the-  snrlace'  e)l  the 
CS  are-  eex'iee'el  te)  lolh)xv  an  impeese'el  input  traje'cteuy  fre)m  tlx'ir  erriginal  state-  te)  a 
ix'wly  spe-e  ifie'el  state-.  File-  change's  maeh'  te)  the-  eonstraints  ah)ng  this  impe)se'el  path 
e  e)rre'spe)nel  te)  e  haiige-s  in  euie-  e)r  me)re'  eh'sign  paranx-te-rs  whie  h  alse)  may  be-  vie'xxe'el 

-'I'or  llx'  iiioiiK'nt  xv<'  arc  n<'v,l<'cl inj>  ilc-sign  inodilicai ions  llial  would  add  or  ri'inovi-  iiaranu-ti'rs. 
siu  h  as  addiiifi  ik'w  vertices  lo  the  list  of  verliea-s  delininu.  a  |>e>lygou.  I'liis  topic  will  he  addia-ssisl 
in  Sect  ion  1.1. 1. 
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as  a  trajectory  Ix-twceii  start  and  (Mid  states.  Imt  in  design  space.  Ideall>'.  tliere  will 
Ix'  a  strong  correlation  l)et\v«‘en  the  i)atlis  in  the  two  spaces  so  that,  as  d<‘sign  pa¬ 
rameters  ar<'  varied  hy  means  of  appar(Mit  inversion.  tlu‘  seh'cted  motion  constraints 
will  closely  follow  the'  desired  input  trajectory  in  contignrat  ion  s|)ace. 


4.1.3  Dynamic  Constraint  Visualization 


\  isnalizat ion  is  im|H)rtant  for  hoth  analysis  and  dc'sign.  In  the  i>r('vions  chaptt'r  w<' 
d('V('lop<'d  a  r<'present  at  ion  of  mot  itxi  const  raints  to  visualize  In  net  ion  from  shape  in- 
t<'ractions.  (liven  a  sp<'cilic  d<'sign  (a  single  point  in  the  space  of  design  parameters) 
we  w('r<'  ahh'  to  (h't ermine  if  that  df'sign  possesstxl  the  d«'sir<'d  innclional  chaiact (Mis¬ 
ties  hy  v  isualization  of  the  motion  constraints.  \\('  r('l(M'  to  this  lorm  ol  visualization 
as  static  const  laint  visualization  Ixxaiise  the  iiaranx'U'rs  and  motion  constraints  re¬ 
main  lix('d.  In  tlx'  proc('ss  of  modifying  a  dc'sign.  whiMlx'r  l>y  means  of  apparcMit 
invi'ision  from  motion  (onsiraints  or  l»y  someotiu'r  paranuMric  mani|)nlat  ion  tech¬ 
nic]  lU'.  we  arc'  int  erc'stc'd  in  the  way  t  hesc'  mexiilicat  ions  will  a  flee  t  t  he  const  raint  s.  We 
rc'ler  to  the'  visualization  of  the  relationship  Ix'tween  parametric  variations  and  mo¬ 
tion  constraint  variations  as  c/////«/mc  const  raint  visualization  Ix'canse.  unlike  st  at  ic 
constraint  visualization,  the'  motion  constraint  paramc'tc'r  rc'lat ionship  is  tc'iii- 

)H)ral  in  nature'.  .\n  important  aspc'c  t  of  dynamic const  raint  visnali/at  ion  is  that  it 
take's  ns  Ix'vond  simply  charactc'iizing  tlx'  function  (orrc'spondiiig  to  a  single'  point 
in  dc'sign  space'  and  allows  us  to  c'Nplorc'  the'  in  ifihhorhooil  o[  a  dc'sitm. 

riie  change's  imjxisc'd  on  the'  CS  hy  a  clc'signc'r  arc'  local  in  the'  sense  that  thc'v 
arc'  intc'iided  to  he  made'  only  to  the  sc'Ic'ctc'd  CS  Ic'atures.  Ilovvc'vc'r.  local  sncIi 
local  change's  will  typicallv  have'  vc'iv  non-lcxal  c'tic'c  ts  as  vvc'll.  lor  ('xamph'.  c'acli 
contact  lacc't  can  Ix'  vic'vvc'd  as  a  chial  in  the'  sc'iise  that  it  is  dc'tc'rminc'd  hy  a  siu  oi 
paramc'tc'i  s  dc'serihim;  a  pair  of  intc'i  ac  t  ing  fc'at  iirc's  on  t  wo  dilh'reiit  ohjei  t  s.  iis  we  s;ivv 
in  Sc'c  tioii  'J.d.l.  1  hc'  (acc't  c'cjuations.  dc'rivc'd  in  Sc'c  tiou  o.d.l.  mav  he  sniimiari/c'd 
in  t hc'  lollovving  form: 


-c' I  = /('"f'- I 


whc'i'c'  the'  shape'  paramc'tc'is  and  c^'  rc'prc'sc'nt  the'  /tli  verte'x  and  /th  c'diie.  K'- 
sjx'c  lively,  of  two  inlc'iac  linu  polygons.  .\n  c'dgc'  c'"’  may  Ix'  Inrlhc'i  div  idc'd  into  the 
pair  of  vc'iticc's  r  ’  .k'  that  form  its  endpoints.  .\s  we  c  an  sec',  the'  c  harac  tc'i isl ic  s 

ol  fc'alnrc's  from  c'acIi  ol  the  two  ohjc'c  ts  arc'  c'xprc'ssc'd  in  c'vc'rv  contac  t  lacot. 

l-.xac  tlv  whic  h  CS  (c'alurc's  will  Ix'  alfc'c  tc'd  hy  a  Icx  al  change'  c  an  he'  dc'lc'rmiiic'd 
(rom  |■,(|ualions  l.|  and  l.lf.  lor  example',  a  single'  vc'itex  .  ol  the'  stationarv 
polvgoii  mav  interac  t  with  all  c'dges  c""'.  (/  :  0  — '  n  )  ol  the'  moviiui  polv  iioii.  .\nv 
change  made'  to  r^.  say  during  the  apiiarc'iit  invc'isioii  ol  a  Ic'alnrc'  on  oiic'  t  v  pe  A 
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(oiilaci  IfKct.  will  rt'siill  in  siniiilt aiii'ous  cliaiiuics  Immiiu,  iiiadn  tu  all  the  dIIkm'  ii  —  1 
t\|)('  A  I'aci'ts  in  which  is  a  contacting  vertex.  In  addition.  iVoin  l■'.(|nat  ions  1.1  and 
l.L’  we  s<'e  that  also  loiiiis  on*'  ol  tlu'  einlpoints  ol  both  r^_,  and  I  h(M('lore. 
all  '2.111  type  H  contact  facets  in  which  e^  is  an  <Mid|>t>int  paianiet<'r  will  also  chant>e. 
Theix'lore.  modi  Ivin,!!,  a  sin,t!,h'  \<'tte\  on  a  i>olyt'on  will  chan,t;e  a  total  (//  +  '2m] 
contait  facets  on  the  CS.'  .\s  w<'  can  see.  a  considerahh'  d('!;ree  ol  conplinu,  exists 
Ix'tween  desiu,n  parameters  and  motion  constraint  leatnres  that  aic  not  local  to  oidv 
t  In- selecic'd  constraint  featnrc-s.  I'nrt  In-rmore.  this  conplini!,  is  miavoidahle  ,!!,i\ c-n  t  In¬ 
na  t  me-  of  t  In-  mot  ion  c’onst  raint  s  forminu,  t  he-  ( 'S.  and  an  nnderst  andint;  ol  tin-  nat  nre- 
of  tin-  conpliii!!  will  In-  nc-cc-ssary  wln-n  perlenininu,  dc-si^n  since-  a  change-  to  a  local 
const  raint  fc-at  nrc-  on  t  he-  ( 'S  will  lirinu,  a  numln-r  ol  ot  In-r.  pot  c-nt  iall\  import  ant .  ( 'S 
fc-atme-s  "aloii!!,  lor  the-  ride-"'. 

.\s  an  illnstiation  of  constraint  conplinu,.  l  iu.iire-  l.(>  (a)  shows  a  contact  lacc-t 
Ic-atni'c-on  tin-  ( 'S  that  has  In-c-n  sc-lc-clc-d  Iw  a  ch'siu,nc'r.  Vaiiations  im|)osc‘cl  on  this 
fc-at  me-  in  con  hum  at  ion  space-  arc-  mappe-d  to  a  sinuh-  vc-rt  c-x  on  t  In-  st  at  ionar\  polyuon 
in  dc-siun  space-  l»y  nn-aiis  ol  apparc-nt  iiixc-rsioii.  .\s  a  point  on  t  In- sc-h-ct  c-d  ('S  lacc-t 
is  mo\ c-d  alonu  an  {.r.  i/.lt]  pat  h  in  conli.unrat  ion  space-,  t  he-  coi  rc-spoiidinu  chanues  to 
the-  polvuoii  \c-rtc-x  I*.''  the- apparent  iiiNc-rsc- o|)c‘iat  ion  cansc-  the-  selc-ctc-d 

( 'S  fc-at  me-,  as  wc-ll  as  othc-|-  ( 'S  fc-at  nrc-s.  to  c  hanuc-  as  shown  in  I'iunic-  l.(i  (b). 

We  will  nsc- dyna\uic  visnalizat ion  as  a  tool  loc-.xplorc*  paiann-t  lie  conplinu  ninonu 
motion  constraints  dnrinu  clesiun.  Two  propc-rtic-s  ol  apparc-nt  inve-rsion  that  makc- 
dx  namic  ccmstiaint  visualization  possible- and  nsc-lnl  as  a  dc-siun  tool  ate-: 

1.  Design  Direction:  I’arann-tric  <-*  ccnist raint  conplinu  tells  tin-  clc-siuin-i  (il 
what  parann-tc-rs  to  modily.  and  fiil  which  wav  to  U'*  (loc  allv  )  in  ch-siun  spacc- 
in  ordc-r  to  achic-ve  tin-  dc-sirc-d  motion  consliaints  in  c  oidium  nt  ion  space-. 

'2.  Consistency  Check:  I  he- consistc-nc  >  inln-n-nt  in  tln-loi  vvard  mappinu<  c>n 
strains  the-  dc-siunc-r  to  makinu  <  hanue"  'hat  on  /n»»//c/e  in  the-  contc-xt  ol  ma 
nipniatinu  motion  constraints. 

I  hc-sc-  pi'opertic's  satislv  tin-  in-cc-ssarv  anci  snllicic-nt  conditions  lot  u<''tiiiu  vvhat  von 
want  in  a  dc-siun  as  wc-ll  as  |»roviclinu  n>'  with  the- ability  to  pc-rloiin  "what  il  c-xpc-i 
inn-ntsihat  aic- a  in-cc-ssaiy  part  of  t  he- ilc-rat  ion  piocc-ss  in  inic-ract  ivc- clc-''iun. 

A  crucial  component  in  clynamic  \  isnali/at  icni  i-'  the-  abilitv  to  modilv  ainl  ic- 
const  met  motion  const  laints  cpiicklv  so  that  tin-  inlormation  contaiin-cl  within  tln- 
ic-lativc-  latc-s  ol  chanue  amonu  constraints  l«>  paramc-tiic  moililic  at  ions  is  ac  c  c-s>iblc- 
to  tin-  dc-siunc-i.  This  will  rc-c|nirc-  the-  abilitv  to  com|)ntc-  and  displav  the-  ( 'S  and 

■’ 1 1 '111  >\viiiu,  a  Miiiilar  Inii-  d  n-.csi  iiiiim,.  r|iaim.i>  iiiaii'-  In  laii'l>  al^n  |iri>iliiri'  iliaiiiii^  in  (In  utln  i 
(  S  ^l■alllrl■^:  iifni''  ainl  vi'rlii'i'>  lalni''  ari-  iliiab  ii'iiii'ioi'il  nl  laii-K,  ainl  vi  rtii'r>  aii  ln|>l'  l'' 
(■(  iiii|'i  'M  il  I  if  I  ilu,i  s  A>  a  riMill .  Miiall  ^llall,l!l■^  •"  >lia|"'  will  i  li.iniii  laiit  i  ilni  -,  ainl  v  irl  in  t  Ini'- 
having  a  |'i  il  iiil  lalfv  I'rnriiiiiiil  iHi'il  nii  tin-  i>vi  rail  li'|ii'li>,n,v  nl  lln  (  'S 
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I' idlin'  l.d:  An  (’xamplc  sliowiiiff  tin-  con  pi  in*!,  lliat  (wists  Ix'twce'ii  IcHtiin's  on  tin 
('S.  A  |)()lyt!,on  vertex  .s<'le<  te<l  an«l  ino<li(ie<l  hy  a  local  point  on  tlie  CS  pro<lnc('> 
(•lianjit's  that  span  across  a  inmiher  of  ot  her  features  on  tin'  CS. 
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dIIk'I  iiiolioii  const  liiiiit  rcpK'sciit  iil  ions  in  n<';ir  teal  lime  so  lliat  tlic  i>a|)  Ix-twecii 
nuxiilical  ion  ami  constraint  genera  I  ion  is  seamless,  l-or  I  lie  rest  ol  this  clia|)l<'i  we 
shall  assume  such  compnl at itinal  tools  «'\isl.  S<“ction  "i.S.l  smmnarizes  the  kinds  of 
(  om|)nl  at  ional  strncinres.  assmn|)tions  ami  t)|)t  imi/at  ions  necessarv  to  achieve  this 
xoal . 

4.1.4  Topological  vs.  Parametric  Modifications 

In  hroad  terms,  the  ,u,oal  ol  desixniim,  motion  constraints  is  to  lx*  ahle  to  i;<'nerale 
motions.  oi  classes  ol  motions.  I»y  imvins  of  motion  constraints.  So  lai  we  have 
descrilx-d  a  set  ol  ideas,  and  some  Icxils.  that  allow  ns  to  manipulate  the  parameters 
ol  c'xistim;  motion  constraints.  Is  this  all  w<‘  can  do? 

Parametric  modilical  ions  may  he  applied  only  to  those  parameters  that  have  al 
reacly  heem  dc'finecl.  i.e.  an  eNislinu,  lixexi  set  ol  vc'il  ices  (h'serihinti,  a  poly,i>on.  hivc' 
vertices  will  alwavs  descrilx-  a  live  sided  |>oly,u,on.  no  matter  what  values  their  pa- 
ramelc'i's  may  lake.  I  In'ielore.  an  operation  such  as  apparcml  invcMsion  onlv  allows 
ns  to  move' around  within  a  desi»n  space’ ol  lixed  diim-nsion  and  lopoloyv.  lopolox- 
ical  modilical  ions,  hv  which  we  im'an  changes  to  I  h<‘  size  and  topolot;v  of  I  he  desion 
space,  inlrcxlnce  new  design  parameters  (or  eliminate  old  ones)  and  rmidament ally 
cliaim,e  the  class  of  artifacts  tli/it  ritay  he  »efferal<><l.  I'or  e.xamph'.  tiem'calinn  new 
shapes  hy  swec'pim;  an  ohjc'cl  aloiifi,  a  lixi'd  path  in  coidi!;nrat  ion  space',  disenssed  in 
Section  1 . 1 . 1 .  is  a  lopolo,t!,ical  mexiilieal  ion.  .\s  we- mele'd  in  Se'ct  ion  1 . 1 . 1 .  we- e  annol 
in  “ene'ial  linaranle'e'  that  I  he' const  raini  s  prexlnee'd  hv  such  a  lopoloiiical  moelilica 
lion  will  he'  eeeiisisle'nl  with  the'  inle'iiele'el  motion.  I  he'ie'  are'.  heewe'Ve'i'.  se)me'  svve'pl 
me)lie)n  eepe'iat  iedis  vvhe'ie'  this  may  he'  eloiie'  eemsist  e'lil  Iv .  one'  eel  wide  h  will  he'  elis- 
ellsse'el  in  Se'el  ieell  I.J.'?.  1  lie'le'  are'  st  ill  ol  he'i  1e>pe>loyie  al  ele'sii>,n  eepe'iat  ie)ns  that  lliav 

he'  pe'l'led'ine'el  e  emsist  e'tll  ly  eill I  sie |c  t  he'  e  emle'xl  (»f  e  e>nsl  rai  III  i  11  Ve'i  sielll.  l  ol  e'xailiple'. 
the'  initial  spe'e  ilieal  ieeii  ed  meininal  ele'si,u,ns  npe>n  whieh  parame'trie  im)elilieal  ieins  will 
he'  iise-el  to  i I e'lal  i V e'ly  arrive'  al  a  snilahh'  ele'si”n.  Sm  h  miminal  ele'siu,ns  may  he' 
ue'lle'iale'el  eel  se'h'e  le'el  lledlia  laxemeimv  eel  |»ossihilil  ie's.  as  elise'Ilsse'el  in  Se'e  tiem  1.1.1. 

Snell  le)pe»le»i;ieal  iiieee  li  heal  ie  ills  are'  atiraelive'  Ix'eaiise'  I  he'V  alleiw  ns  the'  hixiiiv  eif 
"jninpinn  aiemml’  within  ami  Ix'iwe'c'ii  mull  iph' ele'sii;n  spaee-s.  as  eippose'el  lei  movini; 
variat  ieiiiallv  wit  hiii  a  (ixe'el  eh'sinn  spac  e'  I  hat  may.  or  may  not .  conlaiii  a  valid  sohil  ion 
point.  .\l  the  same'  lime,  wr  have  already  se'c'ii  how  local  chaiiiies  to  a  h'w  I'xistinu, 
parameleis  in  a  lixc'd  e|e'sit!,n  sjiaec'  mav  have'  sinnilieanl  non  local  e'llects  on  the' 
motion  e  einslrainls  in  e  e)nlii;m at  ion  space.  We' can  onlv  imagine  what  e'HecI  addim; 
ami  de’lelini!,  whole  sets  of  parameleis  will  have'. 

('omparinii  the  relal  ivc' si  relict  hs  ami  wi'akm'sse's  of  paramelrie  and  lopoloiiical 
imxlilie  at  ions  of  motion  const  raini  s  we  have; 

Parametric  Modifications: 

(  +  )  I  he  ahilitv  to  lienerale  shapes  Irom  constraints  e  emsisle'iit  Iv . 


/./;  Th(  Dfsifin  of  Motion  ( 'oust raintf 


115 


(  +  )  1  li('  ability  to  ('xplon*  t  lie  iioigliborlioocl  of  a  point  in  flesign  space  and  to  observe 
coupling  between  parameters  and  motion  constraints. 

(-)  Idmited  to  varying  (‘xisting  parameters  that  correspond  to  only  one  class  of 
designs. 

(-)  ConstraiiK'd  to  making  incremental  motions  in  a  fi.xed  design  space.  Suitable 
designs  may  b('  •'distant"  from  a  given  nominal  design,  and  a  st)lution  may  not 
exist  within  tlu'giv<Mi  set  of  design  parainetc'is. 

(-)  Hc'liancf' on  t  Ik'  <'xpect<‘d  smooth  in  ss  ol'  dosigu  s])ace  during  variational  modi¬ 
fications.  it  is  possible  that  for  some  cases  a  siiitabh'  design  ma\’  exist  only 
within  a  very  small  ix'gion  that  conl<l  b<'  by])assed  while  varying  j>aramelers. 

Topological  Modifications: 

(-f)  I’otentiallv  a  great  deal  of  flexibility  in  exploring  diflerc'iit  (h'sign  |)ossibilit ies 
('ncompassing  manv  class<'s  of  d<>signs  (i.<‘.  many  (h'sign  spaces). 

(  +  )  I  Ik'  ability  to  "jump"  between  <l<*signs  that  ai'e  distant  in  tennis  of  design 
paraiiH'ti'rs.  or  are  not  contaimnl  within  the  same  design  space. 

(-)  Difficult  (often  impossible)  to  perform  consistently  in  the'  context  of  inverting 
mot  ion  const  t  aint  s. 

(-)  .\  \'eiy  limited  set  of  viable  design  t<'chni<|nes  exists  for  a  few  a|)plicat  ion  domains. 

(-)  .\dding  and  re'inoviiig  design  variable's.  (»r  e)the'rwise'  ehanging  the-  topole)g\  eef 
the'  ele'sign  spaee'.  eaii  make'  it  diflie  nlt  te>  e  h)se'  in  eeii  a  viable'  eh'sign.  .lumping 
areennel  within  a  de'sign  spaee'  may  eanse'  ns  tei  miss  |)e)l e'lit iall\'  \aliel  eh'signs. 
aiiel  ge'ne'rall\  make's  a  me't  heeelie  al  se'are  h  ed  peessible'  eh'signs  eliflie  nlt  t  e)  pe'rfe)rm. 
.\e|eling  ele'sign  \  ariable's  invariably  ine  re'ase's  t  he' elinie'nsie)n  e)f  t  he' eh'sign  spae  e'. 
also  aehling  tee  t  he'  oxe'iall  e-omph'xity  eif  t  he'  eh'sign  task. 

.\s  we'  ean  se'e'.  the'  stre'iigtlis  anel  we'akne'sse's  ed  jiaranie't  rie’  anel  teiieeilogieal  niexli- 
lie  at  ieeiis  ale'  metre'  eti  h'ss  e'om|)h'me'nt ary  in  nat  me',  Hasie  ally.  we'  wetnhl  like'  as  mne  h 
Ih'xibility  as  peissibh'  while'  at  the'  same'  t  ime' e-ont  reel  the'  eennph'xity  that  we'  must 
eh'al  with.  I  his  siigne'sts  that  a  geteiel  eh'sign  strate'gy  Wetnhl  be-  to  eetmbine'  the'  be'st 
•  'I  both  approae  lie's  w  he'ie've'r  petssibh'.  Spe'e  ilieally.  we'  will  want  te»  take'  aebantage' 
e)l  the'  Ih'xibility  ed  teipeehtgie  al  inetelilieat  ions  e'arl  V  etn  in  a  eh'sign  tet  "ininp  among 
possible'  iietininal  eh'sign  tetpedetgie's  until  we'  finel  what  ap|)e'ai's  to  be'  a  itretmising  e  lass 
ol  eh'signs.  I  he'll,  wile'll  we'  are'  lie'ar  what  we'  hetpe'  is  fe'asibh'  eh'sign.  we'  ma\  mole' 
me't  hetelie  all\  e'Xploie'  the'  loe  al  paraille'te'r  spae  e'  h)!'  possible'  solntienis.  Se'e  tieill  1.1. *) 
eh'se  l  ibe's  one'  me't  he)iloh)g\  a ppi'etpi  iat e'  fed'  eh'signiiig  vibrateirx  betwl  le'e'ih'rs. 
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4.1.5  Interactive  vs.  Automated  Design 

III  our  discussion  so  iar  wv  have  assuiix'd  tliat  the  modificat ions  ueressai\  to  p;euerate 
a  (h'sie,!!  are  to  Ix'  carried  out  by  a  human  desigiu'r  working  interactively  with  a  rep- 
resc'utation  lor  visualizing,  and  set  of  tools  for  maiiipulat iiig.  the  motion  constraints 
that  (h'scrilx' fnnct ion.  W  hat  about  automated  <lesign?  W<' are  able  to  automat ically 
generate  represcnit  at  ions  of  function  in  terms  of  motion  constraints  given  geoinetrx' 
and  ot  Ix'r  parameters  as  (h'scribed  in  ('ha|)ter  2  and  detailed  in  ('hai)t«'r  b.  1  Ix'se 
constraints  ar(‘  mat  Ixunat  ically  |)r('cis<'.  an<l  because  they  are  computer  generated 
tlx'X’  ar('  also  computationally  accessible.  I  herelore.  it  would  sc'em  that  we  should 
Ix'  abh'  to  manipnlat<'  these  repr(‘sent  at  ions  automatically  using  such  tools  as  appar¬ 
ent  inversion  in  order  to  iieribrm  design. 

I  Ix'  kinematic  and  dynamic  constraints  that  wv  considc'r  ('.\|)licit  ly  in  the  mo¬ 
tion  constraint  r(>pr(>s('ntat  ion  are  only  part  ol  a  much  larg<'r  set  ol  potential  design 
constraints,  i.c'.  cost,  machinability.  maintainability.  (Me.,  .\ntomating  these  poi- 
t  ions  of  t  he  (h'sign  task  will  almost  c(‘rtainly  r('snlt  in  t  h(>  g(MXMat  ion  of  man\  useless 
designs.'  The  human  desigtx'r.  on  the  otlx'r  hand,  can  ke('p  more  of  const  laints  in 
mind  whih'  using  this  t(X)l.  In  this  res(>arch  w<>  focus  on  t  Ix'  interact  ive/itnrat  iv(' 
d(‘sign  paradigm  because'  it  jirovides  ns  with  more'  lleNibilit\’  and  is  g<'nerall\’  a  more 
tractable  a|)proach  to  design.  We  will  ther<‘lor<'  hxns  on  the  role  ol  the  cotnputer 
as  a  t(x)l  for  automating  the  task  of  g<'nerat ing  and  displaying  tlx'  ('Nplicit  rc'iiresc'ii- 
tations  of  motion  constraints,  and  allowing  ns  to  inte'iact ively  manipulate'  both  the' 
const  taint  s  and  t  Ix'  |)aranx't  e't  s  de'lining  I  Ix'in  using  such  t(x>ls  as  appare'iit  inve'rsion. 

1  his  ('inphasis  on  inte'iact i\e'  eh'sign  will  also  re'epiire'  ns  to  ))ro(bic('  an  imph'iix'iita- 
tioii  that  is  fast  and  e'llicic'iit  in  computing  the'  ix'ce'ssarx  re'pre'se'iit  at  ions,  bate'r.  as 
W('  gain  insight  into  the'  re'lat ionships  Ix'twee'ii  paranx'te'is  and  constraints,  and  the' 
more'  ge'ix'ial  re'lat  ionship  Ix'twe'e'ii  function  and  motion  constraints,  tlx'se'  tex)ls  will 
also  Ix'  nse'fnl  in  de'xe'leeping  the'  additional  re'prese'iit  at  ions  and  algorithms  ix'ce'ssarx 
to  support  antomate'd  and  se'iiii-antomate'd  de'sign.  whie  h  we  will  brie'fly  discuss  in 
Se'ct  ion  (i.J.d. 


4.2  Design  Functions 

Onr  goal  is  to  ha\('  coiisiste'iit  iiiexlilicat ions  ol  motion  constraints  majiix'd  into  tlx- 
appropriate'  paranx'tric  iiiexlilicat  ions.  Hecalliiig  the'  space'  ol  de'sign  paranx'te'is  dis- 
(  ns>e'd  in  Se'e  t  ion  1. 1  .'J.  \ariat  ional  iiiexlilicat  ions  to  de'sign  paraiix'te'is  ma\'  Ix'  \  ie'we'd 
as  a  path  Ix'twe'e'ii  state's  in  de'sign  space'.  In  this  conte'Nt.  we'  vie'W  de'sign  as  one'  or 
more  Inixtioiis  mapping  de'sire'd  change's  to  motion  constraints.  e'Njere'sse'd  as  paths 

' M\  I  III-  ''.'iMH  -  li'krii .  a  >\ I  lial  aiiloinal icall v  li'  iu  rali's  lai'j;r  m  I >  ol  di  sinii  all i  rnal  i  \ i'\ i-n 
I  III  mull  iiiaiiN  ari  iiiliasilili'  lor  our  irasoii  or  a  not  her.  may  liavo  \  aliir  a>  an  aid  to  hnniaii  disii;iiir> 
Sii  I  Irx  li  [7')]  lor  i  xaiiiiili^  o|  t||j>  a|i|iroar|i. 
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imposed  In'  a  designer  on  a  repn'senlal  ion  of  motion  const  rainl  I'eatni'es.  into  jiara- 
met lie  changi's  represent <'d  as  a  path  in  design  s|)ace.  Moi'e  specilicallv.  dop/;;  Jiiik- 
tioii.'-  are  mappings  from  user  inputs  that  (ij  select,  and  liil  modif\  the  appropriate 
design  parameters  in  t  Ik*  eontc'Xt  of  motion  constraint  modifications. 

.\lt  hough  t  he  al)ov('  descript  ion  implic's  t  hat  design  fiinct  ions  are  intendeel  purely 
lor  modilication  ol  e.xisting  paramcMc'rs.  we  ma\  c’Xpand  the  notion  of  design  Iuik - 
tions  to  include  those'  topohegical  modifications  to  motion  constraints  that  may  he 
pe'rforim'd  consistc'iit  l\'.  In  this  sc'ction  we  will  examine'  examieh's  of  both  |)aram<'t- 
rie  and  topoh>gical  de'sign  functions.  \\('  will  first  consieh'r  parame'tric  innclion"  to 
imph'me'iit  appare'iit  inve'rsietn  for  two  forms  of  motion  e-eenstraint  re'pre'se'iit at  ioii'-; 
contact  faee'ts  ami  planar  sup|)ort  constraints.  We  will  tlu'n  describe'  a  tojnelogieal 
de'sign  e)pe'rator  lor  ge'ne'iat  ing  e  lasse's  of  snppen  t  polygon  ge'eeme't  rie's  ami  eli^cnss  why 
it  may  be'  imple'inente'd  e'oiisiste'iit  ly. 


4.2.1  Apparent  Inversion  of  Motion  Constraints 

1  he'ie'  are'  thre'e'  elisiinet  lnmtie>nal  ee)mi>e)ne'nt s  eef  appaie'iit  in\e'rsie>n  fienii  imitieai 
e  eeiist  raitits: 


1.  Parameter  selection:  Se'h'et  param<'te'r(s|  tliat  are'  tee  l>e'  xarie-el  fienii  thi- 
con>t  raint  re'pre'se'iit  at  ions. 

Input  mapping:  Maj)  the'  eh'sigm'r’s  inte'mh'd  mexiilie  at ieen  tee  the'  se'h'cte'd 
paranie'te'rs  inte)  a  jeatli  in  (.r. //.  d)  e  eenfignrat  ieni  spae  e'.  ’ 


Parametric  mapping:  Map  tlie' |.r. //.  d)  path  toa  path  in  eh'sign  >pae  e-.  spee  if 
ieall\'  te»  the-  se'le'ete-el  paranie't  e'r(  s ).  by  iine'iting  the'  e  i)rie's))e)nding  eenistraint 
e'Xpie'ssieeiis. 

Mecre'  pre'e  ise'ly.  t  he'se'  eepe'i  at  ieens  may  be-  e'xpre'sse'el  in  te'i  liis  eif  t  he'  leilleewing  Iniie  t  ieni'': 


wlie'i'c'  I’f'p"'  '  is  a  pehiit  se'h'cte'd  frenn  the'  snrfaee'  eel  the'  faee't  ami  ,s  is  a 

parame'te'i'  e)r  se't  eif  patame'te'is  frenn  the'  laee't's  eh'sciibing  e'e|natie)n.  len  the'  in|)nt 
mapping,  we'  have': 

r  f  -  n' ( i.ii 


’I II I >11 1  nia|)|>iiig  is  an  art  il’aci  of  I  fii'  lypi-  <  >f  iii|>iii  i|<  \  jia  iisi  il  1  \  iiicallv  I  In-  ini'iii  will  in  i  In 
li'nii  i>l  an  (>lls>  l  in  I  In  scri'i  n  i  (»)r>liiiali  s  of  a  i  iirsDi  v  ia  a  nn'iisi  |i  is  in'i'>"'sai  v  in  map  sin  li 
a  ivvo  vai'ialili  iiipiil  inti>  a  iiniiion  in  ifn-  I ll|•'''■-lliml'llsl<)||al  >  < >iiligiiial  n >ii  spai  i  If  a  tliici-  ilo  f 
iiipiit  ili  vn'i  is  iis'  il.  tin'll  tin  input  mapping  riiti>'tn>ii  mav  In  iintn  iissarv 
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wlu'ir  Pinrui  i'^  'til  input  patli  in  \vlia1<‘v<‘r  spa<<‘  lli<'  (l(‘sii>ii(‘r  interacts  witli  tlic 
constraint  rc|)r<'s('iitati()ns.  and  is  the  corresiroiidiii!'  |)atli  in  coniinurat ion 

spac('.  And  linall\'  we  have: 

T . (.s.  P, ^  (Vcf'''"-''""  ^  s.  /- '  ( rf  ))  ( 1.:, I 

whicli  ai)|)lies  t  Ik*  input  path  in  eoidi,»urat  ion  space  to  t  he  selecterl  paranii'ters.  whi(  h 
are  assnnied  liere  to  consist  ol  poly«on  vertices. 

1  he  al)o\e  Intictions  are  designed  to  operate  on  paranietr'is  descrihing  polygon 
“(‘(jinetry  in  tf'rins  ol  (.r.//)  \<’rtices.  and  motion  constraints  represented  in  {.r.i/.d] 
<  »)nlignrat  ion  s|)a(('.  In  this  res<'ai'ch  we  have  d<'v<'loped  and  inipk'inented  specilic 
ap|)arent  iiu'ersion  Innctioiis  lor  two  constraint  re|)resent  at  ions:  tlie  contact  lacets 
ol  the  ( 'S  and  the  support  tiansition  honndaries  on  the  surface  of  the  ('S.  1  hese 
parameters  and  r<'pres<Mit  at  ions  w«‘re  chosen  Ix'eanse  of  tlxMi  piominence  in  deter 
miidng  tlie  innetion  ol  xilnatoiy  howl  leeders  and  com|>liant  assemhiies  de'sciihed 
in  the  pri’\ions  chapter.  Similar  liinctions  could  also  he  geneiated  to  op(Mate  on 
othei  design  paramet <'is.  such  as  dynamic  s  and  material  pioperties.  a^  wc-ll  as  ina^ 
ni|)ulat  ing  paramcM  c'ls  within  t  h<‘  context  of  ot  lu'icoiist  taint  represent  at  ions,  such  as 
the  lorward  projections  including  discrete  paths  atid  honncled  en<'ig\  ic'gioiis.  Suc  h 
additional  ejesign  lunctioiis  ha\c'  not  hecui  cletailc'd  c»r  ituplc-mc'iited  in  this  repot  t . 


Inversion  of  Contact  Facet  Constraints 


I  he  kinetnatic  constraint  i  (‘present  at  ions  to  he  manipulated  from  the  ( 'S  ate  the 
indi\iclual  contact  lacet  c‘<|uations  1.1  ainl  1.1’ cliscussed  in  Section  I.I.d.  and  ch'iiNcd 
in  cletail  in  Section  'i.d.  1 .  lo  modily  a  cotitact  facet,  the  designei  selec  ts  a  point  on 
the-  snrlace  ol  a  lacet.  I  he  selectecl  point  is  mappeci  to  a  pohgon  xertc'x  h\  nic'aiis 
ol  the  sc‘lection  Innetion  gi\c‘n  hy: 


■  \,H 


I 


I  H 


where  /',  V  '  *  'Hid  /  arc- t  he  sc'lected  point  and  facc-t  as  desc  rihed  in  l'.(|uation  l.d. 

1'^  -  t/H 


and  t  he  selectecl  parameter  s  =  r  /•  ^  is  a  vertex  from  one  ol  t  he  t  wo  polygons 

lormiii'g  the  lac  c-t .  My  dc-lault ,  t  he  edue  vertex  closest  to  the  ( -c.  // )  component  ol  t  he 
selc'c  tc‘c|  '  point  is  chosc-n.  1  herelore.  for  a  ty|»e  .\  facet,  the  vertex  will  he'  from 

polvgoii  A.  anci  v  ise  vc-rsa.  I  his  a  juiori  sc'lection  is,  of  (ourse.  totallv  arhitrarv  and 
cciuhl  he  User  selectecl. 

I  he  input  mapping  Innetion  is  given  hy: 


j-,,.,:.!  .p 

''  <■  s  »  '  , Ill'll 


^{  ■r.  II ) 


where  P,,. 1.1,1  is  a  path  in  the  lortn  ol  an  oliset  in  the  scic't'n  coordinat('s  of  a  c  ursor 
moveci  hy  a  nionse.  I  he  0  ccunponent  of  *  compntc'd  from  )  is  used  to 


/  >. 

/• 
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deli  IK'  an  (.c.  // )  i)laiK'  t  lin)ui>;li  t  hat  point .  As  t  lie  inonsc  is  inovt'd.  t  Ik-  intc'iscct  ion  of  a 
line  |)io jc'ctcd  into  conlimirat  ion  span*'  from  t  Ik-  nionsc  sc  iocn  coordinatos  dotcnniiK's 
tlu'  coricspondiii'!,  oflsct  f'i.r.i/)  t<'|)r<'srnt inu,  tlx-  path  in  configiuat ion  space, 

l  inally.  tlx'  iincrsi'  inappini*  lunction  is: 


III  ■  ‘‘I I  f  ij 

i  s 


[ry^ 


+ 


H-i-.fl)  if 

—  Fol{()}  'd(.r.ii)  ii 


wlicic.  d('p('nilin,n  on  t  he  t  \  pc  of  polvt^on  to  \vhi(  h  ('ach  V('rt('X  con(’S])oiids.  the  offset 
is  added  to  the  selected  \<'itices  F  with  ov  witliont  Ix'inp,  ina])ped  to  the 
ap|)ropiiate  d  orientat  ion  li>  l\ot[(l]  1  Ik- i>uri)ose  of  tlx'  — />o/(d)  inap])in»  is  to 
('iisnre  that  \ariations  to  pol\»on  .\  \<'rt ices  cause  an\'  sc-lc'ctc'd  points  on  the  ty|)('  .\ 
((intact  facets  to  follow  the  input  path  f'i.r.ii).  .Mnitiple  \('it  icc's  mac  fx'  sc'lected 
with  ]  lielore  in\()kin<>  the  lunction  ). 

In  Section  1.1. d  we  discussed  the  iiilieic'Ut  couplinu,  lietwc'c'ii  modifications  made' 
to  a  simple  polvyoii  xcitex  and  the  |■esultinI;  chanues  to  a  nnmlx'i  of  contact  facc'ts 
in  the  CS.  (liven  the  specification  of  the  ahocc'  (lesi!>n  fnnctioiis.  what  mor('  can 
we  say  ahout  the  spe(  ilic  nature  of  thi''  coupliiiij,  duriii'y  apparent  in\('i''ion .’  .\s  we 
not('(l  earliet.  contact  facets  aic  formed  li.v  the  intera(  tion  of  an  edue  Ic-ature  of  one 
ixilyiion  and  a  vertex  of  the  other,  hrotit  tlic'  inverse'  mappin'.i  function  .FFs  ' 

(  an  see  t  hat  a  vai  iat  ion  of  (^f  r.  // )  applic'd  to  a  vc'i  t c'X  of  t  Ix'  st  at  ionai >  pol  \  non  B  will 
slnfl  t  Ix'  portion  of  ('ach  laec't  cont  ainitiu,  that  ve'ite'X.  ('itlx'r  as  a  contactin'^  vi'itex 
or  as  t  Ix' ('ixlpoint  of  a  cont  act  i  nu,  c'dne.  hy  a  constant  amount.  .More'  impoit  ant  ly. 
this  shift  will  Ix'  invariant  in  f.r.//)  across  tlx'  rainye  (I  —  U  '2~.  .\  variation  of 
('(.r.  //)  appfx'd  to  a  vc'ite'X  of  tlx'  mov  iii.u,  polvnon  .\.  hovve've'i'.  will  produce'  an  olfsc't 
in  confi'nnrat  ion  space'  whose'  (.r.//)  orie'iit  at  ion  varie's  as  a  lunction  eil  II.  spe'cificall  v 
—  I  he  re'sultin,i>  e  haiine  vvill  lx*  in  the'  form  of  an  e'xiiande'd  (or 

( exit  rae  tc'd  )  hc'li.x.  f  inure'  1.7  illustrate's  tlx'se'  e'ffe'cts  on  a  space'  curv  e'  de'serihinn  a 
ve'rte'x-ve'ite'x  contact  Ix'tvve'e'ii  polynons  in  {.r.i/.H]  coidinurat  ion  space'  tei  an  (.r.//) 
ollse't  in  tlx'  mov  inn  |iolynon  .\  s  ve'rte'X  auel  te>  tlx'  stationary  |)olv  noti  H  s  ve'ite'X. 

I  he  spaee-  (iiive'  foiiix'd  liv  I  he'  ve'it  e'X-v  e'lt  ('N  eeiiitact  illustrate'd  in  linure'  1.7 
is  e(|uivale'nt  to  the'  aeljace'ncv  Ixiunelarv  Ix'twe'e'ii  two  face'ts.  I  Ix'  e'lle'et  that  the' 
alxiv  e'  t  ransleirmat  ions  vvill  have' eiii  an  e'lit  ire' e  eint  act  lace't  feirnx'd  l>v  a  ve'i  te'x-e'dne' 
( exit ae  t  vvill  de'pe'ixl  oil  wlx't  Ix'i  t  Ix'  Ve'i  te'X  Ix'iii.n  tiiodilie'd  is  t  Ix'  coiit  ae  t  ve'i  te'X  or  an 
e'lxlpoint  of  tlx'  contact  e'dne.  l  i.nnre'  I.S  illustrate's  the'  e'lfe'cts  for  the'  modification 
to  a  nxivinn  Jiolynon  .\  ve'itex  that  is  (a)  the'  eexitact  ve'ite'X.  (b)  an  e'dne'  e'lxlpoint 
ve'ite'X.  and  for  the'  modificat  iexi  tei  a  statioiiarv  polvnoti  B  ve'ite'X  that  is  (c)  the' 
(Oiitae  t  ve'ite'X.  and  (d)  an  ('d'ne  e'ixl|x)int  ve'ite'X.  We'  ixite'  that  hy  a  priori  mappinn 


'lecte'el  point  I’f  'F'  *  lidiii  a  laee't  to  all  e'lxlpoint  ve'ite'X  oil  a  polynexi 


cehne.  we'  arc  coiisl  raininn  llx'  de'sinix'r  to  makinn  onlv  tlx'  nxxlilicat  iexis  shown  in 


I'  i'.;ur('  I.N  (I))  and  (d). 
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\<'rt('\  llial  i"  (a)  tlic  (unlai  t 
H  \<'i1('N  tliat  (r) 


122 


('li(ij)l(i'  j:  Dtsifiii 


Inversion  of  Support  Transition  Boundaries 

I  lie  ( oust  liiiiil  |■('|)I■<‘s(‘lll  at  ions  to  Ix'  inaiiipiilated  (Votn  iIk'  ( 'S  ai('  tlie  support  con¬ 
st  raiiit  boundaries  tliat  intersect  the  ( 'S  snrla<e.  As  descrilx’il  in  Section  2.’).  tlies<‘ 
l>oiitidai  ies  pattition  t  he  snriace  ol  tli<'('S  itito  sn|)porte<l  atid  ntisn|)|)orted  contact 
<onlii;nrat  ions.  1  o  tiiodily  a  ret>ion.  t  lie  d<‘siu,n<'r  s«'lects  a  poitit  oti  one  of  the  hoiind- 
aries.  whiih  represi'iits  ati  {.r.i/.ll)  ptisition  uln're  the'  tnoxiin;  olijc'ct  is  mat7>,inall\ 
''iipportecl  l>y  t  he  support  inu,  pol\  u,on.  I  lie  selected  point  maps  to  a  series  ol  support 
polygon  verticc'sas  descrilxxl  1>\-: 

k!;,:.,,  P -  {■'  ■:  -  =  <. -} 

where  '  atid  ar<' t  he  seh'cted  point  and  t  he  scdect  ed  cont  act  lacc't.  respec- 

ti\ely.  ainl  s  is  a  set  ol  \«'rt  ices  Irotii  t  lu' support  iin;  polygon.  1  he  vert  ices  cont  aitied 
in  are  determitieil  hy  exatnining  I  hose  vert  ic«‘s  atid  t'dgi'  segnu'iit  s  ol  hot  h  t  lu'  ti lov¬ 
ing  and  supporting  jiolygons  that  act  to  support  t  h<‘ nio\itig  oh  j(>ct  at  that  {.r.ii.(l) 
position  iti  ot'ih'f  to  (h'termitie  the  suhsc'l  that  are  <ritical  to  the'  support.  Spc-cili- 
call\.  the  critical  support  poitils  will  all  li<'  along  a  litie.  |)assing  through  tin'  eg  of 
the  object .  oti  otie  side  ol  which  li«’  all  t  he  r<‘tuaitiitig  sttpport  piiitit  s.  1  his  line'  lorttis 
the  axis  about  which  the  moving  object  will  rotat<'out  oftlu'  (.r.u)  plane  as  it  falls 
oil  tin'  supportitig  polygoti.  Sectioti  r)..").'.*  providc's  a  tnore  d('l aili'd  tri'atnn'iit  of  tlie 
planar  support  compntat ioti. 

I  he  input  mapping  I'mict ion  is; 

where,  as  belore.  'P,nr„i  i^  path  in  tin'  form  ol  ati  offsc't  in  tin'  scr('('ti  coorditiates  of 
a  <  utsor  positioiK'd  by  iin-atis  ol  a  mouse'.  I'nlike'tln'  in))ul  mapping  futiction  forCS 
inxi'ision.  the  ollset  corresponditig  to  a  tmetioti  ol  tin'  cursoi-  in  scrc't'ti  ctx)rdinat«'s  is 
mapped  toa  liin  paralh'l  to  t  In' siirlac*' of  I  In' <'oul  act  fact't  at  t  In' si'lected  point 

/  * '  *  atid  per|x'ndicular  t  o  t  In'  d  axis  of  t  In'  <'onligurat  ion  space'.  Tin'  corre'sponding 

ollse't  f'l.r.n)  ahdig  this  line'  lorms  the'  in|)Ut  path 

I  In'  itne'fse'  ma|)ping  function  is  give'ti  by: 

■<■■//))  -  ■.  t  >} 

wln'K'  tin'  ollse't  (*'(./'.//)  is  mappe'el  tee  tin'  e'rilieal  snpixert  polvgeiti  ve'itiee's 
eeditaiiii'el  ill  .s.  I  III'  re'siilt  of  this  mappitig  is  to  move'  the'  critieal  support  xe'itiee's 
r'/'  iti  sin  h  a  wa\  that  the'  sup|x»rt  transit  ioti  bomnlarx'  loial  to  the'  se'le'iti'il  poitit 
s  '  mov  e's  alotig  t  In'  siirlae  e'  eil  t  he'  e  enitae  t  lae  e't  /■'  in  utiisem  wit  h  t  In'  spe'e  ilie'el 
input  pat  h  P,*  'j"  '  *. 

1'  igiiri'  l.!t  shows  t  In'  inv  i'i  se'  mapiiing  luin  l  ieeti  applie'el  to  a  ixiint  eni  I  In'  bomnlary 
ol  ati  misiippoi  ti'el  le'gioii  oil  thi'('S.  win'll' I  In' supped  t  polygedi  vi'fl  ii'i's  ele'li'i  inine'el 
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to  hr  critical  hy  )  f<r<'  lii,i*;lili,!^li1  r<l.  \\<‘  iu)licr  that  as  llir  sr|rct(‘(l  houiidaiA' 

point  OH  tli('  contact  I'acrt  is  moved  Ix'twrrn  IVainrs  (a)  and  (b)  that  tlir  selected 
support  polygon  xc'itices  art'  sliiltt'd.  changing  the  entire  hoimdary’s  position  and 
shape.  1  his  is  yt't  anotlu'f  illustration  ol  the  coupling  hetwet'u  ct)ns1raints  ainl  design 
|>arameters.  in  this  case  Ix'twt'c'ii  tin*  support  transition  honndaries  and  the  snp|)ort 
polygt)n  \('rtic('s.  .\s  \v<'  will  st'e  in  Section  wt'  do  not  havt'  availahh'  to  ns 

analytic  lunctions  dt'serihing  these  honndaries  on  tin-  CS.  and  henct'  ha\('  no  dirt'ct 
iiH'ans  ol  (h'terinining  tlu'ir  Ix'haxior  in  r<'spt>nse  to  design  modifications.  By  means 
ol  a|)proximate  nnnx'iical  computations  hiiill  into  tlx'  appart'iit  in\'ersion  opeiation 
W('  are  ahh'  to  t'mpiricallx'  ohs<'r\<'  the  highly  nonliix'ai'  co\ipling  and  "expt'riment ' 
with  differt'iit  modilicat ions,  oix*  <'xamph' of  which  is  shown  in  l-'ignrt'  l.d.  .\s  with 
t  h('  apparent  imt'ision  ol  the  ct)ntact  lacf'ts  txi  tlx'  ('S.  the  speed  of  com])nting  the 
support  transit  i<xi  houixlaries  is  critical  in  making  tlx'  inv('rs('  ma])])ing  fuixtion 
ns('l'nl  Ibi’  (h’sign. 

I  he  ahov('  design  functions  for  tlx'  apparc'iit  invt'ision  of  cotitact  facc'ts  and  sii])- 
port  transition  honndaric's  r<'pres<'nt  appro.ximat  ions  to  t  Ix' mor<' geix'ial  design  func¬ 
tions  ontliiK'd  in  l•,<|uations  l.d.  1.1  and  1.").  .Mthongh  t Ix' api)roximat ions  in  sonx' 
cas('s  restrict  tlx'  class  ol  nxxlilicat ions  possihh'  for  a  singh'  (h'sign  manii)ulat ion 
st('p.  tlx'\'  are  intc'ixled  to  at  least  span  the  set  of  (h'sign  \ariahl('s  so  that  a  snitahh' 
paranx'tric  (h'sign.  if  otx'  exists,  may  ('v<'ntnally  Ix'  found.  In  gc'ix'ial.  this  will  Ix' 
accomplislx'd  hy  t  he  it('rat  iv('  use  of  a  comhinat  ion  of  t  Ix'  aho\  ('  (h'sign  fntx  t  ions  t  hat 
allow  tlx'  us  to  navigate  our  way  through  (h'sign  s|>ace  using  tlx'  motion  constraint 
r('pr('s('nt  at  ions  as  a  gni(l('.  1  Ix'  act  ual  imph'iiient  at  ion  of  t  lx'S('  fnix  t  iotis  is  (h'scrilx'd 
in  mor('  d('t  ail  in  ( 'hapt('r  "i. 

4.2.2  Out-of-Plane  Swept  Geometries 

In  S('ction  I.I.I  wv  (liscnss('(l  soiix'  of  tlx'  r('lativ('  ad\antag('s  and  disadx ant ag('s  of 
paranx'tric  vs.  topological  constraint  nxxlilicat  ion  ()p('rations.  \\'h('r('  applical)l('. 
topological  oix'iations  give  us  t  Ix'  ahility  to  introdiux'  ('ntir('ly  n('w  class('s  of  (h'sign 
solutions,  along  with  ix'w  (h'sign  param('t('rs.  ('onsid('r  tlx'  \ihrator\  howl  f('ed('r 
('xamph'  in  Sect  ion  d.'J.  wh('r('  oix'  of  t  Ix'  param('t('r  s('t  s  ns('(l  t  o  (h't('rmin(' t  Ix'  f('('(h'r- 
lilt('r  innet  ion  was  t  he  shap('  of  t  Ix'  support  ing  t  rack.  .\s  W('  saw  ahoxa'.  t  he  coupling 
Ix't  W('('n  the  sn|)port  t  ransit  ion  lx)uixlari('s  and  t  Ix'  sn|)port  ing  t  rack  pol  vgon  V('rt  ic('s 
is  \('iy  pr()nomx('d  and  ix)n  liix'ar.  In  trying  to  terminat(' a  gi\('n  part  motion  path 
on  tlx'  CS  hy  having  it  ('nconnt('r  an  unsupp()rt('(l  r('gion.  it  would  Ix'  t('mpting  to 
simply  plac('  sixh  a  r<'gion  in  front  of  tlx'  path  hy  g('n('iating  tlx'  a|)|)r()|>riat('  tiack 
g('om('tr\  inst('ad  of  wrestling  with  tlx'  constraints  imp()s('(l  hy  tlx'  ('xisting  track 
g('()nx'trv.  In  fact,  wr  can  consist('nt  ly  (h'liix'  such  a  function,  which  W('  icier  to  as 
t  Ix'  ctiloiil  liiiiclion. 

lignre  1.10  (a)  illnst  rate's  a  polygonal  part  in  the  jilane.  \\('  Ix'gin  hy  se'h'cting 
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(a) 


(b) 


(c) 


Figure  t.lO:  (Jeneialiiig  a  support  t rack  (  utoiil . 


ail  {x.i/.O)  configuration  of  the  |)art  wlu’re  we  wish  it  to  transition  (Voin  a  supporti'd 
to  an  unsui)port('(l  stat('.  Next,  wc  specify  the  direction  in  which  w('  want  the  part 
to  fall  1)\-  (h'fining  an  orieiit('d  lin<‘  through  th«'  part  eg.  This  liiu'  i-epri'scuits  tlu- 
axis  about  which  th('  part  will  rotat<‘  out  of  tlx'  (.r.//)  plane'  at  the  gi\en  position. 

To  generate'  the'  traek  ee)nte)ur  that  will  alle)w  this  e)nt-e)f-plane'  ineUieui  e)f  the'  part 
we'  ge'iie'iate'  a  shaiie'el  eute)ut  from  the'  traek  ee)rr('spe)nding  le)  the'  part  ee)nte)ur  e)n 
the'  nnsuppovU  d  sieh'  e)f  the'  fall  axis,  as  she)wn  in  Figure'  1.10  (c).  We'  ean  think  e)f 
the'  eute)ut  funetie)n  as  using  the'  part  as  a  se)rt  eef  'Van  e>pe'ne'i  "  hv  relating  the'  part 
aheeiit  the'  fall  axis  te)  swe'e'p  e)ut  a  pe)rtieHi  eel  the'  traek  (b).'' 

riie'  al)e>ve'  eh'seript  ieeii  e)f  the'  eutout  funetie)n  eh'als  e'xclusive'l\-  with  the'  part 
anel  traek  ge'euue't rie's.  whe're’as  we'  have'  Ix'e'ii  leeeusing  e)ur  atte'iitieui  e)n  the'  uie)tie)n 
eeeiistraint  re'pre'se'iitatieeiis  to  eh'serihe' functie)!).  What  ele)e's  t  he' eutout  funet  ie)n  !e)e)k 
like'  in  te'rms  e»f  the'  su|)poit  transit  ieui  l>e»unelarie's  on  the'  CS  in  eeiniigurat  ie)n  spaee'? 
I'igure'  1.1  I  sheews  the'  re'sult  eef  aeleiing  a  e  nte)ut  at  an  {.r.i/.O)  point  een  a  CS  faee't.  In 
the'  ieh'al  ease',  the'  unsuppe)rte'el  re'gie)n  ge'iie'iate'el  hy  the'  eutout  would  appe'ar  simielv 
as  a  single'  pe)int  e»r  small  re'gieui  een  the'  e'ontaet  (ace't  surface'  at  the*  eh'sire'el  {.r.i/.d) 
e  e)nligurat  ie)n.  In  re'alite'.  he)we've>r.  a  nuiulee'r  e)f  adelit  ional  nonde)e'al  unsupporte'el 
re'gie)ns  are'  alse)  int  reeelue  e'el  eui  the'CS  surfae  e'.  Flif'se'  aeldit  ie)ii,d  unsuppe)rte'el  re'gieuis 
arise'  fre)m  the'  simple'  faet  that  a  he)le'  ge'iie'iate'el  Idr  a  |)art  te)  dre)|)  threiugh  in  eine' 
eerie'iit  at  iein  eleie's  neit.  in  ge'iie'ial.  pre've'iit  jiarts  in  e)t  he'r  e)rie'ntat  ieens  freun  falling 

''.As  <l<'s(  rilic(l  ill  Sfciidii  ’).7.  I  In'  iiiiplciiK'nicd  e'liloiit  fiiiirlioii  j^i'iii'ralcs  a  roiivrx  a|i|iroxiiiial  imi 
111  tlif  ciiioiil  ('(Piiloiir  <l('scril)<'(l  here.  In  addilioii.  lo  prc.si'rvc  llir  iiiis-zcru  inpoloRv  nl'ilii- 
sii|)|i()il  iiiR  Irack  polygon,  llir  niloiii  is  ronncrii'd  l<>  lln-oiilcr  Irack  <(11110111  where  iiecessare 
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t  liioiitili  well.  I  Ih'  Kxiitioii.  iiiiiuIkm'.  siz<‘.  iiinl  sliapc  ol  llioc  a<l<lit  ioiial  icuioiis 
ai'c  (let  (‘I'll  I  i  lie  1  l>\  t  lie  locat  ion  and  sliapc  ol  t  lie  t  rack  <  iitoiit  contoiii .  which  in  turn 
Is  (let  ('I'liiincd  l>\  the  chosen  {.I'.ii.ff)  conlinural  ion  and  lall  axis  orientation  l(»r  the 
ciitont.  As  eN|)(‘cted.  tlie  topological  iiiodilicat  ions  created  hy  the  entont  Innction 
add  coni|)lexity  as  well  as  Ilexihility  to  the  desi<^n  task  In  introdnciim  a  nuiiiher  ol 
new  |)olvi!,on  \('rti((‘s.  ( 'out  rollinu,  t  his  addit  ioiial  complexity  while  at  t  he  same  t  iiiie 
takinu,  a(lvantai;(‘  of  the  ahility  to  introduce  an  imsiipported  reiiion  at  an>  arhitrarx 
l(»cat  ion  on  t  he  surface  of  t  Ik'  (  'S  is  t  he  ma  j(»i  chall(‘nii,e of  nt  ili/inii  t  he  cutout  liiiict  ion 
as  a  (lesi!>,n  tool. 


W'e  noted  in  S(‘ction  I.I.I  that  t  he  shap(‘  creat(‘(l  l>\  sw(‘epinn  out  a  |)art  aloiin 
a  (lesir(‘d  path  in  conli!>nrat  ion  space  sat  islied  the  nec(‘ssar\  conditions,  hut  not  the 
sullicient  conditions  for  the  desired  motion  constraints  aloiii’  that  path.  Does  tin' 
cutout  lunct  ion  above  sat  isly  hot  h  t  he  n(‘C(‘ssary  and  siidicii'iit  condit  ions  lor  pi(»(lnc- 
ins*  t  he  (l( ‘sired  mot  ion  const  raint  s.  and  il  so.  why .’  \\(‘  r(‘call  Irom  S(‘ct  ion  I.I.I  that 
th(‘  prohh'iii  with  tin'  swept  shap(‘  i>,(‘n(‘rat ioii  appr(»ach  was  tin'  lact  that  tin'  volimn' 
sw('pt  out  hv  th(‘  lixed  ohject  on  oiu'  portion  ol  tin'  sp(‘cili(‘(l  path  could  (‘liminat(‘ 
shap(‘  f(‘atnr(‘s  that  w(‘r(‘  n(‘C(‘ssary  to  constrain  th(‘ohj(‘ct  alonii  aiiotln'i  portion  ol 
th(‘  path,  as  illustrati'd  in  |•'i^>ur(‘s  1.2  and  l.d.  If  W(‘  imaiiiin' t  h(‘  rotation  ol  tin'  part 
out  of  th(‘  (.r.//)  |)lan(‘  as  a  jiath  in  a  his*,h<‘r  diun'iisional  conliiinrat ion  spac(‘.  tln'ii 
onl\  th(‘  point  correspondint!,  to  tin'  />((////»/»(/ ol  tin'  path  is  ((UitaiiK'd  within  tin' 
low('r  diun'iisional  {.r.ji.O)  slic(' ol  that  space*.  .\s  a  re'snit.  tin*  support  (oiist  raint  s 
pro\  idl'd  hy  t  In*  t  rack  at  t  In*  ( .r.  ().(> )  posit  ion  wln'ii*  t  In*  out  -ol-plain*  pat  h  In'i^ins  an* 
not  alh'ct  ('d  hy  any  ot  Ik'I' point  aloiiu,  t  In*  n'luaiinh'r  ol  that  jiatli.  Hy  t  his  ariiuiin’iit . 
tin*  sliapi'  ^('in'rati'd  hy  tin*  swi'jit  out -of-plain*  motion  ju-ovidi's  tin*  inti'inh'd  motion 
constraints,  i.e*.  support  constraints,  at  t  he  si'h'cted  (.r.i/.fD  point.  \\('  an*,  how- 
('\('r.  ii;norinj»  an  important  additional  lactor  wi*  in',u,lect  tin*  ri'iiiaiinh'r  ol  tin*  part 
motion  outside*  the*  {.r.n.O]  plain*.  In  particular,  we*  could  imau,iin'  a  casi*  wln'ie*  tin* 
half  of  the*  part  on  t  In*  snpporte'd  side*  of  the*  fall  axis  is  K'/e/t  c  t  han  the*  iiiisiipporte'd 
half  iise'd  to  ne'in'rate*  the*  cutout  conteuir.  In  this  ease*,  a  jiart  ma\  rotate'  out  ol  tin* 
plane*  as  (h'sire'd.  hut  he'come' eaiit!,ht  in  tln'e  uteuit  rathe'r  than  lallinii  oil  the*  trae  k. 
In  this  re'se'arch  we*  are*  assuiiiinu,  that  the*  parts  are*  thin  e'noU!>h  e'om|)are'el  to  tln'ii 
(./'.//)  dime'iision  that  we*  could,  if  ne'ee'ssary.  e  iit  an  aelditional  narreiw  .'lot  alon»  tin* 
fall  axis  whose*  l('nu;th  ('xee'ede'd  the*  wide'st  creiss-se'et ion  eil  tin*  |)art.  1  his  slot  would 
h('  swe'pt  out  hy  the*  part  as  it  re'ache'd  a  ve'itieal  orie'iit  at  ieiii  and  tln'ii  slid  downward 
in  the*  — :  diri'ctioii.  .\lthoiU!,h  an  iin'ie'j>ant  solution,  such  a  slot  would  allow  tin* 
part  to  slide' e)lf  the*  trae  k  while'  at  the*  same*  time'  Vi't  he*  narrow  e'noui;h  so  as  not  to 
compromise' t  In' su|)i)()rt  characte'risties  ol  parts  in  ol  he'r  orie'iit  at  ions  in  tin*  plain*. 


liunn’  1.1  1:  Multiple  misii|)|)(»rl  e<l  re,u;iuiis  gnieratecl  on  llie  ( 'S  1)\  llie  ciitonl  lime 
I  ion  iipplied  to  ii  sini;le  ( ./■.  //.  0 )  eonli,c,uriit  ion  (indicated  liy  tin-  "1’"  in  t  lie  t  op  liu,ni<‘ ). 
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4.3  A  Toolkit  for  Visualization  and  Design 

III  tins  sect  ion  wv  »i\  ('  ii  I  iriof  overview  of  an  impU'iiu'iitcd  sot  ol  t  ools  that  loriii  a  <0111- 
pntational  on\  ironiiiont  ioi  visualization  and  d<‘si!;n  <  ailed  cspace-shell.  Spo<  ili- 
cally.  wo  \(‘  s('lo(t(‘d  tin'  roprosont  at  ions  lor  the  ( 'S.  niiiiiorically  intot>,ratod  lorward 
projoot  ions,  and  unsnp|)oit  od  r(‘!'ioiis  on  the  CS  siirlaco.  wliicli  are  a  snhsot  ol  the 
iiiotioii  constraint  roprosont  at  ions  disciiss<‘d  in  ('lia|)tor  2.  I  Ids  snhsot  was  clioson 
hocanso  it  will  ho  siifticiont  to  1  ('prc'sont  hot  li  t  lio  ctnii pliant  |)o<y-in  hole  assoiiihly  and 
\  ihrator\  howl  Idodor  oxaiiiplos  d<'scriho<l  in  Section  d. 

4.3.1  Assumptions 

Most  ol  the  lollowinu,  the  assniiipt  ions  made  in  ( ()iii|)nt  iny  motion  constraints  have 
hoon  discussed  in  ('arlit'r  cliapti’is  hut  arc'  ropc'att'd  In'ro  lor  coiiiplotonoss.  Whore 
appro|)i  date,  wo  note  assiiiiipt  ions  that  are  iini<|iio  to  spocilic  appliiatioii  domains. 

•  Ohjocts  ar<'  modeled  as  inlitiitoly  ri,i>i<l  jilanar  polyuoiis  that  do  not  (haimo 
shape  lunh'i'  applied  loads. 

•  1  In'  (h  namics  uo\'orninu,  ohjoct  moli(»tis  are  assiimod  to  ho  (piasi-st at  i(  :  hody 
forces  duo  to  wlocit  ios  and  accolorat  ions  ol  t  ho  ohjoct  s  are  considered  nouliiiihlo 
in  comparison  to  static  forces. 

•  I'.Nt ortiallv  applied  lories,  such  as  i^ravity.  are  assumed  to  ai  t  throiiuh  the  rel 
erence  point  ol  the  movinu,  ohjoct .  lor  the  \ihrator\'  howl  leeder  oNample.  we 
assume  t  his  point  to  he  t  he  ohjoct  s  center  ol  !>ra\  ity  eg.  w  hereas  lor  t  he  coiii- 
pl  jant  assemhl\  e,\am|)le  the  reference  point  is  t  he  remote  cent  or  ol  com|)liance 

(l{('(h. 

•  1  he  contact  hot  ween  the  iiiox'iiii;,  ohjoct  and  plane  ol  motion  is  assumed  to 
he  frict  ionless:  reaction  forces  occur  solel\  hetween  liolxyon  /nu/ni/n/vi  >  in  the 
plane  ol  mot  ion. 

•  In  the  \ihratory  feeder  examples,  we  assume  that  parts  move  aloiiy  the  track 
indix  idnally.  xxith  contacts  occiirriiuj,  oiilx  hetxxeen  the  part  and  leeder  xxall 
no  stackinu  or  himchinii  ol  jiarts  is  considered. 

•  Out  ol  plane  mot  ions,  such  as  hoppint;  ol  part  s  on  ii  x  i hi  at 01  x  leeder  t  rack,  aie 
assumed  to  he  nei;liu,ihle  in  comparison  to  implane  mot'ons. 

•  I'arameters  are  kiioxx  n  exact  lx.  and  part  motions  aie  modeled  a^  heinu  com 
pletely  detenniiiist  ic. 


.1  loolkil  for  I  isiializnlioi)  and  Dfsif/ii 
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4.3.2  Overview  and  Layout 

I  lie  main  i’mict  ions  coiitaiiird  witliin  cspace_shell  art': 

•  Interactive  GUI  mouse  l)ase(l  input  via  lull  tons,  sliders,  and  surlaee  point 
selt'ct  ion. 

•  Geometric  modeler  iepi<'seutatiou  and  manipulation  of  planar  polygons. 

•  Motion  constraint  visualizer  eugiiu-  for  rapid  computation,  displav.  and 
intc'irogat  ion  of  motion  constraint  representations. 

•  Apparent  inversion  functions  paranuM ric  s('lect  ion  and  maniiiulat ion  \  ia 
const  rain!  represent  at  ions. 

•  Parametric  coupling  visualizer  liiglilight ing  ol’  motion  constraint  features 
<'oupl<'d  to  s('l(‘cted  polygon  \ertic<'s. 

•  Functional  verification  num<‘rical  simulation  and  animation  of  i>art  mo- 
t  ions. 

•  UNDO!  can  plav  with  shai)es  atid  constraints  without  d(‘st roving  ('\isling 
designs. 

•  Feeder  path  optimizer  nuideriiig  of  mot  ion  path  thickiu'ss  is  |)roi)ort  ional 
to  th('  |)rol)al)ility  of  part  (Mitc'ritig  a  fe('d<'i'  in  a  gixc'ii  orientation,  fei'di'is 
passing  thicker  paths  liavr*  a  higher  average  throughi)nt. 

Figure  1.  i'J  shows  t  he  layout  for  t  he  main  int<'rfac('  wit  h  cspace-shell.  l  lu'  largi' 
window  on  tli<’  lelt  displays  the  various  motion  constraints  in  (.v.ij.O)  conligurat  ion 
space.  I  he  \  iewiug  angh’  and  zoom  lor  this  window  are  ci)ntroll('d  hv  the  \  i<'w 
buttons  in  the  lowt'r  left.  1  h«'  three  smaller  windows  on  tlu'  right  ar('  from  1o|)  to 
bottom:  the  dis|)la\'  for  the  moving  polygon,  the  displa\’  for  the  stationarx  polygon 
(and  track,  if  included),  and  t  h<'  obi<'ct  position  and  animation  dis|)la\  window. 
I  he  slidc’is  in  the  bottom  c<'nter  cxuitrol  llu*  resolution  to  which  the  a|)proxima1(' 
unsupi>orted  r<’gi»)ns  ar<’  com|)uted  on  tlu'  CS.  tlu'  dirt'ction  of  the  ajipru'd  torce  to 
t  lu'  moving  poix  gon.  t  he  radius  of  gyrat  ion  ol  t  he  mox  ing  polygon,  and  t  he  co('(Iici<Mit 
of  friction  between  thenioviugaud  stationary  polygons.  I  he  two  small  radio  buttons 
above  tlu'  to|)  right  ol  the  large  motion  •'onstraint  \i('wing  window  allow  tiu'  usiu  to 
seh'ct  between  apparent  in\<’rsion  of  (i)  tlu-  contact  faci'ts  forming  tlu'  ('S.  and  Ini 
the  support  transition  boundaries.  Mu'  buttons  across  the  top  ol  the  ligure  control 
\arious  ot  her  lunct  ions  including:  lih'  I/O.  modi'  select  ion.  undo  ol  last  modilicat  ion. 
cutout  function  selection,  motion  path  computation,  and  path  animation.  I  lu'ie  are 
two  other  wiiulows  (not  shown)  that  max  Ix'seleiti'd  x  ia  the  mode  si'lect  ion  menu. 
I  he  lirst  is  a  ri'iuh-ring  control  window  lontaining  a  palette  of  d’J  ( olors  that  are 
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1 'iiiUK'  l.rj;  Main  urapiiical  interlace  lor  cspace-shell. 

\ari<‘(l  l>\  means  of  an  ilS\  color  wliei'l.  and  snrla<  <‘  propt'i  l  i»'s  lor  tlie  lit>,htini> 
model  (i.e.  sliininess.  s|)ecnlaril \ .  etc.)  that  are  \aried  In  slidi'is.  I  lies('  colors 
and  properties  are  used  to  displax  the  ol>j<‘Cts  and  <ons1iaint  surfaces.  I  he  s('(a)nd 
window  contains  slideis  and  Imllcms  for  niodilvin^  tlu'  sc'tliims  lor  tlu'  appar('nt 
inx’ersion  desinn  fnnclions.  the  cntoul  fmiction.  an<l  lor  si'ttiin;  tlu'  initial  positions 
lor  motion  patlis  in  (onipliant  assembly. 

4.4  The  Design  of  Vibratory  Bowl  Feeders 

lo  demonstrate  the  use  ol  t  lu'  ['(‘present  at  ions  and  manipulation  tools  descrihed 
al)o\<‘.  we  will  now  return  to  the  vilnatorv  howl  h'edei  example  introdiua'd  in  Sec- 
t  ion  d.'J. 


4.4.1  Design  Parameters  and  Constraint  Representations 

l  iu.nre  l.ld  shows  the  dl)  polyhedral  and  correspondim;  planar  models  intro<lnc('d  in 
1'  i nitre  d.  1 0  from  ( 'hapter  d  t  hat  we  used  to  icpresc'nt  the  howl  le('det  wall,  t  lack.  and 
the  parts  to  he  oriented.  If  we  iiu  hide  the  si'l  ol  dynamics  |)arameteis  comprisinn 


/. /;  I  III  Di  sii/ii  of  \  iliriilorii  lidirl  I  fnlii'.-i 
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I’imirc  l.l;{:  A  poIvlK'dial  iiuxU'l  of  a  port  ion  ol  tlic  It'ccN'i  track  near  lli('  oiith't  ol 
the  l>o\vl  (top),  and  an  ('(piivalcnt  planar  nuxN'l  \  icucd  lioin  alxnc  (lx)tti)inl. 

tlic  applied  force  and  tnaterial  piojx'ily  paranx’tf'is.  tlxMi  we  lia\('  a  total  ol  four 
sets  of  desiiiii  paratneti'fs  with  whi<  li  to  work. 

I  he  deuiic'e  of  coiiplini;  hetween  d('si,u,n  parainetc'r  motion  constraints  that 
we  illustrated  in  Sections  1.1. d  and  I.J.I  is  not  complet('l\  i;lol>al  oi'  all  inclusive. 
Katlx’f.  (lilh'ient  groups  ol  |)aianx'lers  cont  rol  and  ar(' cont  rolhxl  hv  dil|er('nt  motion 
(onstraints  that  form  a  ront;h  hiv’iarcliv.  as  illnstratvxl  In  I'iRiire  l.l  1.  Spt'cilicallv : 

•  th('  kinetnatic  cotist  taints  r<'pres<'nte<|  In  tlx-  ( 'S  an'  d('t  ('i  mined  solelv  In  the 
part  atid  howl  wall  inti’raci  ions. 

•  the  sn|)port  transition  hoimdaries  on  tlx-  CS  are  deteiiidix'd  In  the  interaction 
hetween  the  part  aixl  track  (and  also  the  howl  wall  sin<('  the  su|)port  lexiom 
are  int('rsected  with  the  ('S).' 

'  I  lie  iniiiililin  l>il  vvicii  cliaiijvis  III  tlx-  howl  Wall  aixl  I  Ix'  sii|i|iort  I  raiisil  ion  hoiiinlarx's  i>  .act  n.illv 
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•  the  iidward  projections  are  <let<'rinin<‘<l  l>\  the  il\'iiaini(s  parameter^  an<l  the 
(’S.  incliKliiiu,  tile  support  ret^ioiis. 

As  we  liirtlxM'  and  Inrtlier  const  lain  tli<‘  set  of  possiMe  niotioiis.  start  inu,  at  tin- 
top  ol  tin-  lii!,nre  witli  tin-  Kasic  kiin-iiiatic  const  raint  ^  icn  tin-  ( 'S  on  clown  to  tin- 
non  l\inc‘inat  ie  const  laint  s  that  inodiiec-  the-  output  motions,  tin-  moticni  coiistiaints 
lic-comc-  mole-  aiicl  more-  lic-a\ily  conplc-cl  to  tin-  prc-cc-dinii  in|)iit  paraiin-tc-rs.  \\c- 
caii  \  isnali/c- c-acii  sc-t  ol  paramc-tc-is  mc-l aplioric  all\  as  an  input  desimi  "kiiol)’  that 
wc-  can  \ar\  to  c-llc-ct  chaii‘yc-s  to  the-  <>,i\<-ii  output.  1  he-  sc-ric-s  ol  kiiohs  illnstratc-d 
iti  li'.i.iirc-  1.11  also  ollc-r  clnc-s  lor  cont  rolliiiii  the-  cannplc-xit  \  of  the-  fc-c-dc-r  clc-simi 
t  ask.  S|)c-c  ilically.  t  he-  hun  r  t  he-  kiic»l)  in  t  he-  chain,  t  In-  lowc-r  t  In-  ch-urc-c-  ol  conplin<j, 
l)c-twc-c-n  that  kiiol)  and  tin-  ot  hc-r  constraints,  lor  c-.\amplc-.  c  han'.>inu,  tin-  dynamics 
paramc-tc-rs  (lowc-st  kiioh)  will  chan<!,c-  tin-  loiward  inojc-c  t  ions  (output  iiiotionsi  Init 
Ic-avc-  the-  rc‘mainin<r  motion  constraints  nnchan<>c-c|.  On  tin-  otln-r  liainl.  chan<yin<y 
c-it  hc-r  t  In-  part  or  howl  wall  yc-oiin-t  ric-s  ( top  knohs)  int  rodiicc-s  chanii,c-s  in  t  In-  mot  ion 
const  raitits  that  propaiJ,<il<’  thron“h  all  ol  the-  snl)sc-c|nc-nt  constraint  rc-pre-sc-nt  at  ions. 

I  hits,  tin-  iiipnt  ktiohs  in  l  i<j,itrc-  1.1  I  can  In-  xic-wc-d  as  lortiiitn’,  an  in\e-rtc-d  pyramid 
of  coiiplinii,.  atid  In-iice  c|c'si!;n  c-omplc-\ity. 

1  In-  hi-clirect ioiial  arrows  hc-twc-c-n  tin-  (Part  Bowl)  — -  CS  ainl  (CS  Track) 
>  Supported  CS  itidicatc- 1  In  -  c-.\ist<-ncc  -  ol  hot  h  lor  ward  and  apjiat  c-nt  -  in\  c-rsc-  ma|)- 
pitiu,s  axailahle  hc-twc-c-n  tln-s<-  paratin-tc-r  «V  constraint  rc-prc-sc-nt  at  ioii'.  while-  (Sup¬ 
ported  CS  Dynamics)  — >  Motions  is  ciirrc-iit l\  otil>  a  lorwatcl  mappiim.  An- 
otln-r  sc-t  of  ch-sii>n  knohs  coiin-s  rroiii  tin-  noti  paratin-t ric  track  cutout  limction  ol' 
Sc-ctioii  l.lVJ.  wln-rc-  wc-  ma\  sc-lc-ct  tin-  {.t-.i/.O]  position  of  tin-  cutout  as  wc-l|  as  tln- 
oric-nt  at  ion  ol  tin-  lall  a.xis.  Ih-cansc-  tin-  track  entont  Inintion  is  ;i  non-parann-t  ric 
opc-rat  ion.  t  In-  hic-rarchic  al  i;ron|)int;  ol  t  In-  parann-t  ric/const  raint  conplim>,  ilhist  ratc-d 
in  l  i'ynrc-  l.l  1  does  not  appl\.  .\s  a  rc-snlt.  invoking  tin-  e  ntont  hiintion  ma\  alh-ct 
any  and  all  const  raint  s  at  an\'  lc-\  c-l.  and  In-ncc-  makc-s  t  In-  cont  lol  of  dc-siiin  comph-xit  \ 
tnorc-  clillicnlt . 

4.4.2  Radial  Part  Symmetry 

Accorclim;  to  l  imirc-  1.1  1.  the  sc-t  ol  parann-tc-rs  dc-sc  rihiny  tin-  pait  >ic-omc-ti\  arc- 
tin-  most  hc-a\ily  coii|)lc'cl  to  motion  constraint  rc-prc-sc-nt  at  ions  ol  an\  ol  tin-  dc-siyn 
paramc-tc-rs.  1  his  is  not  sm  prisintJ,  since- it  is  I  In- part  ^c-omc-t  r\  upon  wide  h  t  In- c-nt  irc- 

aii  .'irt  ilai'l  <  >1  mir  l|('(•isicl||  to  r<  |>ri-s<  nl  < nily  tin-  iiil<  im  <  li<‘i)  Ix-t  wi  rii  I  hr  ( 'S  ( li ininil  !)>  I  In-  |i;iri  ami 
liiiwl  wall)  ami  llm  urmral  {j-.  j/.d)  siiiiporl  mnst raiiils  disciissril  in  Sriticni  ‘J  1  -t  ami  ilhisiraird 
III  I  ijiliri  II  Wr  Wrl’r  to  |■r|)|■r^.l'|lt  tll<-sr  sl||i|i<irl  <i  >nsl  Pa  i  I  It  s  (lllrillv  .a,-  .imillirf  Slirlaci  III 

II  iiiliniiral  inn  s|iai'r,  thrii  ihr  (  'S  winihl  he-  ci>il|)|i-(l  in  tin-  pari  ami  Imwl  w.all,  wlurras  llir  siippml 
11  iiisi  raiiil  siirl'ai  r  woiihl  hr  ccpiiplrd  in  ihr  pari  ami  ili'  sii|ipnri  Irark  I  lir  additmnal  i  niipliim  wr 
lirlwrril  I  hr  hnwl  Wall  alld  I  llr  sllppnll  Cnlml  railll  s  Wr  haVr  ill  I  inlirr  I  I  I  m  mil  nl'lllr  priir>  Wr 
pa\  (nr  a  siiii|dilird  iiintinii  I'nimiraiiil  irpri  M  nial  inn. 


Hn  Dt  sufn  <>l  1  iltralorii  lioirl  1(1111 1> 
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Part 

>  Kinematic 

J  Constraints 

Bowl  ^ 

Wall 

SuDDort 

^  ^  Supported 

1  N  Y  Constraints 

Track 

Dynamics 

^  1 

Parameters 

Part  Motions 


l  iu.mc'  1.1  I:  .\Ifi|)|)iii,!;s  Ix'l \v<hmi  <!<‘si,u;ii  |)ai7im<‘t(M's  and  motion  constraints  xicwod  as 
d<'siu,ti  "l\nol>s  . 


r(‘('d(‘r  dcsiirn  is  dascd.  \\('  !ia\('  slr<‘ss(‘(l  all  aloiiii,  that  it  is  tin'  iiili  niclioii-''  Ix't wcmmi 
slia|x’s.  rat  lior  t  lian  t  lie  indi\  i<lnal  slia|X's  t  licinscKx's.  t  hat  ( h't ermine  Ini ict  ion.  With 
this  in  mind.  ar<’  there  any  s|x‘cili<'  inopeit  ies  ol  a  part  s  Geometry  wi'  mii>,ht  locus 
npoii  initiallx  when  coiisiderinu,  inl<'racl ions  with  a  yi't  to  lx-  d('si!;ne<l  Icxxh'r.’  In 
particular,  we  know  that  helore  a  part  r<-aches  and  intc'iacts  with  the  portion  ol  the 
howl  I'eedei'  that  we  will  hx  us  our  atl»'ntion  on  in  desiyiiim;  a  motion  lilter  (i.e.  the 
linal  setmieiit  ol  |ee(ler  t  lai  k  near  llx' output  ol  the  leed(’r).  thi‘  parts  will  Ix'  soiteil 
nat  urall\  into  oix'  of  t  heir  initial  orient  at  ions  hy  intei  act  ions  with  a  h'at  un'h'ss  howl 
wall  (see  Section  •{.■_').  In  this  initial  soilini;  o|)eration.  the  (xinstraints  |)ro\i(h'd 
h\  both  the  howl  wall  and  sn|)porl  in.u,  lra<k  are  important,  althouuh  in  some  smise 
trixial.  That  is  to  sa\.  we  consider  the  howl  wall  to  he  locally  straiiiht  and  tlx' t  laik 
wide  eiiou'ih  to  support  an  iudivi<lual  part  in  an>  oimuit at  ion.^ 

l  iirure  l.lo  illustrates  the  radial  s\nnnetr\  ol  a  part  in  (ontact  with  a  straight 
howl  wall  expresseci  in  teinis  ol  th<‘  <listanc<'ol  the  pait  s  reh'it'iiee  point  Irom  the 
wall  as  a  limction  ol  the  oiient  at  ion  ol  llx'  part.  I  Ix'  curved  ares  represemt  contact 
Ix't  wei-n  a  simih'  vert <’N  of  t  he  part  aixl  t  he  si  raiirht  wall,  while  the  cusps  Ix't  ween  tlx' 
curves  re|)resent  a  contact  hetwi'en  an  edy<' ol  the  pait  and  the  straii;ht  wall.  1  his 
represent  at  ion  of  a  part  s  radial  synmx'l  i  y  is  xlso  r('lerred  to  a'-  the  l■(lillll>  J  tin  cl  ion  ol 
the  pait  [dl].  and  is  one  characteri/at  ion  of  the  inheK'iit  svnmx'trv.  oi  lack  therc'ol. 

''Ill  I  (Tins  I  if  I  lie  (loinn  ill  1 1 II I  kiiolo  ( >1  I  iv.xr''  II  I  ■  i  Ix'  s('(  <  iixl  ;iiii  I  i  In  is  I  kix  d  >  Iciv '  in  >  l'<■'■||  ('llciT 
III  I  lii>.  pi  <iiii . 
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of  a  planar  ohjccl.  WV  liav('  st'cii  the  radius  fiuiclidii  a  mmila'i  of  tinx's  Ix'lorc. 
altlioiigli  in  a  slightly  diUcic'iil  lorin.  I'ignrc  l.Ki  shows  a  v  iew  of  a  ( 'S  lornicd  hv  the 
part  in  Figure  1.1”)  intc'ract  ing  with  a  |)orlion  of  a  straight  wall.  In  l-igiire  l.Ki  wt- 
ar('  looking  along  the  .r  axis  of  the  (.r.fi.O)  eonlignrat  ion  space  so  that  we  are  seeing 
the  11  \  s.  0  pi'ofih'  of  the  ( ‘S.  1  he  enrx’ed  sni'la<'es  ol  the  facets  and  \alle\s  hetween 
th('in  are  the  radius  rnnctit)n. 

hVoni  a  (h'sign  point  of  vi('w  t  h<‘  part's  syinnx't  rv.  as  characterized  hy  th<‘  radius 
function.  r<'pr<’sents  what  w(''r(' givc'ii  to  work  with.  S|)ecilically.  the  cusps  lorined 
hy  th('  <'dge-<'dg('  contacts  in  Figure  1.1”).  corix'sponding  to  the  edge-(‘dg('  valleys  on 
th('  CS  surface.  ar<'  a  sup<'rset  of  the  stahh'  initial  ori<'nt  at  ions  into  which  a  part  will 
settle  as  it  move's  up  the  track.  I  lu'  re'lative'  heights  of  these'  eusps  in  the'  raelius 
futietie)!!  are'  a  ine'asuie'  e)f  the'  ><  jxudhilil  fi  (A  the'  varieuis  stahh'  part  e)rie'ntat  ieeiis.  .\ 
|)ait  whe).se'  eusi)s  are  all  at  ne'arly  the'  same'  he'ight  (i.e'.  elistanee'  of  the'  eg  fre)ni 
the'  he)wl  wall)  is  ne-arlx'  symme'trie-.  anel  t  he'ie'lore'  its  stable  orie'iit  at  ions  are'  ne'arly 
inelist ingnishahh'  freun  e)ne'  anothe'r  as  me'asnre'el  fre)m  the'  wall.”  .\  part  with  at  h'ast 
euie'  e-usp  e'asil\’  elist  ingnishahh'  from  the'  ot he-rs.  on  t  he-  e)t  he-r  hanel.  is  more'  like'lv  te) 
he'  se)rte'el  hy.  lor  e'.\am|)h'.  a  lee'eh'f  with  a  simple'  narre)we'el  traek. 


4.4.3  The  Integration  of  Part/Feeder  Design 

The'  meet  ie)n  e  eenst  raint  re'pre'se'iitat  ieetis  we'  have'  elevehepe'el  leer  heet  h  analysis  anel  eh'sign 
are'  ge'iie’ral  e'lieutgh  t  hat  t  lie'v  alh)W  meeeliiicat  ieens  te)  he  maeh'  tee  t  he'  lee'elor  ge'omet  ry  in 
t  he' same' way  as  tee  t  he' ge'eetne't  r\' e)f  t  he' part  he'ing  fe'el.  In  fae  t .  t  he' teeeels  anel  metheeels 
eh've'h)|)e'el  se)  far  eh)  ne)t  elist  inguish  hetwe'e'ii  lee'eh'f  anel  part.  'This  is  significant 
he'e  anse'.  whe're' pe)ssihh',  re'eh'signing  a  part  see  as  te)  make' it  e'asie'r  t  ee  eerie'iit  e  an  re'eluce' 
t  he'  mmdee'r  anel  ee)m|)lexity  eef  le'epiire'el  fe'e'eling  eleviee's.  In  aehlit  ion.  re'eh'signing  part  s 
te)  a  ne'W  me)eh'l  e)f  an  e'xisting  pre)eluct  may  alh)w  lor  the'  re'iise'  e)f  e'xisting  te)e)ling 
anel  e'ejuipme'nt . 

I’art  re'eh'sign  may  alse)  make' se'iise'  fe)r  a  nnmhe'r  e)f  e)t  he'r.  me)re' te'e  hnie  al.  re'ase)ns. 
hirst,  as  we-  saw  in  higiire'  l.l  I.  the*  part  ge'e)me'try  elire'ctly  eh'te'rmine's  e'aeh  anel 
e've'r\-  me)tie)n  ee)nst  raint  re'pre'se'iit  at  ie)n.  fre)m  the'  CS  te)  the-  idrwarel  pre)ie'ct  ie)ns. 
I  he'  ee'iitral  re)h'  e)f  part  ge'e)nie'tr\'  in  the'  h'e'eling  eepe'catieen  pre)vieh's  a  gre'at  eh'al  e)l 
(h'xihilit  \'  it)  eh'sign.  In  aehlit  ieeii.  the'  eh'gre'e'  e)f  raelial  sytnme'try  eh'te'rmine'el  hy  the' 
part  ge'e)me'try  eh'te'itnine's  the'  se't  e)f  initial  eerie'iitat  ie)ns  we'  will  liaxe-  te)  lilte'r.  as  se'e'ii 
in  Se'etieen  1.1. ‘J.  as  we'll  as  the-  eh'sign  strate'gie's  te)  he-  e'm|)h)\e'el.  as  we'  will  se'e'  in 
Se'e  t ie)n  1.  l.(). 


'( '(iiisidir  ill'-  rxirenir  ca.sc  wlicri’  vve  :ir<'  Iryiiij;  to  <lisi  iiigtiisli  lictwa'cii  slaMi'  orient  .at  i(>ll^  of  a 
ciri  iilar  disk.  I  he  r.adiiis  fiuxtioii  for  six  li  a  part  would  lx-  a  hori/ontal  line,  indicating  that  (h) 
tlnri-  were  no  liniti-  st.alih'  orientations  cliar;xlerized  hy  a  cusp,  and  (h)  the  ori<'nt  at  ions  of  the  part 
were  indisi injrnishahle  froni  one  aiioth'  r. 
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l  inur*'  l.Ki:  I  he  ifulial  syniiiK't ry  ol  a  part  hy  llu'  CS  as  xiewecl  along 

t li«'  .r-aNis. 

4.4.4  A  Coarse  Taxonomy  of  Feeders 

Motion  constraint  representations,  sneli  as  the  CS.  provich'  a  detaih'd  and  complete 
f  lrarac(<'f  i/a(i<ni  <d  (he  liiMcfion  <'jnl)odi<*d  in  ohjc'ct  interactions.  .Mlhongh  this  detail 
is  necessaiv  holli  to  ensur('  that  a  given  design  will  function  as  intended  as  well  as 
provide  a  means  of  id<>nt ilying  and  manipulating  critical  features,  it  can  Ix'  somewhat 
overwhelming.  1  his  is  es|)ecially  true  in  the  early  stages  of  a  design  task  when  there 
is  little  or  no  prior  ('.\|)erience  to  guide  the  search  for  a  snitahle  tlesign.  Ideally,  we 
wonld  like  to  he  aide  to  (|nickl\'  and  api)roximately  (h'termine  what  classes  of  ohjt'cl 
g<'ometries.  vi<'wed  as  r<'gions  of  a  d<*sign  s|)ace.  an*  likcdy  to  contain  ])romising  cU'- 
signs.  Si)eci(ically.  Ix-fore  generating  any  detailed  motion  constraint  reiiresentat ions, 
we  wish  to  select  an  initial  feed<-r  g<*onH'trv  from  a  (jiialitative  taxonomy  of  feeth'r 
geometry  classes.  I.ven  a  coars<'  taxonomy  for  th«'  classes  of  feeder  geometri(*s  can 
he  nsefni  in  a  nnmher  of  ways  in  tin*  design  of  a  feeder.  In  particnlar.  we  can  use  th(‘ 
laxonomy  to; 

•  .\id  in  s<'|ectinga  rough  initial  set  ol  geom<'tri<’s  for  feeder  c'ompoiK’nt s  that  ar(‘ 
lik<  !>■  to  he  "close"  to  a  snitahh'  lee<h'r  d<’sign  in  terms  of  an  initial  i)osition  in 
tlu'  space  of  design  parameters. 

•  Indicate  what  sets  ol  |)arameters  (<h*sign  knohs)  should  Ix'  varied  to  achic'vi' 
the  desire<|  lunctioiial  |)roperties  (i.«*.  sugg<'sl  a  rough  dir<'ction  to  s('arch  in 
d('sign  space)- 

•  l*ro\ide  the  basis  for  a  (pialitative  mapping  hetween  class<'s  of  feeder  shape's 
ami  motion  eonstraint  features  in  conligurat ieui  space'. 


/  / . 
i’  r 
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Simple  Profile  Non-simple  Profile 


Bowl  Wall  Polygon 

Shviphl  11  till 

Shaptil  Wall 

Track  Polygon 

SlrtiKilil  htuk 

Shapttl  Track 

liil)l<'  1.1:  .\  coars*' (a.xonoiny  ol  l«H‘(ler  coiiipoiu'nt  shapes. 


( '(>ini)l<'.\ity  I’rofile  ( '(Hiihiiialioiis  I)osip;ii  N’ariahlos 


1 

Straight  Irack  .V  llerwl  Wall 

Track  Wieltli 

-> 

Straight  IraekiV  Shape'el  He>wl  Wall 

Wall  Dyiiattiics 

Shape’el  I  rae  k  .V  Merwl  Wall 

Iraek 

1 

Sha|)e’el  Irack  ,V  llexvl  Wall 

Traek  .b  Wall  tb  Dynatiiics 

lal)le  l.'i:  I’ossihh'  romijiiiat ions  lioiii  lli('  ieeder  taxonomy. 


1al)l<'  1. 1  illustrates  an  <‘.xt |■<‘nH'ly  <oais(‘  taxonomy  lor  the  shajx's  of  tlx-  traek 
and  howl  wall.  The  distinction  Ix-twcx'ii  a  simph  profih' and  a  uon-situph  i)roiile  in 
l  ahle  1. 1  is  l)as('d  on  t  h('  size  of  t  h<'  le<‘d<*r  f<‘at  ur('  as  compared  to  t  Ix’  size  ol  t  Ix’  part . 
Houghly  spc'aking.  a  feeder  featuix'  (such  as  an  <'dg('  or  sc'iit's  of  (>dg<'s)  that  is  larger 
than  Iwict  tlx'  size  of  a  part  may  Ix'  consid<>r<‘<l  a  simph'  featnn'  Ix'canse  it  is  locallx' 
('(piivah'nt  to  a  straiglit  <’<lg('.  Wlial  we  an*  hx)king  for  from  noii-siniph  l)owl  wall 
featnn's  ar<'  contact  facc'ts  on  tlx-  snrfac<‘  of  tlx’  CS  that  ar<'  fornx'd  hy  int enact  ions 
withijart  (eat ure's  t  hat  are' not  ae  ee'ssihle- hy  a  st  raight  wall.  h'e)r  t  he- snp|)ort  track,  we' 
are’  le)e)kiiig  Ibr  snppeert  tiansitie)n  feature's  that,  threengh  le)eal  inte'iaet ie)ns  with  tlx- 
part  ge’e)nx'try.  |)re)elue  e' snpixx  t  re'giexis  t  hat  are' elist  ine  t  ly  elilfe're’iit  acre)ss  t  Ix' stirfae  e' 
ejf  tlx'  ( '.S  in  the'  0  dinx’iisiexi  (i.e’.  elistiixt  suppe)rt  re'gie)ns  lor  elilfe’re’nt  e)rie'ntat  ie)ns 
e)f  the-  part).  I  he-  inte'ipre'tatie)!!  e)f  this  elist  inet  ieeii  is  aelmit  te'elly  ratlx'r  vagix'.  hbr 
e'.xample'.  lor  twee  .siinplt  le)ng  e'elge's  me'e'ting  at  a  sharp  angle'  tlx-  ve'ite-x  aixl  lexal 
e'elge' se’giix'llts  eexdel  he' eeeiisieU'ie’el  a  iion-siiiipli  fe'ature’.'" 

I  ahh’  l.'J  give's  an  e'liimx'rat  iexi  e)f  t  he'  lexir  pe)ssihle'  eomhinat  ie)ns.  e)r  fe’e'eh'r  e  lasse's. 
ed  e’iit lie’s  Irexn  lahle’  l.l.  alexig  with  tlx’ir  re’lat  ive’ eh’sign  ee)m|)le’.xity  anel  tlx’ele’sign 
paranx’te’r  se’ts  (kneihs)  that  must  he’  twe’ake’el  te)  eihtain  a  eh’sign  within  the'  gi\e’n 
e  lass.  1  Ix’  e  e)m|)le’.xity  se’i  ve’s  Ixitli  as  an  inele’x  tei  a  e  lass  as  we’ll  as  a  epialit  at  ive' 
ranking  e»f  the’  e’xpe’ete’el  eliflienlty  e»f  ele’signiiig  a  give’ii  lee’eh’r  elass  as  nx’asiire’el  hy 
the’  nundie’r  e)l  eh’sign  variahh’s  anel  the’  ant  ieipate’el  ele-gre’e’  eif  paranx’te’i-e-onst  raint 
eeinpling.  De’spite’  the’  eeiarse’ix’ss  e)f  lalile’  1.1.  the’  elasse’s  in  lahle’  l.'_’  highlight  a 
numlie’r  eil  inte’ie’st  ing  anel  iise’fiil  epialit  at  ive'  prejpe’i  t  ie's  eif  fe'e’eh’r  eh'sign.  l  eU'  e’xample'. 
in  heet  h  e  lasse’s  /  anel  ./.  t  he’ simiilie  ity  e)f  I  Ix’ st  raight  heiwl  wall  e’sse’iit  iall\'  re’ixle’i  s  t  he’ 
elynamies  paranx’te’rs  use’h’ss  the’  parts  will  re’inain  eeinst raiix’el  within  tlx’ir  stable’ 

' "WV  (|iiiilif\  1  his  v.tKiii’iK’ss  hy  not  inn  •  hal  a  coarse  laxononi,\ ,  i  veii  if  ii  |)ro\  ides  initial  n’'oinei rii  s 
that  turn  out  to  he  dislanl  Iroin  the  final  desinii.  are  ii.sefnl  for  ni'inn  ns  a  place  to  start  onr  search 
for  a  het t er  (li'sinti. 
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Simple  Profile  Non-simple  Profiles 


Bowl  Wall 

(<i)  Slrai</ht 

(h)  Prol riisioii 

{(■)  ( '(I rill) 

Track 

(dj  SI  1-0111111 

(( )  Prntnisioii 

(f)  ('aril a 

lal)l«‘  1.3:  ,\  slio;litly  n'liiu'd  la.xoiiomy  t)l  IVhhIcm’ coiiipoiuMit  shapes. 


orient  at  ions  as  t  he\-  pass  along  the  wall.  'The  only  (h'sign  \arial)les  wc  ha\-e  a\ailal)le 
to  ns  in  these'  f’ee'der  classe's  are'  t  he)se'  ele'fining  the  t  rae'k  prolile'  (elass  -i)  anel  its 
le)eatie)n  re'lative'  tej  the'  l)e)wl  wall  (elass  /).  In  te'rms  e)!  inotie)n  ee)nst raint s.  we'  nnist 
re'ly  se)le'l\'  e)n  inodilieat ie)ns  te)  the'  support  re'gions  on  the'  CS  to  filte'r  part  nu)tie)ns. 
In  (class  I)  in  partieular.  the'  sne  ee'ss  e)r  lailnre' ol  a  le'e'ele-r  eh'sign  will  he'  ele'te'iinine'el 
hy  varying  e)ne'  i)aranie'te'r  spe'e-ilying  t  he'  Irae-k-howl  wall  e)ffse't .  I  he'  snece'ss  e)r  lailnre' 
e)l  this  elass  e)l  le'e'eh'r  will  he-  ele'te'iinine'el  hy  the'  eliderent  iahility  ol  |)arl  eirie'iit  at  ie)ns 
inhere'iit  to  the' part  ge'eiine't  ry.  as  give'ii  hy  t  he*  raelins  liinet  ion  inSe'ctie)n  l.Ki.  Class  .y 
alleiws  ns  to  utilize'  eh'taih'el  part  ge'oine'try  lor  the'  ])nrpe)se's  of  elifferent  iat  ing  ine)tie)n 
paths  einly  hy  ine'ans  eif  var\  ing  the'  support  interaet ions  he'twe'e'ii  the'  part  anel  traek 
e'e)nte)nrs.  lTe)ni  the'  motion  eeinst raint  re'pre'se'iilat ions  this  moans  that,  as  for  class 
( I ).  we  ean  only  manipulate' t  he' support  transition  he)unelarie's  (alhe'it  me)re' e^eiinjik'N 
anel  leiealizahle'  one's)  on  the'  C.S  surfaee'. 

Classe's  anel  /  from  lahle'  1.2  involve'  inte'ract ions  he'twe'e'ii  a  |)art  anel  non- 
siiii/jh  howl  wall  le'aturos  that  may  alleiw  for  the  differe'iit  iat  ion  of  niotie)n  paths 
he'voiiel  what  is  inhe're'iit ly  given  hy  the'  part  ge'onie'try.  S|)e'cilieally.  lor  elass  (J)  we' 
may  mani|)ulat('  paths  een  the*  CS  hy  ehanging  (ij  the'  dynamics,  anel  (ii)  the'  heiwl 
wall  profile'  to  re'elire'et  the'  individual  motieen  paths  of  the'  parts."  In  elass  f/j  we' 
have  the  e-omhine'd  effects,  and  there'fore'  eomple'.xity  due'  te)  cenipling.  e)f  all  se'ts  eif 
ele’sign  variahle's.  I'inally.  we'  note'  that  he)th  classe's  (J)  anel  in  whieh  the'  traek 
pre)file'  is  nnn-.s'miph .  are'  juelge'el  nK)re' ee)mple'.\  than  siiiiph  e)r  noii-.siDijtU  heiwl  wall 
pre)file's  he'e  ause' e)l  t  he' highl\' eeiuph'el  anel  ne)n-rme'ar  nat  me' e)f  t  he' sup|)e)rt  transit  ie)n 
heumelarie's  as  ne)te'el  in  Se'e  tie)ii  1.2.1. 

riie'  fee'ele'r  ta.xeiiiomy  illust rate'el  in  lahle*  1.1.  anel  the'  fe'e'ele-r  e  lasse's  ele'iive'el  freini 
it  in  lahle'  1.2.  |)re)\iele'  us  with  a  re'ase)nahly  ee)arse'.  lirst-eiit  greiuping  eif  the'  hasie- 
le'e'eh'r  h'atiire'  type's  we'  we'ie'  leieiking  le)r  te)  he'giii  the*  eh'sign  |)re)ee'ss.  One'  |)rohle'ni 
with  using  the'se'  table's  in  tlie'ir  pre'se'iit  fe)rm.  he)we've'r.  is  that  the'y  elo  ne)t  elire'etly  tie* 
in  te)  any  partieular  elassilieat  ie)n  e)l  the'  motie)n  eeuist  raint  h'at  lire's  in  eeinligurat  ieiii 
spae  e' t  hat  we'  will  ha\e'  te)  use*  in  e)ur  se'are  h  fe)r  meire'  eh'taih'el  eh'signs.  lo  aehlre'ss  t  his 
she)rt eeeniing.  we'  will  ge'iie'iate'  a  .s//e//)////  me)re'  eh'taih'el  taNe)ne)niy  e)f  le'e'eh'r  h'at  lire's 
she)Wii  in  lahle*  1.3.  Ihe*  hasie'  elifle'ie'iiee'  he'twe'e'ii  lahh's  1.1  anel  1.3  is  a  iiiiiie)!' 
re'line'ine'iit  eif  the'  te'iiii  iioii-.siiniih  inte)  twe)  siih-elasse's  eh'iieit  ing  pre)t  rusieins  fremi 

''I  ii(i>rl  iinatcly.  in  iIh'  im'scni  ri'iiri'sciilat  ie)n.  e-han,u,<'s  i<>  iln-  ( 'S  will  ahn  prudin'r  rhanno  in 
I  ln' sn|i|>i>rlr(|  |■('^!,i()ns  on  I  lie  snriacc  of  |  hr  ( 'S.  Sit  Srclion  1.1.1. 
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iui«l  cinitics  ill  (‘IiIk'i  i\  track  or  l)o\vl  wall  prolilc.''  I  he  iiii|)or( ant  diHereiif c  here  is 
t  hat  eh-iiieiits  Iroiii  t  his  reliiK'd  taxoiioinx  may  he  mapia'd  into  t  h<‘  set  of  (jiialit  at  i\ cK 
distinct  mol  ion  c»)iist  raint  h'al  iires  in  coiili^iiral  ion  space  ^iven  helow.  W e  use  h'l  I er 
indic('s  to  the  elements  ol  lahh'  1.3  to  a\’oid  conrnsioii  with  the  leeder  (  lasses  ol 
lal.le 

(a)  I  he  slraii2,hl  liowl  wall  j>rodnc(‘s  a  series  ol  parallel  \alh'\s  rmmiii!;  ])<'rpendic 

iilar  to  the  (I  a.xis  ol  the  {.i.t/.O)  conliynral  ion  space.  I  hese  \alleys  rorni  a 

"washhoard  like  siirlace  made  np  primarilx  ol  l\p(‘  H  contact  facets,  which 
act  to  constrain  and  jL!,nide  the  nainrallx  diirerenl  iaied  stable  orientations  of  a 
part  aloii.n  the  wall,  as  shown  in  I'it^nre  1.17  (a). 

(b)  .\  prol  rnsion  Iroin  I  he  howl  wall  produces  a  ridye  across  I  he  siirlace  of  the  ( 'S  in 

I  he  direct  ion  (tl  I  he  conli,i!,nral  ion  space,  shown  in  l  i'ynre  1.17  (b).  ,\  ridsi^e  is 

typicallv  made  up  ol  hoth  l\'pe  .\  and  l\pe  H  lacels.  and  servi's  to  dillerent  iai  e 
mol  ions  lull  Ik'i  than  is  possible  wit  h  the  valle\  s  in  (a)  because  nian\  part  s  of  a 
uivcii  path  are  across  a  single  contact  lac«'t  and  lh(M’efore  ma\  be  maiiipiilaled 
by  adjust  n  lent  s  to  the  d\namics  parameters  as  well  as  to  I  Ik'  facet  s  t  henisel  ves. ' 

(c)  .\  couca\il\  in  the  bowl  wall  jirodnces  a  valle,\'  across  the  CS  surface  in  the  0 

direction  as  shown  in  l'i,t!;ure  1.17  (c).  I  his  \alley.  also  consist iiiu;  i>('nerally  of 
both  l,\pc  .\  and  t\pe  H  facc'Is  also  acts  to  dillerent iaie  motion  paths,  or  in 
some  cases  ma\  be  iisecl  to  loinhiiit  motion  paths  (i.e.  part  rc'oricMil  iiii!,). 

(d)  .\  si  rai.i>,ht  track  prolile  (within  the  hall- width  ol  a  part  from  the  bowl  wall)  will 

produce  supported  re,u,ious.  or  /w.s.s<.'>.  aloni;  dec'per  \all('\  s  on  the'  ( 'S  surface, 
as  shown  in  l  iu.iire  I.IN  (d).  If  the  strait>hl  section  of  the'  track  is  not  parallel 
to  the  slraii2,hl  portion  ol  tin'  wall,  the  passes  will  become  widc'r  or  narrowc'r 
aloiii;  the  .r  direction  ol  a  CS  valley. | 

(e)  .\  protrusion  Irom  the  track  pi'olih'  may  prochne  isolalc'd  islands  within  unsup¬ 

ported  rei;ious  oi'  enlin'  swaths  «»l  support  on  I  hc'  ( 'S  in  the  0  direction  of 
coulii>ural  ion  space,  as  shown  in  I'ie.iire  l.|S  (e).  Moth  isolated  islands  and 
sup|)orled  swaths  are  ralhei  nseh'ss  alone  since  I  hc'y  aic'  not  reachable  bv  an\ 
paths  slailint!,  outside  the  unsnpporlc‘d  rc'ij,ions.  l-oi-  this  rc'ason.  track  piotru 
sions  are  typically  combined  with  bowl  wall  protrusions  to  form  passc's  across 
riclires  on  I  hc'  ( 'S  so  l  hat  some  cliU'erc'iil  iaied  pal  hs  aic'  supported  whc'reas  ol  hers 
aic  unsupported  as  the  parts  rotate  and  lianslatc'  across  the-  track  surface. | 

'‘A);aiii.  \vi'  <lis(  iiinMisli  III  iwnii  s/opi/i  anil  cmiic-s/cic/i/i  li-al  iuis  liasiil  mi  iIh-  rilalivi'  si/i  nltlii 
I'l  al  iin-  III  a  pari . 

'■’\\i'  will  iinl  liiitlii'i  III  i  iiiiiiiiTali-  lln-  linn  pussilih  ruiiiliiiialiuiis  nl  lln  Imwl  wall  ami  Irark 
I'li  iiH'iii s  Iri nil  I  alili’  1  It 


l  ii’iiif  1.17:  .\  laNoiioiny  ol  CS  fcalun’s  in  (./■.. 7. <()nliKnrat ion  spac*'  for  (liirtMcnl 
(  lassos  ol  l)o\vl  wall  prolilcs. 


Tilt  Disifiii  (if  I  ihriilorn  liinrl  i'ltdtis 


(d) 


(e) 
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!•  imirr  1 . 1 N:  At  iixoiioiiiN  of  mol  ion  const  raini  leal  iircs  in  (r.  ii.O)  coiilimirat  ion  space 
lor  (lillereiil  (  lass<'s  ol  support  track  jn'oliles. 
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(f)  A  <'()ii(a\  it  v  in  tin-  track  prolik*  will  pixxincc'  unsii|)|)t)i'1('(l  regions  across  tlic  ( 'S 
that  may  apjx'ar  as  isolat('<l  islands  or  entire  swaths  along  the  I)  direction,  as 
shown  in  l-igiin'  I.IS  (f).  I  nlikr'the  su])|)orted  regions  in  case  (e).  how(‘\('r. 
these  nnsn|)|>ort('d  rc'gions  may  h<>  v<'ry  nst'l’nl  hy  t  lumiseha's  since  tlnw  ma\ 
he  us(‘d  to  int('rce|)t  and  terminate  s<'h'ct<'d  motion  paths.  I'lie  track  prolih' 
prodnc(’d  hy  the  cutout  op('ration  r>l  S(‘ction  1.2.2  |)rodnc('s  such  featm'es.T 

1  I  lu'  support  rc'gions  geiu'iatc'd  on  the  CS  lor  cases  (d)  -  (fj  assnme  a  simple  CS 
snriace.  as  in  case  (aj. 

\\v  could,  ol  course.  geiK'iate  «'ven  fiiuM'  taxonomi('s  of  feedc-r  features  than  those 
giv<'n  in  (dther  lahh'  1.1  or  lahh'  l..'{.  llow«'ver.  lln-re  is  a  tradeolf  hetw('en  the 
inlormation  gaiiu'd  from  a  liner  classilicat ion  and  both  lh('  incrc'ased  six('  and  add<'d 
comple.xity  ol  iiuh'xing  and  int<Mpr<'t  ing  th<‘  comhiuations  of  fe  .tnrc'  types.  Detaileil 
taxonomies  have  in  lact  heen  <le\('loped  lor  more  general  types  of  le('der  than  ai'e 
treated  lu'i'e  {svv  Hoothroyd  <'t .  al.  [js]).  I  h<'  <lisad\antagi'  ol  such  classilicat  ion 
schemes  (|nickly  hecomes  a|)parent  wIkmi  we  ohs<'r\<'  minor  change's  made  to  a  leeder 
g('oni<'lr\'  within  a  given  class  producing  major  change’s  in  lee'de'r  Ix'havioi-.  making 
it  nece'ssarx'  to  re'line'  eve'ii  lurt  he'r  t  he*  classilicat  ions  forming  the  t  axonom\ .  Iiirt  her- 
more.  the  notion  ol  similaritx' among  classilieat ions  is  not  easily  re'presented  in  le'rms 
ol  pro.xitnity  withiti  such  a  taxonomy  similar  e  lasse’s  could  he'  plaee’el  in  elilfe'ie’iit 
re'gions  wlu'ie’as  marke’diy  elilh'ie’iit  e  lasse's  coulel  fx'e'ome’ e  le)se’ly  greeupe’el.  The'se'  we’ie' 
among  the'  primar\'  motivations  he'hinel  exir  ehe)ie-e  of  me)tie)n  ee)nst  raint  s  vs.  raw  ge’- 
otiie’try  as  a  re'iue'se'iitat  ieen  eel  lunetion.  Onee'  again  we'  st  re’ss  that  the’  primarx  reek' 
eel  the’  t axe)ne)mie’s  eh'scrihe'el  he’re'  is  to  iele'iitifv  promising  lee'eN’r  elasse’s  with  whieh 
te)  .shirt  the’  eh’taih’el  ele’sign  proee’ss  that  We’  will  eh’serihe’  in  the’  fe>lle)wing  se’etieen. 


4.4.5  Design  Strategies 

Among  the’  ke’y  aspeets  e)l  an  int  e’laet  i  ve’ ele’sign  |)ro<e’ss  are':  (i)  ge’tting  starte’el  with 
a  ne)minal  eh’sign.  (ii)  iele-nt  ilying  anel  feellem  ing  |)re)mising  elire’e  t  iejiis  in  ele’sign  spae  e’. 
(iiil  eerganizing  the’  se’areh  her  snitahh’  ele’signs.  aiiel  tirj  limiting  eeemph’xity  tee  a 
manage’ahle’  le’xe’l.  In  te’iliis  eel  the’  eeeiiee’pts  pre’se'iite’el  pre’xieensly.  the’  taxe)ne)m\'  eef 
le’e’eh’i'  ge’emie’t  lie’s  eh’serihe’el  in  Se’etiejii  I.I.I  is  inte’iiele’el  le)  |)re)viele’  us  with  a  simple' 
se’t  e)l  suit  able’  initial  le’e’ele'i-  ele’signs.  while'  the'  me>t  ie>n  eeenst  raint  re’pre'se’iit  at  ieeiis 
Ireem  Se’et  ie>n  2.2  anel  the’  eh’sign  fmietieens  fremi  Se'etiem  1.2  alleew  ns  tee  e’valnate’ 
aiiel  mexlily  le’e’eh’r  ele’signs  anel  eehse’i  ve’ t  he’  e'lfe'e  ts  e>f  t  he>se'  me)elilie'at  ieeiis  elynamie  alix 
(  Se’et  ie)!)  I .  I I  he-  last  t  wee  aspe’et  s.  e)rganizilig  emr  eh’sign  aet  i  vit  ie’s  anel  eeent  reel  I  ing 
eeemph’xity.  ha\e’  he’e’ii  partially  aelelre’sse’el  in  Se'etieMi  I.I.I  ele’seiihing  the’  e’lfe’ets  e)f 
elilh’ie’iit  "ele’sign  kiieehs  een  the’  re’lat  iemsliip  he’twe'e’ii  vaiieuis  ele’sign  |)arame’t  e’ls  anel 
meelieen  eeuist  raint  re’|)re’se'nt  at  ieuis.  What  re’iiiains  is  tei  inte’giate’  the'  re’pre’se’iit  at  ieeiis 
anel  te)e)ls  iiitee  a  iiii  IIkxIoIoiui  le)r  ele-sign. 


/  / . 
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III  Seel  ion  3.L*  \vc  illiisl  inU'd  a  luiicl  it>iial  <l(‘s<  i  i|)t  ion  lor  a  v  iln  atoiA  l)o\vl  Iccdci 
as  a  liltor  t)n  I  lie  niot  ions  of  parts  ( soo  |-  iunro  3.!) ).  We  iilciil  iliod  1  wo  primal y  dassc's 
ol  interactions:  (i)  r('orient  ini’  ol  j)art  motions  hy  caiisinn  parts  Iraxc'linu,  in  one 
orient  at  iini  to  reorient  t  liemseKt's  (i.e.  cause  one  patli  to  transition  or  tnerue  with 
another  path),  ami  select  iv<‘ removal  ol  support  Iroiii  part  motions  hy  allowinii 
parts  traN’elinu,  in  a  desired  ori(Mitation  to  continue  throiiu,h  the  lei'clei  while  fori  im; 
t  hose  in  ot  her  oric'iit at  ions  to  fall  oil  t  he  support  t  rack.  I  he  mot  ion  const  raint  rept c- 
seiitatioiis  (h'scrihed  in  Sec  tion  .{.2  can  capture-  hot  h  classc-s  ol  lilterim;  itit eract  ions, 
alt  homy  h  we  will  locus  most  ol  out  at  tent  ioii  on  the  lat  t  er  as  it  hest  characteri/es  t  he 
majority  ol  howl  leeder  types,  and  is  in  yeiieral  c-asier  to  achic-vc  in  practice. 

I  he  basic  strategy  nsc-d  tor  dc-siyiiiny  Ic'c-dc-rs  is  to  iirst  n  iiliiih  undesired 

part  oric'iit  at  ions  Irom  the  desirc-d  orient  at  ion  as  t  he-  part  s  pass  t  hroiiyh  the  leeder  hy 
means  of  t  he-  it  it  c-ract  ion  het  ween  t  he-  parts  and  the  leedc-i  howl  wall.  I  hen.  Jilh  r  on  I 
those  parts  nio\  iny  in  the  utidesiic-d  orientations  hy  mc-ans  ol  their  itit  c-ract  ion  with 
the- support  track.  In  tetnisol  mot  ion  const  raint  s.  part  motion  paths  arc-  redirc-cted 
hy  iiiodilic  at  ions  made-  to  hot  h  t  he-  ( 'S  and  dynamics  paramc-t c-rs.  and  selc-ctc-d  pat  hs 
are  macic-  to  terminate-  hy  inte-rce-pt  iuy  the-m  with  imsupporte-d  re-yioiis  manipniate-d 
on  t  he-  surlace  ol  t  he-  ( 'S. 

( li\e-n  a  part  ye-oiiie-t  r,v.  we-  approac  h  t  he-  task  ol  elesiynitiy  a  le-ede-r  iti  t  hre-e-  phase-s: 

•  Initial  problem  formulation  ye-ttiny  starte-d.  In  this  phase-  we- e-sse-nt  iall.\ 
"roiiyh  out"  ati  initial  de-siyu  start  iiiy  with  the-  simple-st  ajipropriat  e-  le-e-de-r 
ye-oiiie-t ry.  typicallv  a  class  I  iiarrowe-d  track  le-e-de-r  Irom  lahle-  1.2  consistiny  of 
astraiyht  howl  wall  ami  su|)port  track.  IVoin  t  he- mot  ion  const  raitits  ye-m-rate-d 
hy  this  choice-  we-  se-le-ct  t  he- de-sire-ei  part  orie-iit  at  ioti  that  we-  wish  the-  fe-e-ele-i  to 
licet  III.  with  the-  re-maininy  orie-iitat ions  to  he-  re-je-e  ted. 

•  Constraint  manipulation  the-he-art  of  t  he- de-siyn  proee-ss.  With  the- initial 
de-siyn  prohle-m  de-liiie-d  aho\e-.  we-  he-yiu  e-\ploriny  t  he-  surioimdiny  re-yion  of  de-- 
siyn  space-.''  We-  Iirst  e-xamim- t  he- iiihe-re-nt  eliire-re-nt  iahility  of  t  he- st  able-  part 
orie-nt  at  ions  with  a  narrowe-d  track.  11  we-  are-  able-  to  obtain  onl\  the-  de-sire-d 
orie-nl  at  ion  h\  this  im-thod.  i.e-.  if  the-  part  ye-ome-tr\  is  naturally  orie-nt  ahle- 
into  the-  de-sire-d  orie-nt  at  ion.  the-u  we-  are-  clone-.  Otherwise-,  we-  he-yin  the-  de- 
taile-d  le-e-de-r  ele-siyii  proce-ss.  with  the-  yoal  ol  re-dm  iny  comple-xity  as  mm  h  as 
possible-  by  \aryiny  otily  a  le-w  paraim-te-rs  at  time-.  We-  do  this  by  alte-rnat  i\e-l\ 
rociisiny  on  ap|>are-nt  in\  e-rsiou  of  e-it  he-r  I  he- C.S  <-»  howl  wall  or  of  t  he- support 
transition  hoiimlarie-s  support  trac  k.  We- e-x|>lore- a  wide- ranyc  ol  \ariations 
to  a  se-le-e  te-d  se-t  ol  paraiiie-te-rs  he-|ore-  mo\  iny  on  to  allot  he-r  se-t  since-,  dm-  to 
the-  noiiline-ai  he-ha\ior  ol  the-  coiistraiuts.  larye-r  wiriations  ma\  ha\e-  charae 
te-rist  ically  diHe-re-til  e-lle-cts  than  small  oiie-s.  We-  use-  the-  non  paratm-trie  cutout 

''In  i'X|i|i  ii'iiii;  a  ll"■,•^|  aria  in  i|i'siu,n  «<■><•  lia>ir.ill\  a>Mmmip,  ilial  tli'-  syaii'  is  l(u-all\ 

siiiiMiili  and  11  ml  iinn  Ills,  as  nulid  in  Si'i'limi  l.l  t 
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u>ii  s|);ii  iii!;l\ .  ii  iit  iill.  iind  ciii  ly  uii  in  tlic  <lcsi!>ii  process.  .\t  all 

liiiH’s  \v(‘  try  to  avoid  l<‘riHiiiat inti,  the  desired  path,  and  innnetliately  i(‘stor<‘ 
it  if  we  slionld  inadvertent  1\  do  so.  |•inally.  we  verily  tlie  Itehavior  ol  the  de- 
siti,n  continnallv  as  it  evolves  l>y  oltst'iviiifi,  th<‘  representations  ol  the  inotion 
constraints,  and  hy  occasionally  animat  inti,  1  he  lorward  projected  motion  paths. 

•  Problem  redefinition  limirint*  out  what  to  do  wIkmi  yon  f>,('t  stuck.  I  Ikmc  is 
no  <i;narant(‘e  that  we  will  he  able  tt>  liinl  a  leedt-r  d('sif>;n  siiitahle  lor  the  givon 
lormnlat  ion  ol  t  he  prohh'm.  oi  t  hat  such  a  design  evt'ii  e.xist  s.  We  have  t  wo  wavs 
ol  redelininii,  the  prohh'in  should  w<'  lail  to  make  proRic'ss  toward  a  solution. 
I  he  lirst  is  to  simply  ch<n)se  a  dilh'ienl  orientation  that  we  wish  to  accept, 
and  l)<'f2,ii\  the  constraint  manipulation  procv'ss  anc'W.' '  1  Ik'  second  a|)proach 
is  to  subdivide  tin*  desiu,n  problem  by  t  akiiift,  t  lu'  out  put  part  oricMit  at  ions  Irom 
whatevc'r  feevh'r  desii!,n  we  obtaiinvl  abov('  and  trc'at  tln'in  as  th('  input  to  a 
iK'w  leed('r  (h'si.i^n  probh'in. 

lii^nic'  1.1!)  illnst  lates  a  feeder  <h‘si)i!;n  met  hodoloi^y.  bast'd  on  the  above  phast's.  in 
th('  form  of  a  llowchart.  The  fmictional  blocks  t'mlx'dded  within  t'acli  of  the  phases 
art'  tlt'scribt'tl  in  th'tail  bt'low. 

1.  Select  initial  feeder  class:  Bt'p;in  with  tht'  simph'st  class  t)f  let'tlt'r  (class  1 
frt)m  I'able  1.2  consist iti,!>  of  a  straif!,ht  bt)wl  wall  ami  track). 

2.  Generate  motion  constraints:  Ctuislruct  tln'  (’S.  snppttrt  rt'^iotis  atiil  mt)- 
t  it>n  paths  usiti.i;,  tht'  mtminal  feedt'r  ,:;t'omet rit's  anti  tlynamics  st't tint’s. 

d.  Select  desired  path:  Choost'  out'  path  tt)  pass  thrtuij’h  tht'  let'tlt'r  without 
lt)sin,i!,  supi)ort.  It)  ma.ximizt'  leetler  I  lirouf;hput .  it  is  bt'st  tt)  st'h'ct  tht'  path 
ct)rrt'spt)ntlin,i;  tt)  tht'  part  initial  t)rit'nta) ion  with  tht'  hi,i;ht'st  prt)bability.  ilhis- 
tratt'tl  in  cspace-shell  by  tht'  Ihicktsl  path. 

I.  Try  a  narrowed  track:  I  ry  tt)  t'xploit  tht'  natutal  tlilft'it'iit iat  it)n  t)f  part 
orit'iit  at  it)ns  (ratlins  (unctit)n)  by  varyiiij’  lht't)irst't  of  tht'  straight  tiack  t'tli;t' 
fit)m  tht'  straight  bt)wl  wall  (class  1)  so  that  t)nlv  tht'  tit'sirt't!  |)ath  passt's 
t  hrt)u;’h  t  lit'  let'tlt'r. 

•').  Remove  other  paths:  If  tht'  rt'inainiu)’  paths  caimt)t  all  bt'  tt'rmiuatt'tl  b\ 
unsnppt)rtt'tl  ref;it)ns  while  at  t  lit'  same  t  imt'  maint  ainitij’  suppt)rt  lt)r  t  lit'  tit'sirt'tl 
|)ath.  wt'  clu)t)st'  till'  iii'Xt  lliirkisl  uiitt'rminati'tl  |)ath  aiiil;"' 

'  '111  s(  line  caso,  I  he  result  i if  1  lie  cdiisl  raiiil  inaiii|>iil.'ii  itui  phase  may  he  a  I'eeder  t  lial  aeeepts  l  he 
wnuin  part  uriiiilal  inn,  hiil  rejecis  all  nf  I  he  nl  her  orii'iital  ions,  inclutlinj;  I  he  i|esire<|  orient  a  I  ion. 
In  this  ease,  we  liiav  simply  ehoose  lo  aeeepi  liie  result  and  declare  the  prohlem  soKt'il. 

'  the  ma jorily  of  (li'sinn  activity  will  occur  in  step  .')  hel  ween  (ii )  and  (iii ).  \\ e  miisl  coni innalfv 
iiioiiilor  the  desired  paths  status  ainl  slop  moilifical  ions  short  ol' lerminat  inu,  that  path  IT  the 
desired  path  duty  heconie  lerminaied.  we  should  first  aitempi  lo  restore  it  hefore  conimnint 
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('li(ij)l(i'  j:  l)(  sif/ii 


(i)  Track  cutout:  l-.iuly  on  in  l  Ii(‘  design  procc'ss.  uc  ina\-  tiv  int  |■o<ln(■in^; 

a  cutout  near  I  lie  nnli'iininatcd  |>atli  willi  the  niosl  diflcrc'iit  iatcd  \allc\ 
licii’lil  Iroin  iIk'  d<'sir<'d  palli.  (Il'tiu'  nntcrminatcd  path  is  hif/liir  in  // 
than  tli('  desired  |)atli  (most  likel\'  ease)  then  elK)ose  a  left  lallint;  entont 
neai’  the  nut  erminat  ed  patli.  ()t  lunwise.  ehoost'  a  rifilil  oi'  jorirdril  lallinu, 
patli  in'ar  the  nnt(nininat<'<l  path.)  Mils  eoriesponds  to  a  class  leedc'r 
yeonietrx-  IVom  Talih'  l.J. 

(ii)  Redirect  paths:  Manipnlat(‘  tlie  CS  snil'ace  to  dilferent iate  tin-  niiter- 
niinated  patli  Iroiii  the  desir<‘d  path  Ip  cn-atinu,  or  iiiodilyiiift  a  riili^e  or 
\alley  on  the  ( 'S  (i.e.  a  howl  wall  pi'otrnsion  or  ea\ity.  leatnres  (b)  .V  (c) 
Iroiii  lahle  l.d).  I  his  eorri'sponds  to  a  transition  from  a  fe('d('r  class  I  — 
class  '2  transition  Irom  laKh'  l.'J.  tor  non-class  1  howl  wall  t^eonietries. 
we  may  also  var\  tlu'  ajiplii'd  lorce  vector  to  liirtln'i  dilfen'iit  iate  paths 
across  individual  contact  (accMs. 

(iii)  Modify  unsupported  CS  regions:  lo  mh  rci  pi  the  nnterminated  path, 
manipulate' t  lu'  support  t  ransit  ion  honnelarie's  on  the  (  S  near  a  port  ion  of 
the  mite'rminat  ed  pat  h  on  t  h<'  CS  ridge'  eei  valh'X’  le'at  me'.  Mi  is  ee)rre'spe)nels 
te)  a  t  ransit  ie)n  trom  a  lee'eh'r  e'lass  2  e  lass  1  t  ransit  ieiii  IVemi  Talih'  1.2. 

(i.  Repeat  for  other  uiiterminated  paths:  .Se'h'e-t  eithe'r  nnte'rminate'el  paths 
anel  re'pe'at  ste'|)  .')  nntii  einly  t  he' ele'sire'el  path  passe's  threingh  the'  re'e'eli'i. 

7.  Reconfigure  the  design  problem:  If  nee  preegre'ss  is  maele-  afte  r  tr\ing  a 
II II mix  r  eif  eet  he'r  pat  hs:  ‘ ' 

(i)  Select  another  desired  path:  One'  eeptieni  is  tee  e  he)e)se'  aneithe'i  path  as 

the-  eh'sire'el  path.  S|)e'eilieally.  we'  ehoose'  the'  ne'xt  ilnckol  path  as  the' 
eh'sire'el  path  anel  gee  liaek  le)  ste'p  1.  In  eleting  see.  we'  ar*.'  hasieally  we'  re' 
ae  e  e'pting  a  re-elne  e'e!  fe'e-ele'r  t  hreiugliput 

-  OR 

(ii)  Cascade  filters:  II  Seime'  paths  have'  he'e'ii  re'ineixe'el  hy  the'  fe'e'eh'r  le'at  lire's 

ele'signe'el  sei  lar.  we'  eaii  leeeally  ele'eeenple'  the'  preihle'in  hy  ce/.''Cf/e////e/  le'e'eh'r 
le'at  lire's.  Spe'iilieally.  we'  take'  the'  re'inaiiiing  paths  fremi  the'  e'xisting  se't 

ol  le’e'eh'r  le'at  lire's  and  gee  hae  k  le>  ste'p  1.  k.sse'iit  ially.  we-  are'  ele'signing  a 

ne'w  fe'e'eh'r  Idr  the'  re'inaiiiing  paths  inhe'iite'el  freim  the'  pre'\  iems  fe'e'eh'r  in 
t  he'  e  hain. 

'■  I  h.'  I 'Till  ((  II II mill  I  is  iiili'iil  ioiially  \  Di'pcndiiig  on  I  Iw  part  iciil.ir  I'.xanipli'.  1  lu'  inronna- 

1  ion  |>ro\  iiliil  Py  (I  vnaniic  \  isiializal  ion  ot  consi  rai'il  coupling  should  ipiicklv  I  ill  ns  wlnt  In  r  or  not 

.1  pari  ii'iilar  local  iiiaiiipnlat  ion  slrali'ny  "  ill  pay  olP 

'''Hc'lorr  doinn  tins  om  inijilit  "ant  lo  saxi-  tli<'  ciirri'iil  fi‘<'drr  ficoiiii  l r\  and  slarl  onl  willi  in  w 
nonnnal  howl  w.ill  and  track  iindilcs  (i.c  c|;iss  I  t'rom  laldi-  l.'J) 


Hk  Disifiii  of  \'/hr(il(>r!i  Howl  h(ul(i> 
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Tlic  t  l  iix  cM  sal  of  t  Ik-  st('|)s  ilhist  raid'd  in  1  lie  flowcliart  is  carried  oiil  in  t  liiee  nested 
loops,  each  of  wliicli  deals  nion'  locallx  wit  li  a  snl>-|)rol)lem  of  t  he  desion  task  and  in 
moi'c  (letail  t  han  t  he  ('iiclosini*  loops.  I  In*  t  hree  loops,  each  ol  which  may  he  iterateci 
on  a  nnnihei’ ol  times  in  the  course  of  a  d<‘si«n.  are  aivcn  as: 

•  Feeder  feature  groupings  kxalixation  and  cascadiii”  of  feefh'r  features. 

•  Selection  of  desired  path  formnlate  t  In-  urct  p!  (i.(‘.  |)assini;)  motion 
yoal  so  as  to  t)ptimize  the  le(‘d(M'  thron»hpnt. 

•  Direct  manipulation  of  motion  constraints  modily  the  howl 
wall  and  track  polygons  hy  manipnlating  the  CS  and  snp|)ort  transi¬ 
tion  honndaries.  respc'ct  i\<'ly.  while  locnsing  on  ea<  h  indi\  iilnal  mo¬ 
tion  pat  h. 

1  he  innei  nio''t  loop,  loiniing  t he  <-or(‘ ol  the  design  methodologx'  constraint  \  isn- 
ali/aiioii  anil  manipiihit  ion  is  emhedded  in  the  repi  esent  at  ions  and  design  Inni- 
tioii^  that  foiiii  tile  cspace-shell  en\ironni<Mit .  In  I'igme  l.lh  this  cori’espoiids  to 
'I  ep'  ■)(  /  I.  I  /  /  I.  ( /  //  I  and  step  (i.  Snrroimding  t  his  loop  is  t  he  select  ion  ol  t  Ik-  ilesired 
i/iciyW  path  col  I('^ponding  to  slop  ;{.  in  tin'  initial  prohlem  formulation  phase,  and 
to-'tepTi/)  in  thepiiihlem  reih'linit  ion  phase  of  design.  I'inallv.  t  he  onteiinost  loop 
insoKe'.  M'lecting  an  initial  (simple  c  lass  ||  feeder  geometry  that  geni'rates  a  si'iies 
of  motion  path'  for  a  gi\('n  part  gi'ometrv  (step  1  ).  During  the  prohlem  I'edelinit  ion 
pha'c  thi'  invoKc'  i  hainiiig  the  output  ol  a  partial  teedi’r  design  into  a  siihseipii'iit 
leedi’l  design  prohlem  ( 't e| >  ((//II. 


4.4.6  Feeder  Examples 

'igme  I.MI.  i'  intended  to  'ei\e  as  a  roadma|)  lor  U'ing  the  repicsenl  at  ions  and 
design  tools  in  cspace-shell  more  elleci  ixciv  h\  prov  iding  a  consistent  and  orga 
ni/ed  means  ol  sean  hing  the  spnee  (»|  desimis  lor  a  ■'ohition  while  at  the  same  time 
I  out  rolling  the  com|)le\it\  inherent  in  the  desmn  pioi  (■■>'-.  lor  a  givi'ii  eNample.  the 
intnitioii  and  experience  gained  hy  t  he  de--ii.iner  might  suggesi  alternat  ivc  s|  lategies 
based  on  the  a|)|>earance  ol  cert  am  mot  ion  con  si  raint  leat  nres  m  lonsl  ramt  i  otiphng 
characteristics  ohserved  during  desion.  Indeed,  (he  purpose  o|  i  he  representations 
and  interactive  tools  is  lo  inovide  the  ne<  ev-,in  v  Ilexihilitv  to  the  human  designer  to 
deal  with  nidiriiliiiil  in  a  coned  and  lonsisteni  manner.  In  the  ideal  case,  the 

"right  thing  to  do  during  a  given  design  session  will  hei  ome  dear  Irom  the  motion 
constraint  re|)resent  at  ions  as  the  desioner  explores  i  he  desion  space. 


Example  1 
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lii^ui*'  l.'JO;  Initial  rc('(l<'i' ucoiiict  ly  ainl  mol  ion  cunst  raiiit  s  lor  an  "1.  -slia|)('il  part. 
Note  that  parts  nia\  |)ass  llironuli  llic  r(‘(‘<l<'r  in  inan\  ori(*n1  at  ions,  as  iinlnatod  l>\ 

\  111-  innll  iplc  pal  lis. 

l  iunrc  l.'JO  shows  an  "I, '  -shaped  part  and  an  initial  nominal  le('dei'  ueometi\ 
consist  iii'j,  of  a  sliaiyhl  track  and  a  sliaii!,hl  howl  wall.  I  he  I'csnlliim  lcc<|cr  dcsitm 
is  shown  in  l  iunic  l.'d'd.  A  lew  of  the  steps  in  the  proce  ss  ol  yemeiatiny  this  leeder 
design  are  shown  in  l  iiinic  1.21.  ainl  eonsisl  ol  tin-  lolKwvinii: 

(a)  Dislinunish  paths  hy  int  lodmini;,  a  howl  wall  |)i-ot  i  nsion .  I  his  is  ae  complisheil 

hy  tiiahhintr  a  portion  ol  I  he  ( 'S  sni  lae*'  h<M  ween  twool  the  jeatlis  and  |>nllinu 
it  to  lorm  a  ridye. 

(b)  Ini  t'oelnce  a  notch  with  the  ciiloiil  opeialion.  I  he  resnlliini  Kit  al  nn''nppoi'le<l 

K’tiion  (shatletll  lernnnates  the  seK'ctetl  jialh  al  the  dt'sired  point,  as  well  a-' 
int  iiidm  (■■'  a  nnmhei  <il  tit  her  nn''nppt>rle<l  reyioiis  on  the  (  S  sniiace. 

(c)  .Manipniale  the  liack  notch  via  apparent  inverse  manipnial  itm  ol  the  niisnp 

poi  led  I  ( '[lit  (11  s  on  t  he  (  S.  I  hi''  i  n\  til  \  fs  seK’ct  i  nil  a  nd  niovinii  honmlaiies  ol  the 
niisiipporleil  reiiioiis.  pavinu  tarelnl  attention  to  the  inlii'H'iil  itinpliny  amony 
the  hoi  lilt  la  lies.  I  his  prot  fss  is  repealetl  until  the  ilesired  pal  h  !•'  iiiiohsl  rin  te<l 
and  I  he  remaiiiiiiu  paths  are  all  lerininaleil.  a-'  ''hown  in  h  iynre  1.22. 

FvX.'uiiple  2 


j.  j:  Tin  l)(si(/n  of  Mbivtoi  jj  Howl  Fudas 
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li^Mic  I.JJ:  Kcsiill  iiip,  r<’<'(l<'r  design  aiul  mot  ion  ronsi  raiiil  s  g('ii('iat('d  lioni  1  lt(' iiiit  iai 
geonielry  in  I'igiirc  l.'JO.  Note  tliat,  as  r('<|uir('d.  |)arts  may  pass  tliroiigli  and  ('xit 
I  lie  feeder  in  onl\  on<’  orii'iit  at  ion. 


I'  ii2.ni  (’  I  nil  in  I  ( top )  ninl  liiuil  ( l>o1  lom  )  Iri'di'r  !2;<'om('t  rii's  niid  mot  ion  const  mint  s 

lor  orient  ini;  n  plnslic  enhU'  UistiMier. 
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('h(ij)l(r  j:  Pisifin 


1  Ik'  initial  r('(‘(l('r  gc'onu'lrv  and  motion  constraints  for  a  part  consisting  of  a 
plastic  cal)l<'  fastciu'r  is  shown  in  the  top  of  Figure  1.2d.  As  in  the'  |)r<'\ions  ex- 
amph'.  a  i)rotrnsion  in  th<'  howl  wall  was  intro<luced  by  "pulling"  on  the  surface  of 
t  h('  ( 'S  to  form  a  ridge  in  order  to  help  distinguish  among  the  two  motion  paths, 
both  of  which  initially  travel  in-arly  parallel  to  one  another  across  the  CS  in  the 
I)  din'ction.  1  he  track  contour  was  developed  by  initially  pnlling  a  pair  of  points 
on  the  track  boutidarv  toward  the  bowl  wall  to  produce  unsupported  regions  on  the 
CS.  The  unsupported  regions  w(‘re  tluni  manipidat<'d  within  the  motion  constraint 
represf'iit  at  ion  via  apparc'iit  inv('rsion.  .\fter  a  few  iterations  the  motion  const  laint  s 
charactc'iist  ic  of  a  motion  lilter  were  obtained,  as  shown  in  the  bottom  of  Fignn*  l.2d. 
together  with  tin-  corr<'sponding  bowl  wall  and  track  geometric's. 


Example  3 

I  h('  top  ol  l  ignic  1.21  shows  the  initial  feedt'r  g<'om('tr\'  for  an  .i-dclo  razor 
blade.  Here,  as  in  tlu'  pr('vious  ('xamph's.  a  |)rotrusion  has  Ix'en  introduced  into 
the  wall  profih'  to  form  a  ridge  on  th<‘  CS.  rnlik<'  the  previous  examples.  how('\('i’. 
the  |)ur|)Ose  of  this  ridge  is  to  catch  an<l  norifu!  those'  parts  that  are  sliding  with 
tlu'ir  tnajor  axis  ix'ipe'iidicnlar  to  th<‘  wall.  On  th<'  CS.  tlx'  ridges  forming  llu'se' 
r('ori<'t\ting  ce)nstrain1s  may  be  characterized  as  f<'nces  that  are'  angh'd  re'lati\e  to 
the'  0  elire'ction.  thus  elive'iting  or  guieling  multiple'  me)tion  paths  toward  a  subse't 
of  ceemmexi  e)ri('nt  at  ions  {0  |)e)sit  ions).'’'  Fhe'  rathe'r  exielly  shape'el  gap  in  the'  traek 
shown  in  t  he' beet  tom  of  Figure'  1.21  was  int  rexluce'el  using  t  he' enteent  eeiee'iator  tee  lilter 
exit  the'  utiele'sirable'  meet  ieeii  paths.  The'  track  e'eentour  jeixeelnee'el  by  the'  enteent  in  this 
e  ase'  re'epiire'el  eenl\'  mineer  meeelilie  at  ieeii  tee  prexiuee'  the*  final  fe'e'ele'r  ge'eenu'try  sheewn. 


4.4.7  Physical  Experiments 

.Meeeh'ls  leer  se'h'et  e'el  part,  beewl  wall  anel  su|epeert  traek  preelile's  we'ie'  eeenst  rnete'el 
Ireem  ph'xiglass  anel  te'ste'el  by  |elae  iug  the'  parts  een  the'  traek  snrfaee'  in  raneleem  initial 
eei'ie'iit  at  ieens  anel  alleewing  tlie'in  tee  slieh'  doinihill  while  a|)plying  a  slight  ve'i  tical 
\ibratieen  tee  the-  traek  snrfaee'. Figure'  1.2')  sheews  the*  harelware'  nse'el  tee  te'st  so}]]o 
eef  the'  fe'e'ele'r  eh’signs  e|e'velee|ee'el  using  cspace-shell. 

1  he'  |eart  meet  ieens.  anel  re'snit  ing  fe'e'ele'r  ix'havieer.  e  leese'ly  feelleewe'el  t  he'  meet  ieeii  pat  hs 
pre'eliete'el  b\-  cspace-shell.  I’heet  eegraphs  eef  eene' eef  t  he' e'xpe'rime'iit  s  run  leer  the'  part 
anel  h'e'ele'r  in  Figure'  1.2d  (teep)  are*  sheewn  in  l  igure'  1.2(1  anel  Figure'  1.27. 

' iioii-d  (-arlii  r.  llx'  ahilitv  to  rforiciii  rallxT  ili.iii  r<‘j<'('t  wxni'  |iart  ciricniai i<tn>  lia.s  the  ad- 
vaiila};<’ of  jiifriasitij;  llic  I  lir()iij!,lipii(  oI'iIk'  ri'siihiixx  ri'cd('r. 

■"Since  the  aniplii iid<'  of  vihration  a|i|di<'d  lu  ilie  track  \va>  itisiillicicni  to  caiiM  tin-  part^  to 
■'hop  .  tile  track  was  tilted  downward  so  tlial  uraviiy  would  dri\e  the  part  motion. 


I'lu  Disifjii  of  Mhratorij  Bowl  luaUv.' 


l  ip,! lie  1.21:  Inil  iiil  ( I  <)|> )  iiiul  linal  ( l>ol  tom  )  !;coiii< 

lor  orient  iii^  .i-orlo  ivizoi  Mitcics. 
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Cliiijtlt  r  l)t  >11111 


l  iniii'<’  1.2'):  lliinlwrirc  lor  (csliiij*  fo^'drr  (Icsinns  < oiisisi  iiiu  of  ;i  |)l<'xii>li)s^  wall  ainl 
tiack  inoiiiit<'»|  oil  a  (illcil  sliakci  taol<‘  (lo|)).  and  a  (  lo^ciii)  ol  (lie  sliakcr  a^^ciid)!) 
( l)ol  loin ). 


/’//(  Di.sifin  of  ('<>iiii)linnl  As.st  inhli< 
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4.5  The  Design  of  Compliant  Assemblies 

l  o  I’urt  her  (l('m()iist  ral('  1  Ik'  applicability  dI’  I  lie  represcMital  ion  and  niani|)nlat  ion  tools 
df'vi'lopc'd  eai'licM'  in  this  cliaptc'r.  we  will  now  I  urn  onr  at  t  (Mil  ion  IVoin  \  il)ratoi\-  howl 
I'eeders  to  the  (l('sii>,n  and  analysis  of  compliant  assi'inhlies  iiitiodnced  in  Sc'ction  'hi. 
In  part  icnlar.  wc'  shall  ilhist  rate  t  h<‘  Ih^xihility  of  t  h('  analy  sis  and  design  tools  de\<'l- 
oped  in  cspace-shell  hy  adapt  inu,  tlu'in  lor  ns<‘  in  the  domain  ol  assemhlw 

4.5.1  Non- assembly  Constraints 

I  Ik'  r('(‘ders  d('si,e,n('d  (virlier  have  only  on<‘  Imictioiial  reqnirc'iiK'iit  orient  inu,  |)arts. 
Whatevc'r  rmictional  r('(|nir('ments  that  tlu'  s])ecili<'  |)art  j>('ometries  tlu'inselves  winc' 
n'cpiiri'd  to  nu'et  wcmc'  not  consi<l<M<‘d  dir<'ctly  as  they  were,  in  a  sens<'.  orthof;onal 
to  t  h('  I’mict  ion  of  t  In'  leeder.  In  onr  (‘Xamph-s.  what('\('r  ('Xti'i  iial  const  raint  s  on  t  he 
part  ij;('onH't  ri('s  t  hat  mii2,ht  hav<' <'xisted  were  implicit  ly  sat  islied  hy  t  Ik' assnmpt  ion 
that,  in  ^eiK'tal.  the  part  t!,<'om<‘t ties  t h<'m.s<dv('s  would  not  Ix'  modilied  dnrinf>,  h'edc'i' 
ch'sie.n.'^’  Iti  tin-  cas<'  of  assemhly.  howc'ver.  both  inti'iacting  parts  typicall\  have 
to  satisfy  a  tnmilx'r  of  constraints  that  may  hax'e  tiothing  to  do  with  th<'  assmiihly 
piocess.  I'.xamph's  of  some  tioti-assemhly  const  raint  s  inclnde:  tnaintainitig  a  mini- 
tnntn  ar<'a  if  contact  hc'twi'e  i  h<'aring  surface's  that  must  )>('  aligtied  atid  nnohst  nicte'd 
(e.g.  shaft  atid  Ix'aring  re|)r<'sent<'d  as  a  peg-in-hole),  minimum  are'a  contact  snriaces 
for  ('h'ctrical  coimectors.  releretice  surfaces  that  must  remain  ('Xpose'd  to  siihs('()n('tit 
snhassemhiies  or  grippers,  part  leat  lire's  aiiel  ermie'nsie)ns  re'e|uire'el  leir  stre'iigth  anel 
stilfiH'ss.  anel  leature's  ne'ee'ssary  lew  lexating  anel  maehining  the'  ))ar1s  he'leire'  asse-m- 
hlv. 

Otie'  appreiae  h  tee  |)re'se'r\  itig  ne>n-asse'mhly  e  enist  raint s  is  tee  sim|)ly  le>e  k  e  e'i  taiti 
eihje'et  fe'at  lire's  (he)th  pe'g  (iii(l\n>\c)  inte)  re'lat  i\e' e  einlignrat  ienis  at  the'geial  state'  that 
e'lisnre’  the'  ne'ee'ssary  Kxal  eeinst  iaints  are'  main!  aiix'el.  1  his  is  e'epiivale'nt  te)  eiivieling 
t  he- se't  e»f  e'elge's  anel  \  e'rt  ie  e's  ele'se  rihing  e'ae  h  part  int e)  t  we)  e  lasse's:  iiiiilohli  i\ut\  fi.nil. 
.Mexlilieat  ieins  te)  milt  able-  ge'e)me't  lie-  aiiel  elyiiamies  parame'te'is  that  alle)W  the'se'  ke'v 
fe-atiire'  pairs  te)  he'  hreenght  into  eeeiitaet  at  the'  geeal  state'  ol  an  asse'inhly  eepe'iatieen 
wexilel  alse).  pre'sumahly.  satisfy  bolh  the'  asse'mhly  anel  ne)n-asse'mhl\  ee)nst  raint  se'ts. 
1  he'  aeUantage'  e)l  this  appreeaeh  is  that  ne)ii-asse'mhly  eeeiist  laint  s  may  he'  e'xpre'sse'el 
siniplx’  as  aelelit  ieeiial  e  eeiist  raints  e)ii  the'  e'xistiiig  se't  e)l  ele'sign  parame'te'is.  no  matte'i' 
what  tlx'ir  eerigin.  I  he-  elisaehant age-  te)  simply  lixing  e'xisting  parame'te'is  is  that, 
sine  e'  we' elo  ne)t  kiieiw  the'eifigiii  e)f  t  he' e  eeiist  raint  s,  we'  have'  ne)  lle'xihility  in  te'i  ius  e)f 
eeptimizing  thi'in  teege-the-r  with  me)tie)ii  ee)iist raint s  leer  asse'inhly. 

In  the'  fe)lle)wing  e'xanipli's  we'  will  |e)lle)W  the'  above'  appreeaeh.  le)r  the'  sake'  e)l 

llinsi-  l■x;llll|l|l■^'  will'll  wi'  iliil  iiioilirv  lln-  par!  ili')'ii;ii,  vm-  n^sinind  llial  tin-  l|l■^lli,lll'|■  ki'pl 
I  liiM'  ri  ii  1st  raints  in  iniinl  i  Inn  in;  tin'  ili-sinii  prmi'ss  mi  I  lial  aiiv  iin  uliliral  n  >ns  \vi  mill  in  >1  I'lmipii  miiM 
pari  riiin  i  iniialii  v . 
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\'  it  would  Ix'  ([('sirnhlc  to  (■oinbiiic  I  Ik-  at  ions  lor  noii-ass<'inl)l\' 

const  laiiits  with  tlu'  motion  constraint  |■<“|)r<*s('lllal  ions  in  conlip,nrat  ion  space  wlici- 
cver  possible.  Sncli  r<‘pres(Mit  at  ions  would  lx*  ])ar1  icniarly  nsel'nl  in  the  effoit  to 
design  components  and  sid)asseml)lies  conriirrt  nllii  in  the  ((Uitext  ol  both  product 
and  |)rocess  constraints.  (Iiv<'n  the  wide'  range  of  such  outside  constraints,  however, 
it  is  lik(>ly  that  dilfercnit  r('pr<'s<'nt  at  ion  coml)inat  ions  would  haxc  to  be  (hweloped  for 
diir('r<'nt  classes  of  assemblies.  I  Ixvst'  issix's  r('main  an  opc'ii  area  for  Intnn'  research. 

4.5.2  Methodology 

In  terms  of  managing  t  he  comph'xity  due  to  con|)ling  among  mot  ion  const  raint  reprc’- 
sc'iitations.  th('  design  iiK'thodology  for  compliant  ass(Mnbli(‘s  is  consich'rably  simi)l('r 
than  that  n<'cessar\'  for  vibratory  bowl  feeders.  In  particular,  since'  we  will  focus  onr 
atte'iition  on  the  local  region  surrounding  the'  bob'  on  the'  C.S.  as  de'seribed  in  S('c- 
tion  d.l.  w('  n<'('d  not  be  conce'rned  with  llx'  introduction  of  nndesirabh'  constraint 
feature's  e'lse'whe'ie'  eni  the'  snrfaee'  e)f  the'  In  aelelitie)n.  since'  we'  ele)  neet  ee)nsiele'r 

e)nt-e)f-plaiie'  part  meet  ions  in  asse'inbly.  we'  may  aveeiel  the  \e’ry  neendinear  ceenpling 
eebse'i've'el  Ix'twe'e'ii  shape'  meeelifieat ieens  anel  the'snppeert  transit ieen  beennelarie's.  W  hat 
re'inains  fre»m  cspace-shell  as  eleve'leepe'el  Ibr  beewl  lee'ele'r  ele'sign  are  the'  kinematie- 
eeenst raint s  eef  the'  CS  snrfaee  aiiel  the'  Ibrwarel  lereeje'etieens  e'xjere'sse'el  as  discre'le'  me>- 
tieeii  paths.  With  re'spe'et  tee  the'  lee'ele'r  ele'sign  met  hexleeleegy  llowrhart  eef  |•'ignre'  l.lb. 
we'  may  eeeiiee'rn  eenrse'lve's  with  eenly  ste'p  o(//)  Redirect  Paths  e>f  the*  iime’rmeest 
loe)|).-’  * 

Inte-raet  i\e' ele'sign  of  meetieeii  eeeiist  rainis  Ibr  assembly  eeensists  e>f  meeelifying  the' 
mutable'  snbse'ts  eef  beet  h  part  ge'eeine't  lie's  via  a|e|earent  ime'isieen  eef  e  eentact  faee'ts 
eeii  the'  ( 'S  snrfaee'.  \arying  the'  re'fe'ie'nee'  peeint  eef  the'  mee\  ing  part  (i.e'.  eeem|eliane(' 
e  e'iite'r )  elire'e  t  ly.  anel  varying  t  he'  elynamie  s  |earame'te'rs.  W  e  will  assume'  a  </e  in  d 
f/e/e/e/ee /•  meeele'l  eef  eeemielianee'  ma|e|eing  elillere'liee's  in  \eleeeity  be't  we'e'ii  the'  asse'inbly 
reebeet  anel  the'  jeart  intee  feeree's  eeii  the'  part  (se'e'  Se'etieeii  d.l).  I'nele'r  this  meeele'l.  the' 
feeree'  ve'eteer  applie'el  threengh  the'  meeving  part's  re'fe're'iiee'  peeint  in  cspace-shell  is 
inte'ipre'te'el  as  a  eeemmanele'el  \e'leeeity  Ireem  the'  asse'inbly  reebeet.  .\s  leer  beewl  le'e'ele'is. 
t  he'  elynamies  eel  part  meet  ieeii  is  assimie'el  lee  be'  epiasi-sl  at  ie’  (se'e'  Se'et  ieeii  2.  I  .’d  ).  leer  this 
ease',  the'  elynamies  parame'te'is  eeeiisisl  eef  the'  elire'et  ieeii  eel  the'  leeree'/ee'leeeil  y  ve'eteer 
applie'el  tee  the'  eeeinplianee'  ee'iite-r.  whieli  is  assnme'el  tee  be-  |earalle'l  tee  the'  int e'lieh'el 
neeminal  asse'inbly  path,  ainl  the'  eex'llie  ie'iil  eel  frici ieeii  ji. 

.Sinee'.  Ibr  the'  pnrpeese's  eef  e'Xpe'elie'iie  v.  we'  are'  beerreewing  ele'sign  teeeels  eeriginally 
ele'signe'el  Ibr  the-  ele'sign  eef  beewl  Ibe'ele'is.  a  fe'W  ele'sign  eepe'iat  ieeiis  must  be'  earrie'el  exit 

■’"WV  should  ki'(|i  ill  iniiiii.  however,  llial  pro.xiinilx  of  mol  ion  consl  raini  siirl'a<'i'>  in  coiihgiiral  ion 
f.|ia<  e  (loe^  not  neee>saril>  re(|niii'  proxiiiiiix  of  j;eoiiiei rie  fealnre^  on  an  oliji'ci. 

"’  rile  rest  of  I  lie  feeder  d('siu,ll  lliel  hodo|oi;y  i^  iiniiecessarv  for  asselllldy  as  it  is  (ledical I'd  lo 
dealinj;  willi  l•on|llinl!,  and  iiiananinn  inleraci ions  aiiione;  jilohal  eonslrainls 
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soincwlifit  iiulirc'ct  ly.  Clmiigcs  tu  tli(‘  rolat  ioiial  compliance  rclatix'c  to  tlic  trans¬ 
lational  compliatic<'  t<'rins.  may  lx*  carried  out  Ny  varyins;  tli(‘  nortnalized  effect i\'c 
itiertia  ol  the  of  movinu;  ohjc'ct  in  tlx*  lorm  of  the  radiiis  ol  i>,yration  p  In'  means 
of  a  slifh'f.  At  |)i('s<'nt.  th('  ap|)arent  itiversion  tools  do  not  support  the  maniim- 
lation  of  the  moxint!,  ohjeet  s  |•('ler^‘nee  point  \ia  changes  to  tlu'  nu^tioii  constraint 
repr('s(Mit  at  ions.' ' 

Iheitiitial  position  from  which  each  molicjii  path  starts,  consist ing  of  a  (.r.//.d) 
|)oint  in  the  //(f  K'gion  of  conligiirat ion  spac<'.  is  chosen  manually  via  sliders.  We 
e.xplore  th<'  hehavior  of  the  assemhly  ov<'r  a  range  of  paratnet('rs  ])ossil)h'  utidei 
positional  atid  control  mic<'rtainty  hy  s<'l<‘cting  discr<'t('  values  of  tlu'  initial  posit  ioti 
and  dvnamics  paranuMers.  as  not('d  in  S<'clion  d.l.  1  he  resulting  Iniudhs  of  discrete- 
paths  sample  the  full  lorward  proje-clion  of  motion  for  the-  asse-mhly  task  niide-r 
uuce-rt  ainty. 

4.5.3  Assembly  Examples 

Example  1 

l  igure-  1.2S  shows  the  change  in  motion  eotist raint s  resulting  IVom  the  addition 
e)f  cliauders  to  lioth  a  pe-g  and  lude.  The  const vaiuts  s1u)Nvu  form  the'  (-ntry  rt-gioti  to 
the  hole  surrounding  the-  goal  n-gion  eel  the  ass(-ml»l\  (i.e-.  the-  pe-g  posit  iotied  inside- 
the-  hede-).  The-  ehattife-ts  in  this  e-\ample-  we-re-  ge-ne-rat e-el  elire-e  tly  fre)ni  the-  ge-e)nie-tr\' 
e)f  the-  parts,  with  the-  me»tie)n  eeuistraiiit  r<'i)re-se-nt at ie)n  se'r\ing  e)tily  tee  eeenlirtn  that 
t  he- ele-sire-el  funetieenal  eharaete-rist  ies  hael  l»e-e-n  aehie-\e-el. 

Example  2 

l  igure-  I.LVI  illustrate-s  ane>the-r  aspe-el  e»l  the-  ele-sign  e)l  ee)m|)liant  asse-mhlie-s. 
Spe-eilieall  V.  the-  lexatieeii  e)f  the-  ft  lilt  r  oj  com  pliti  lit  t  re-lati\e-  tee  the-  tip  of  the-  pe-g 
ele-te-rmine-s  whe-t  he-r  eer  iieet  the-  inert  ie>n  e  exist  raint  hexnielarie-s  surrexmeliug  the-  geial 
re-giexi  eif  the-  asse-ml)l\'  guiele-  inert  ieriis  ter  the-  geral  in  the-  |rre-se-nie'  erl  rertatieriial  tnis- 
alignme-nts  (i.e-.  erflse-ts  in  the-  elire-et  iern  ).  as  sherwn  in  the-  Irertterin  erl  ligure-  1. 

1  he-  enp-like-  eurvature-  erf  the-  inert  iern  eernstraint  l>ermiilarie-s  in  the-  ff-elire-et  ierii  ma\ 
Ire-  \  ie-we-el  as  a  lentil  ol  loliit  loiitil  fliaiiilti.  whose-  limit  iern  is  analergerus  ter  that  erl 
the-  ehamfe-rs  int  rerelnee-il  ter  the-  part  ge-eniie-t  rie-s  in  the-  pie-vierus  e-\am|rle-.  1  hus.  the- 
mertierii  eernstraint  re-pre-se-nt  at  iern  se-r\e-s  ter  illustrate-  the-  similar  e-lle-ets  aehie-\e-el  hy 
|rrerpe-r  |rlaee-me-nt  of  the-  eerm|)liant  ee-iiti-i  (assi-mhly  strate-gyl  iind  the-  aihlitioii  ol 
e  hamfe-i-  (part  ge-oine-try)  on  the-  sue  ee-ss  err  lailure-  erl  an  asse-mhly  task. 

■  'll  is  possihlr  111  iiiiliri  rile  iiiiiditv  ili<-  n  |iiiinl  lri>Mi  ilr  iiiniioii  l■nn^Iraint^  liv  M  li  riini; 

all  M  ilii  i  s  ol'ilii’  inii\  iiif!,  |iii|yu,<iii  I'roin  tin-  ( 'S.  I  iiiruiiu  ini><lili«  aUi>iis  li>  iIhm-  \iTli<i's  lla^  a  siiiiilar 
iHici  (l)iit  in  1  III' n|>|i(isiic' .1// diri cl ii>ii )  in  iiii>dilynm  tln'  ri  |i n  iii  i  |ii<iiii  alniii' 


I’ itiurc  l.'JM;  1  lie  dici  t  ul  iu>)\  iiiu,  Uir  <  < nil n  iiluiii;  jx'ii '' ma joi  a\i‘' lnnn 

I  lie  in  iddic  (i|  I  lie  |  x't!,  ( I  o|) )  to  I  In’  1  i|)  ol  1  lii'  |)<'n  ( I  xtM  uin  ),  on  I  lie  r<  >1  a  I  ion  a  I  a^|  >c<  i  s 
<»r  llic  ii)(»li<>n  <  unsi  I aiiil s  id  diinnisioii  of  ill*'  coiiliiiural  ion  spac  i'l. 
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Example  3 

I'if>,ur('  l.^U)  slums  a  scjincwliat  more  complex  pair  ol  |)art  geometries  compris¬ 
ing  ail  eif'ctrical  |)iiig  comu'ctoi'.  (  iilike  I  lie  peg  aiul  liol(>  exampk'  in  J  ignr('  I.2S. 
moditical  ions  to  t  Ik'  |)ar(  geomi't  l  ies  \V(m<'  made  eiil  ire)\’  from  wit  liin  t  lie  mot  ion  con¬ 
st  mint  repix'sent  at  ion  using  apjiarent  iiivcnsion.  Specilically.  constraint  surl'aces  near 
tli('  gcjal  region  in  Idgiiix'  !.;{()  (top)  caused  tli<‘  assemidx’  to  jam  in  the  ])r(‘S('nce  of 
rotational  misaligiiiiK’iits.  K)  modily  tlw'  d<‘sign.  t he  const raint  surface's  in  (|n('stion 
were  se'lectc'd  and  i)nshed  out  of  th<'  way  in  e)r(h'r  te>  wieh'ii  the'  acce'ss  to  the  gt>al 
region,  with  the'  corresponding  jiart  ge'onu't  ries  Ix'ing  modiiic'd  accordinglx’  hy  iiu-ans 
ol  a|)par('nt  invc'rsion.  It  is  inte're'sl  ing  to  note  that  ge'ometric  modificat  ie)ns  in  this 
examph' w(’r(' made' to  a  nnmhe'i- e)l  part  le'at  nre's  ( i.e'.  t  he' e'lit  ry  gniele's  anel  e  e'iite'r  pin 
eil  the'  se)el<e't  )  that  are'  ne)t  preiximal  e)n  the'  part  e-e)nte)nr  hut  nevert  lu'h'ss  |)re)dnee' 
|)re)ximal  (inte'ise'et  ing)  nie)tie)n  eeeiist  raint  snrfae'e's  in  ee)nfignrat  ie)n  spaee'. 


4.6  Discussion 

We'  will  hrie'fly  elisenss  senne' e)l  t  he' e)l)se'rvat  iejiis  maeh'afte'r  using  the'  re'pre'se'iit  at  ie)ns 
anel  te)e>ls  leu'  ele'sign.  We'  will  alse)  ee)nsiele*r  senne'  e)f  the'  limit  at  ie)ns  of  anel  sngge'st 
pe)ssihle'  ('xte'nsie)ns  tei  the'  imple'me'ntatie)n  e»f  cspace-shell. 

How  list  fill  will  till  ri  pri  SI  iiliilioiis  niul  tools  for  di  si// ii‘f‘  As  e'xpe'e'te'el.  the' spaee' 
eef  (h'sigii  parame'te'is  was  re///  large'  e've'ii  fe>r  relatixe'ly  sim|)le'  sxste'ins.  (Jive'ii  this, 
the'  le)lle)wing  ge'iie-ral  eeine  lnsieins  ahemt  the'  use'  of  nie)tie)n  re)nst raint  re'pre'se'iitat ie)ns 
lor  eh'sign  we're'  re'aihrme'el: 

•  I  he'  ability  to  \isnalize'  the'  ee)npling  he'twe'e'ii  parame'te'is  anel  eeiiist raints.  as 
we'll  as  the'  se'iisil  i\ity  ed  a  syste'in  te>  leieal  ele'sign  ehange's.  was  erneial  in  sne- 
ee'sslnll\-  ite'rating  le)warel  a  ele'sign  gejal  lor  highly  eonple'el  syste'ins  like'  hemi 
fe'e'ele'is. 

•  I  he'  manipnlat ieiii  e)f  ele'sign  |)arame'te'rs  elire'e  tly  in  the'  eenite'xl  e)f  the'  nie)tie)n 
eenist  raint  re'|)re'se'nt  at  ie)ns  |>re»viele'el  a  ge)e)el  iele'a  e)f  whieh  way  te>  ge)  (leieally) 
tee  re-ae  li  a  eh'sire'el  eh'sign  state'.  allhe)ngh  ne)n-line'ar  ee)npling  e)fte'n  maeh' ae  e  n- 
rate'ly  pre'eliet  ing  the'  e'lle'els  ed  large-  e'xenrsie>ns  in  ele'sign  spaee'  eliflienit. 

•  ( 'lassifie  al  iejiis  anel  t  axeeiieimie's  e>l  shape's  we're' senne-what  nse'fnl  feu' si  art  ing  e)nt 
a  eh'sign  ile'ralie)n  le)e)p  hy  epiie  kly  ge'l t ing  le»a  re'gieni  ed  eh'sign  spaee'.  I Ie)we've'r. 
the'  paranie'trie-  "Iwe'aking  that  take's  plaee- afle-rwarel  was  a  ne-ee-ssarx  anel  sig- 
nilie  anl  e  e)ni|)e>ne'nl  eif  ae  liie-x  ing  a  sne  e  e'ssfnl  eh'sign.  Hasie  ally.  I axe)ne)mie's  anel 
shape'  e  lassilie  al  ie)ns  e  an  seinie'l  ime's  ge'l  e»ne'  <losi  tei  a  ge)e)el  eh'sign.  lint  alme)sl 
iinariahh'  eh'laih'el  eh'sign  is  ne'ee'ssary  le)  make'  things  weirk  fe)r  a  parlienlar 
e'xamph'. 


l.(i:  Di.scas.-^ioii 
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lloir  (JJt  tlir(  II  11(1  I  iisji  h>  win  llii  ill  sifin  fa  nil  ionn'^  1  lu' inH<'xil)ilil>  n'siilt  iiij^ 
Iroiii  ii  iiiimlxT  of  tli<’  ;i|)|)rc)\iniat  ions  and  additional  const  laint  s  imposed  loi'  the 
purposes  of  <'asier  implementation  r>l  cspace-shell  proved  to  he  somewliat  more  of 
a  imisaiK  t  lian  ant  icipatc'd: 

•  (leiierallv  speakinu,.  the  <h-sie;n  (unctions  allowt'd  us  to  r('acli  desired  points  in 
desi!;n  space  e\  <Mit  ually. 

•  l  ot  howl  feeder  desii>n.  ha\  im>,  to  jump  hack  and  fortli  Ix'twecui  modilical ions  to 
the  kiuemat  ic  const  raint  s  ol  t  h<’  ( 'S  a  ml  the  support  const  raint  s  ol  the  support 
transition  houndari<-s  within  tin-  iuiiermost  d<'sif>n  loo|)  ol  tlu-  met  hodolof>,y  in 
l  iuiire  1.1!)  was  awkward.  In  particular,  much  of  tlu'  cou|)linfi;  hetwe<-n  con- 
stiaiiits  at  this  static  appealed  t»)  lx-  dm-  to  tlx-  fact  that  wr  wr-re  representing 
the  sup|)oit  traiisilioii  lx)imdari<‘s  as  the  inli  rsi  il  ion  ol  the  su|)|)orted  region 
of  coidnmi  at  ion  space  with  the  kinematic  constraints  ol  the  ( 'S  surface-  (sec- 
S(-ctiou  L’.")).  .\lthough  prude-ut  in  tc-rnis  of  imph-mc-ntat  ion  complc-xit  w  t  he- 
K-sultiuu  (oupliiig  and  lack  ol  inlcuinaliou  rc-garding  support  ol  conligurat ions 
not  on  the-  ( 'S  surfac  e-  wc-rc-  a  nuisance-.  Ideally,  we-  would  ha\e-  like-d  to  he-  ahle- 
to  maiiipulaic-  hnlh  t  he-  ( 'S  siirlace-  a  tie  I  i  he-  surface-  of  t  he-  support  e-d  r(‘gie)n.  as 
illiisi  raic-c|  ill  (ic.mrc-  J.IJ.  in  tlx-  full  (.i-.i/.lh  e  euiligiirat  ion  s(;aee  inih  jii  iiih  nlli/ 
ol  one-  allot  he-r. 

•  Mil'  ri-<|uire-nx-iil  that  modilical ioiis  \  ia  appare-iit  iiive-rsioii  to  the  CS  lace-ts 
ami  -iippotl  iraiisilioii  houmlarie-s  eenild  e»nl\  lx-  made-  in  an  (.r.//)  |)laix'  in 
I  oiiliimral  ion  -pace  was  re-sl  rie  1  i\ e-.  .\gaiii.  prmle-iiee-  in  tlx-  ini|)le'me'nl  at  ion 
plaii-d  adelil  ioiial  eeiiisl  raint  s  on  tlx-  ||e-xihilil\  of  tlx-  tools.  Ideallw  since-  we- 
\  i-ii.ili/e-  the  motion  i  oust  i  aiiil  s  in  the-  full  {.r.ii.D)  e  Diiligiirat  ion  sjiace-.  we- 
woiilel  also  like  to  lee-  <ihle-  to  iiiauipulale-  I  Ix'se-  const  la  i  III  s  full\’  in  the-  sanx- 
■■pai  e-. 


•  \\  illi  Dill  motion  iiuisli.mil  re-pre-se-m  at  ion-  we-  ha\i-  mo\ed  Ix-yeeixl  imxle-ling 
oh  ji-i  I  '.ri-omi-l  r \  t o  line ke  -  i-x plie  it  ami  ae  e  <-ssiii|i-  1  lx-  mol  ion  const  raint  s  implicit 
in  the-  inii-i  .11  I  loll  ol  ohje-ets,  lh-e,i(liiiu  I  inuie  l.l  I  We-  note-  that  tlx-  ultim.'lle- 
oh  |e  -I  I  1  \  I  -  ol  I  he  i  le  's|  o  ||  i  M-li  |se-  l-^  to  pie  x  I  me-  de-'-l  I  l-el  oh  j(  -Cl  I  Hot  lolls.  1 1|  a  se-|ls(-. 
1  he  ■  II  lot  loll  e  oil''!  I  a  ml  •'  .lie  •'C -e  ol  ;e  l.l  r  \  I  o  I  lie'  pal  hs  I  I X -|  11  se -|  \  e-s.  I  eh -ally.  W(-  Would 
like'  to  he-  .ihh'  lo  1 1 1 .1 1 1 1 1  ii  1 1  >1 1  e '  ilx'  motion  path"  more-  dire-elly  \  ia  appare-iil 
in\e-|'-|on  lee  ,M  Iile-\e-  ,i  e|e-sitm.  m-'le-.|e|  of  doilli:  ''C  e  i  I  |e  I  i  1  e -e  I  I  \  hy  Ilia  1 1  i  pU  la  I  i  11 11 
I  ol  ol  1 ,111 1 1 '  on  1 1  ie '  mol  lot  o. 


I  lll.llh,  weenie  eji-||(l.il  oi  oe ’I  V  ,|  I  |ol  I-'  .iholll  lIx'  eh-sum  ol  Illotloll  e  e  )Us|  I  a  i  1 1 1  s  Uaille-el 
1 1  e  el  H  I  I  le  ■  ,l  he  eC  e  ■  e  •  's  1 1 1  p|e  -' 
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•  (ilohal  <'()ii|)liiig  l)('t\v<'ni  (U'sigii  paramcItMs  and  iiujiioii  coiisl  laiiit  s  is  what 
ntakt's  g('oniol lie  (l»>sign  difliciill.  rnliko  ai)|)lical ion  domains  that  max’  lx*  dc- 
conplod  into  lumped  |)aramet  er  el<*ment  s.  sncli  as  eh'ct  rical  circuit  s  or  hydraulic 
networks,  geometric  interactions  Ix'tween  ohjects  arc-  inhc-rentlx'  coupled.  .\ny 
systc-m  that  attc-mpts  to  modc-l  such  systc-ms  accurately  must  capture  this  cou¬ 
pling. 

•  riie  c-flc-cts  of  coupling  wc-re  particularly  apparc-nt  in  the-  howl  fc-eder  examples. 
Since  vihratorx'  I'ec-dc-rs  arc-  sc-nsorless.  they  can  nc-ither  |)redict  nor  ohsc-rxc-  t  he 
orientation  of  the  nc-xt  part  to  c-nter  the-  IV-c-dc-r.  I  hereforc'.  since  part/leeder 
intc-ract  ions  caimot  lx-  made-  to  cxcur  selc-ct  ivc-ly.  the-  designer  must  lake-  into 
consideration  the-  motion  constraints  prodncc-d  hy  interact  ions  along  all  possible 
motion  paths.  i'.v<  iijlhira  that  can  hapfu  n  will  hapjxn. 

•  In  genc-ral.  design  lor  compliant  assembly  sc-ems  to  be-  c-asic-r  Ix-canse  wc-  nec-d 
(oens  on  onl\'  a  ver\'  Icxal  sc-t  ol Constraints.  1  his  conclusion  max'  be  somexvhat 
mislc'ading.  hoxx-exc-r.  since  xvc-  liaxc-  ignored  a  signilicant  aspect  of  assembly 
design  gc-tting  a  sc-t  of  assemicly  motion  constraints  that  arc-  consistc’iit  xvith 
whaU !'( r  o\\\cv  extc-rnal  constraints  may  lx-  imjeosc-d  on  a  part  s  design. 


4.7  Summary 

in  this  chapter  xve  haxc-  taken  the-  motion  constraint  rc-prc-sc-nt  at  ions  dc-xclopc-d  in 
Chapter  1  and  extended  thc-m  in  a  number  of  xvays  to  address  tlx-  issue-  of  dc-sign. 
We  examinc'd  some  of  the-  difficult ic-s  of  gc-nerating  consistent  shape's  lre)m  a  prieeri 
spe-e  ifie’at ieuis  e>f  fnnetie)n  in  te-rms  e)f  me)tie)n  eeuist raint s.  anel  in  partie'idar  xxe-  illus- 
t  rate-el  heexv  the-  ne)t  ieen  eef  ge-ne-rat  ing  functieuial  shajee-s  by  sxve'e'|)ing  lixe-el  shape's  aleeng 
spe-eifie-el  mot  ieui  paths  dex-s  ne)t  guarante-e-  that  the-  de-sire-el  me)tie)n  eeenst  raint  s  xvill 
be-  aehie-xe-el.  We-  int rexluee-el  the-  spaee-  e)f  ele-sign  parame-te-rs  as  a  eleemain  in  xxhieh 
ele-sign  eef  shape-  anel  eet  he-r  parame-te-rs  eexdel  xie-xve-el  in  the-  cejiite-xt  eel  a  se-areh.  We- 
ele-xe-le)pe-el  a  se-t  eef  ele-sign  funetieens  te)  eejx-rate-  een  ele-sign  |)arame-te'rs  that  xve-re'  eli- 
x  iele-el  inte>  t we)  e  lasse-s:  paraine-trie-  fune  tieuis.  xxhie  h  xve-  lalx-le-el  appare-nt  inve-rsie)!!. 
that  alleexv  us  tee  se-le-et  anel  eeensist  e-nt  ly  mani|>ulate-  ele-sign  learame-te-rs  inelire-et  ly  in 
t  he-  e  eente-xt  eef  me)l  ieeii  ceenst  raints.  anel  teepeeleegie  al  fnne  t  ieeiis.  eeiie-  e-xample-  eef  xx  hie  h  is 
an  im|)e)se-e|  exit -e)f-|)lane'  sxve-pt  meet  iexi  ele-signe-el  tee  e  ut  eeiit  e  eenteeurs  in  a  snppeerting 
t  rae  k. 

We-  int  rexlue  e-el  ainl  e'X|eleere-el  t  he-  neet  ieen  eef  elynamie'  e  eeiist  raint  visnali/at  ieeii  xvlie-re- 
manipulat  ieeii  eef  eeelist  raint  s  anel  |earame'te-rs:  ( i)  alleexv  us  tee  e-xpleere-  tlx-  ix-ighleeerlxeeed 
eef  a  peeint  in  ele-sign  spae  e- anel  iele-ntily  xvliat  e  hange-s  tee  a  ele-sign  are-  like-ly  tee  ae  hie-xe- 
a  ele-sire-d  fune  tieeii.  anel  (ii)  ke-e-p  us  axvare-  eel  xvhat  is  and  is  neet  peessible-  tee  nxeelilx 
inde-pe-nde-nt  Ix'.  In  partie  nlar.  we-  ixete-el  that  e  eenpling  be-txxe-e-n  elilfcre-nt  e  eenstraint 
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r<'|)r('S('Mtiit ions  and  tin*  nndorlying  design  |)arain<‘t<“is  |)os('d  a  serious  cliallenge  1o 
tlie  design  of  intt'ract  ing  slia])es. 

VVe  present'd  an  ov(‘rvi('\v  ol'  an  iin|)lein<nite<l  design  and  analysis  toolkit  cspace-shell 
that  pro\ides  a  eoinputational  ('inironinent  to  su|)port  the  rei)resent  at  ion  and  in¬ 
teractive’  inanipnlat ion  ol  motion  constraints  for  design.  We  gave’  an  ove’r\i(’\v  e>f 
a  de’sign  nu’t  hode)logy  for  using  this  toolkit  in  the  eh’sign  of  vihratorx'  howl  lee’ele’is 
anel  compliant  pe'g-in-hole  assemblies.  In  de’ve’loping  this  me’l hodedog>  we’  alse>  in¬ 
troduced  a  nnmhe’r  of  eonstnicts  designe’el  to  organize’  onr  se’arch  of  a  large’  de’sign 
space’  and  he’lp  control  the’  h’ve’l  of  comph’.xity  and  coupling  hetwe’C’ii  paraiiu’te’rs  anel 
e  e)nstraint  re’pre’se’iital  ienis.  f  inally,  we’  pre’se’nte’el  a  se’i  ie’s  e)f  eh’sign  e.xamph’s  lor  l)e)wl 
fe’e’elers  anel.  te)  a  me)re’  limite’el  extent,  pe’g-iii'hole  asse’mhlie’s  in  whie  h  we’  utilize’el  anel 
evalnate’el  t  he’  texilkit . 


Implementation 

Chapter  5 


5.1  Goals 

rii(’  primary  motivation  for  implementing,  tin*  motion  const raint  l)ase(l  sliajx-  (1(>- 
sign  system  was  to  provide  l)otii  a  res(‘arcli  tool  and  proof  of  concept  d<'monst  rat  ion 
for  visualizing  and  d('signing  function  from  sliap*'.  The  following  goals  guidc'd  tin' 
multit lule  of  choices.  assum!)ti<)ns.  and  optimizations  that  form  the  resulting  imple¬ 
mentation; 

•  SPEED  ('omi)ut('  and  recompute  tlx'  s('t  of  motion  constraints  from  shape 
at  si)e('ds  that  ar('  sufficient  for  lu'ar  real-time  interact iv('  lei'dhack. 

•  Km|)hasis  on  the  modification  of  sliajM*  paranx'ters  for  the  purpose's  of  design, 
riiis  is  in  contrast  to  <'xisting  configuration  space  based  analysis  and  plannine, 
systems  that  emphasize'  the*  comi)Ulat iem  of  motions  with  re'spect  to  static 
iiKjtion  constraints  derived  from  lix<*d  shape's. 

•  I’reniele'  elire'ct  aece'ss  te)  de'sign  parame'te'is  from  within  the'  same'  funetie)nal 
re'|)re'se'ntations  that  are'  use'el  fe)i  visnalizat  ieeii  anel  analysis.  I'his  ineliule's 
|)re)viding  as  iiat  nral  anel  intuit  ive'  an  inte'rfae  e'  as  |)e»ssil)le'  for  t  he'  manipniat  ieui 
e)f  representations  <=>  design  parameters  hy  me'ans  eif  (tpffavf  til-iiivt  rsiou 
functie)ns  mapping  inte'iae  t  ive*  use'i  inputs  in  configural  ie)n  s|)ae  e'  tee  shape'. 

in  aelelitie)!!  to  the'se  ge’iie'ral  geeals.  the'  imple'ine'nt  at  ion  has  he'e'ii  taileue'el  leer  re'p- 
re'se'iitins  anel  mani|)ulat ing  motie)n  e-onstraints  that  are'  partieularl\  we'll  suite'el  for 
(h'sign  ill  the'  eleemaiii  e)f  vihratory  jearl  fe'e'ele'is.  althe»up,h  adelitional  fe'ature's  have- 
he'e'ii  aehle'd  for  me)de'linp,  and  de'sign  eef  eennpliant  asse'iuhlx  tasks. 
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5.2  System  Overview 

1  1k'  ini  (M  arl  ivr  shape  (h'sign  syst(Mn  consist  s  of  a p])roxinia1ely  25.001)  lines  of  ( '  sonrc(' 
eo(l(>  conipilt'd  to  inn  on  a  Silicon  (Jrapliics  P(Msonal  Iris  workstation.  1  he  code  is 
organized  into  th('  following  major  modnh's: 


cspace-shell  Core  routiners  incinding  tin'  int(Mact ive  graphical  ns(M'  int<Miace  and 
main  looj)  running  the  coiiHgnration  space*  dis|)lay  for  repif'senting  and  manip¬ 
ulating  motion  constraints  and  shape*. 

cs_routines  Hontiiu's  to  ge'ne'iate'  CS  face'ts. 

csjnotions  Kont  ine's  for  1  he*  increnuMit  al  com  put  at  ion  of  mot  ion  jiat  hs  and  local  ( 'S 
topology. 

cs_support  Routines  to  compute  the  appro.ximate  houndarie's  of  su|)i)ort(Ml  and  un- 
snpporte'd  re'gions  on  CS  face'ts.  and  genie'iating  track  cutouts  for  impose'd  part 
mot  ions. 

cs_selection  Routine's  that  allow  the  user  to  select  and  modify  part,  howl  anel 
track  ve'i't ice's  via  change's  to  the  CS  or  LOS  honnelarie's. 


riu'  interactions  among  the*  major  modules  is  illustrate'd  in  Lignre'  5.1.  .\  nnm- 
her  ol  additional  files  jirovide  data  structure'  definitions.  I/O  support  and  various 
utilities.'  d  he  remainde'r  of  this  chaiiter  prese'uts  in  eh'tail  the  imple'inentat  ion  of  the- 
major  components  of  cspace_shell  anel  its  suhront ine's. 

riie  main  event  leM)|)  in  cspace-shell  hanelle's  all  of  the'  functions  for  (lis|)la\ing 
e»l)jects  anel  the'ir  motion  conslraints  in  configuration  space*.  I'ser  se'h'ction  of  or 
increment  a  I  moelificat  ions  to  any  of  t  he  sliajM*  parameters  automat  ically  cause  I  he*  ( 'S 
to  he  ( out  iniionsly  re'com|)ntee|  and  displayed  during  the*  moelificat  ion.  Ifenahle'd.  the 
support  regions  on  each  of  the  face'ts  in  the  CS  are*  also  re'compute'd  and  displax'ed. 
Other  lunctions  that  need  not  or  cannot  lie  performe'd  coni  inuonsly.  such  as  the 
integration  or  animation  of  motion  jiatlis.  are*  e'xecute'd  once  "on  demand"  h\  the' 
user.*’ 


'  I  lii  v  files  iiichnie:  cs.data structures  .h.  cs-lile.io.  cs.to.iris.  cslice_iris, 

cs-utilities  jiikI  cs.iris.utilities 

■  Nimierical  iiilenralioti  uf  iiKitioii  jiallis  is  tlii-  mnsl  coniinit  at  ionalle  e.\|ieiisise  <>|ieral  ion  per 
formed  ill  cspace-shell.  ami  would  Pe  imalde  to  provide  aeci'ptalde  last  feidliaik  to  the  user 
diiniiK  a  di'sljiii  operation 
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CSpace-Shell 


Graphical 
User  Interface 


CS_Routines 

CS.Support 

1 

CS_Motions 

Compute 

Compute 

Compute 

and  Render 

and  Render 

Local  CS  Topology, 

CS  Facets 

Facet  Support 

Compute  and 

Maps 

Render  Motion 

Paths 


X  t  X 

Various  Utility  Modules 


I'  •*).  1 :  ( Jciicral  ovctx  i<'\v  <»f  I  Ik*  iiia  jor  mu<lul<'s  coinprisiiiu,  1  Ik*  iiit('ra(  t  i\  ('  mot  ion 
const raiiit  <l<'si>!,n  system. 
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5.3  Generating  Kinematic  Constraints 

5.3.1  Contact  Facets 

\\  (' ('xplicit  ly  iii(k1('I  the  two  basic  types  of  single-coiit  act  interact  ions  betwecMi  a  |)air 
of  planar  polygons  as  constraint  fords: 

•  type  A  an  <'<lge  of  Polygon  A  (moving)  toiuliing  a  \-erte\  of  Polygon  II 
(stationary),  and 

•  type  B  an  e(lg('  of  Polygon  11  toTicliing  a  vertc'.x  of  Polygon  A. 

rii('  contact  generating  <‘acli  facet  typ('  reduces  tlie  degix'es  of  fix'edoni  ol  the  ino\  ing 
polygon  from  tlir('«'  to  two.  .\  conv<'nien1  paramet('rizat ion  for  tlie  remaining  two 
degrees  of  fr<'e<lom  is  p  and  0  as  shown  in  Figure  d.'2.  I  lx'  />  |)araim'ter  determines 
th<‘  non-dimensional  position  (0.  1)  along  a  polygon's  ('dge  at  which  a  vertex  ol  th(> 
other  |)ol\gon  contacts  that  edge.  Th<'  0  parameter  is  tlu'  oricnilation  of  the  moxing 
|)olygon.  and  is  th('  sanu'  0  used  in  tin*  (x.i/.O)  conligurat ion  si)ac(>.  The  values  of /> 
and  0  thus  detc'rmine  tlx'  |)osition  of  a  point  on  the  surface'  of  a  facc't  that  is  itse'lf 
('inbedeh'd  in  the*  (.r.i/.O)  configuration  space. 

I  sing  the'  parame'le'i's  i/i.O)  we  juay  write*  the*  e'e)uatie)ns  for  a  ))e)inl  e)n  a  fae-et 
surfaee'.  Keer  a  type-  A  faeet.  we  have*: 

P  \lK  0)  =  -  Hoim  /?;'  +  p/^;' )  (b.  1 ) 


I>  e  [0.1]  (b.-_>) 

0  e  C')-'!) 


whe'ie'  is  the-  pe)sitie)ii  ve'cte)!  ed  the'  /tli  ve'ite'x  e>f  the*  statiejuarx  |)e)lyge)n  fre)m 

the-  eerigiii  e»f  the-  weerlel  eeeeerelinate's.  Hf  aiiel  /y’  are'  the*  |)e)sitie)n  anel  e'elge'  ve'cte)rs. 
re'spe'et ive'ly.  eef  the-  dh  xe'ite'X  anel  e'elge*  e>l  the*  mening  pe)lyge)n  with  re'S])e'et  te)  that 
pe)lyge»n's  re'fe'ie'ne-e  |)e)int.  anel  /»  anel  0  are*  the*  faee*l  parame'te'is.  l{ol(0]  is  the* 
reel  at  ieuial  t  raiisldrm: 


IU>l(0)  = 


ce>s  —  sinf^ 
siiifl  ri}s0 


Similarly,  leer  a  type-  11  faee'l  we*  have-: 


P.  0 )  =  +  pP:^  -  Hoi {())(  H,' )  ( 1 ) 


(b.b) 


(b.(i) 


/' 

0 


[O.I] 

\(> . o,„.,A 


(If  IK  laiiiui  k  iiif  iiiiilic  Consl riiinl.'i 
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I' imirc  "i.iJ:  \  <•(  lor  iioIhI  ion  foi  la<  rl  ('(pmt  ions. 


■'t.  i:  ( if  IK  rat iiifi  l\iiK  malic  ( 'oiistiaiiit'< 
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Figui'(’  ')..■{  illu.strat('s  the  notation  lor  hotli  lam  ty|)(‘s. 

In  Icnns  ol  t lie  <()nlignrat ion  spaco  paraiiK'tors  (.v.ti.O]  wo  may  writclor  a  iv'ix’  A 
I'acf't : 


./•  =  +  />/•:;) ) cos 0  -  i  +  />/•;;; )  sin  tt i  ( o.t i 

,/  =  /?«  -  ( (  +  /,/•;;! )  sin  0  +  (  //,;  +  />/•■;; )  cos  0).  ( o.S ) 

and  for  a  type  B  facet  we  liav(': 

•r  =  -  ( 11'  cos  0  -  //;'  sin  0 )  ( o.f) ) 

„  =  +»/-;^ -(//;' sin  cos f^).  (O.IO) 


Contact  |■ac('ts  are  repr<‘s<’nte<l  l)y  ruled  snrfaces  in  the  (.v.i/.O)  coniignrat  ion 
spar<’.  ICacIi  facet  is  l)onnded  Iw  four  curves  corn'sponding  to  maxinnnn  and  mini- 
nnnn  \a!nes  of  tlie  parainet<'rs  /»  and  0.  curves  corres|)onding  to  maxinnnn  and 

minimum  p  xaliu's  ar<’  sinusoidal  spac<‘  curves  in  the  {.r.i/.d)  coniignrat  it>n  space, 
wliereas  tin*  maximum  and  minimum  0  curves  are  (.r.//)  line  sc'gments  in  lixed  0 
slices  (jf  configurat  ion  space*,  l  igure  o.  1  illustrate's  t  liese*  cur\  es  loi-  hoth  type  .\  and 
type’  H  lace’ls. 

I'he  orthogonal  set  of  normal  and  tangential  ve'ctors  at  any  point  on  a  iaceU 
surfa<<'  may  he  written  in  terms  of  {p.O)  as: 
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I' idlin'  Noriiuil  find  I  iiMf!,<Mit  iai  vi'clors  al  a  point  on  I  lie  sm  face  o|  a  lacct. 


I'or  a  type  A  facot .  lli<'  ('xprcssions  I'or  tlic  compoiK'iits  of  i7  and  r  arc: 
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««>s  0 
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( /r'  +  /!/■■;' )  sin 

(a.  IS) 

I'll 

=  1. 

(a.I!)) 

i'ollowini;  t  lie  coll  vent  ion  that  /;  increaso  uliile  I  raver>inn  an  edue  ol  tliepol\i>on  in 
a  <  omit  eii'ioi  kuise  sense,  t  lie  iioi  inal  ;7  point  s  ouliriiid  IVoiii  the  sin  lace  ol  the  facet . 
as  shown  in  h  iuiire 


•  (if  lit  idl in</  hiiif  iiKilic  ('(lll.■<ll■(lilll■^i 
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5.3.2  Traces,  Moves  and  Turns 

I  lie  coinplc'lc  s('t  of  coiilricts  possible  1)(‘I\V(‘<mi  two  polygons  max'  l)c  obtained  by 
(Miuineiat  iiit;  all  vertex  and  (‘df>;(‘  eoinbinat  ions  ln'twc'en  the  two  pt>l\p,ons.  resnitine, 
in  '2iiiii  contacts  b('tw<>('n  polyp;ons  with  ii  and  in  \('rt  ices/ede,es  respect  i\('lv.  A 
convenient  r('pr('S(Mit  at  ion  lor  gc'iK'iat  in«  and  indexini>,  contact  lacets  by  nsin<>,  tin' 
int('ract  in,i>  polygon  reatnres  that  cr<'at<'d  them  is  the  ll■ll(■f  diu'  to  (inibas  et .  ah  [37]. 
In  tlie  tiac('  r('pi('S('nt  at  ion.  a  polygonal  contt)nr  is  I'epix'sc'iitc'd  as  the  |)ath.  or  trac('. 
sw('|)t  out  by  a  |)('npoint  that  is  alt<'rnat<dy  alh)W('d  to  move  in  a  dir('ct<'d  stiaight  line 
s('gm('nt  or  to  chang<'  orientation  (i.<x  turn)  at  a  |)oint.  In  tt'rms  of  a  polxgon.  ('ach 
iiinri  in  a  t  lacc'  corres|)onds  to  an  <'dge  ol  th('  polxgon  and  each  I  urn  corr«‘sponds 
to  a  x'ertex  joining  two  edg<‘s.  A  cIos<>d  tiace  ])rodnc<'s  a  closc'd  poixgon  whei('  the 
|)('npoint  is  nMnnu'd  to  the  sam<‘  position  and  oric'iit  at  ion  Irom  which  it  started. 

Hy  cotivcMition  a  trace  travcnsi'sa  |)olygon  in  a  comit ('rclockwis(' din'ct ion  so  that 
the  interior  of  the  polygon  is  always  to  the  hdt  of  the  trace.  .\  convt'x  vertex  on  the 
polygon  is  ri'pr<'sent<'d  as  a  left  turn,  and  a  (oncaxa'  v<Mt('x  as  a  right  turn.  .\  mov('  is 
relerix'd  to  as  a  forwdid  move  if  it  is  t  raversed  Irom  st  at  t  to  end  in  t  he  same  direct  ion 
as  its  orietit at  ion.  .Ml  mox'es  ns<'d  to  repr('s<Mit  (‘dg('s  ol  polygons  ar<'  forward  mox'es. 

One  adxantage  of  using  the  trace  r<“pres<'ntat ion  is  that  gt'iu'rating  tin'  comph'te 
s<'t  of  motion  constraints  for  two  polygotis  (with  lixed  orient  at  ix)ns)  is  (-(inivaleut  to 
convohitig  the  two  |)olygon  trace's  to  form  a  ik'w  contour,  which  is  itself  a  trace. 
Ixach  turn  in  a  trace  swee|>s  out  a  range'  of  angles  be'twe'e'ii  the'  move-  e'nte'ring  and 
t  he  mo\e'  h'aving  t  he*  t  urn.  ( 'onvolving  two  t  race's  inve)lve's  aehling  t  he'  e)lis('t  Irotn  t  he' 
re'lereiie  e'  pejint  te»  t  he' t  nrii  eef  e)n<' t  rac  e'  to  e'ach  ol  t  he'  nu)ve's  ol  t  he'  e)t  hc'r  t  race'  whose' 
enie'iitat  ienis  lie-  within  the-  angle'  range'  e)l  the-  turn,  anel  the'ii  re'pe'ating  the'  proce'ss 
leer  e-aeh  tiirii  ein  the-  eetlie'r  trace',  ligiirc'  .').(>  illnst  rate's  this  ])re)ee'ss  lor  two  trace's. 
alon<.i  with  the  rc'snlting  conx'olve'd  trace'.  ( ’oiu'ol ving  two  closc'd  trace's  |)i'oelnee's  a 
trace  that  is  itsc'll  closed.' 

.\not  hc'r  aehant  age'  of  t  he-  t  race'  re'pre'se'iit  at  ion  is  t  hat  convoint  ions  involving  ce)n- 
vex  ind  cone  axc'  xe-rticc's  are'  trc'ate'd  iiniforndy.  In  |)artie  nlar.  conx'olving  a  lorxvard 
moxf  (|)olxgon  e'dge)  from  one'  trace'  with  the'  le-lt  tmn  (eonxe'x  polygon  xc'ite'x)  ol 
allot  hc'r  trace'  |)rodnee's  a  forward  move'  in  the'  e)nl])ul  trace',  xvhi'rc'as  conxolxing  a 
lorxvard  moxc'xvith  a  riyht  turn  (coneaxc'  polygon  xe'itc'x)  produce's  a  Ini rh irti rtl  niovc 
in  the  output  trace.  .\  bachxvarel  inoxc'  is  traxe'rse'd  Irom  its  e'lidpoint  to  its  start- 
point  ratlic'i  than  x  ise  xe'isa.  .\n  im|>ortant  propc'ity  ol  bae  kxvard  moxc's  is  that  thc'y 
onix  appear  in  the  inteiior  of  the'  closc'd  output  trae'c  lormc'd  by  the'  conx'olntion  ot 
txxoelosed  input  traces,  in  ot  hc'r  xvords.  backxvard  mox  c's  e  orrc'spond  to  motion  eon- 
straiiits  that  aie  nnreaehable  from  t  he' c'xte'iior  ol  a  closed  sc't  el  constraints.  1  his 
is  a  useful  feature'  be'eanse'  once'  wc'  de'te'rminc'  that  a  constraint  e'elge-  is  backxvard  xve' 
e|o  not  haxe  to  lompnteanx  more' eh'taih'd  information  about  it  since'  it  c  annot  be' 


•'Sri  ( iiiili.is  <  I  al  [;17]  lor  iiiorc  ili'tails  alxiiit  traci^  aiiil  lluir  |iro|)<'rt  iis. 
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(’ha  1)1(1-  ■~):  Impli  UK  iilaliaa 


l  igiirc  o.Ci:  I’laiiar  polygons  |■<'|)^*s('n1<‘<l  as  tract's,  and  tlic  trarc'  coi rc'sponding  to 
t  lic'ir  (  cnivolnl  ion. 


on  t  li('  sni'facc'  of  t  lie  ( 'S. ' 

Wlic'ii  onc'  ot  I  hc'  planar  polygons  is  allowc'd  to  rotate',  as  is  t  In'  rase'  in  cspace-shell. 
\v('  ns('  a  gc'iK'ializat ion  of  tin'  trace'  re'pre'se'iitat ion  in  whicli  racli  of  the  face'ts  dc'- 
scriln’d  c'arlic'r  corre'sponels  to  a  move'  of  the'  convolve'd  trace'  that  is  s\v('i)t  in  tin'  0 
dime'iisieni  of  the'  (.r.i/.O)  eonfignrat ion  space'  ovc'r  the'  e'litire'  angle  range'  for  which 
that  move  is  valid.  S|)e'cifically.  a  facc't  is  a  move  (e'dge')  of  one'  ])ol\gon  that  is  offse't 
hy  the'  position  of  a  turn  (verte'x)  of  the  otln'r  ])olygon  over  tin'  entire'  range'  of  angle's 
for  which  the'  move'  ?  orie'iitation  lie's  within  the'  turn  s  angle'  range',  f  sing  the'  traee' 
neetation.  a  face't  is  identifie'el  hy  a  type'  (type'  .A  or  type*  H).  an  inelex  to  a  trace'  move', 
anel  an  ineh'x  to  a  trace’  turn.  I  his  type'-move’-t  urn  indexing  scheme  is  particularly 
useful  in  de’te’rmining  the’  to|)e)leigical  re’lat  ie)nsliips  he'twe’e’n  facets  forming  the'  CS 
in  e-onfignrat ion  si)aee’.  l-lejuations  for  a  face’t  e'xprc'sse’d  as  turns  and  moves  can  l)e’ 
de'iiee'd  from  e’epiations  1  and  .').  I  hv  suhst it ut ing  a  turn  for  the  anel  a  move 

for 

|•.nnnn'ral  ing  anel  ee)m|)nting  the’  complete’  se't  of  indixidual  constraint  lace'ts  for 
two  interacting  polygons  invoUe’s  a  re’lat ive’lv  small  amount  of  computation:  the' 
lAerall  (omple-xitv.  hoth  in  size-  and  time’,  is  ()(ii^)  wlie'te'  ii  is  the’  typical  numlte'r  of 
■  d'.'e.-  \r*rii((*s  in  each  of  the  polygons.  Computing  the’  int  e'rse’et  ions  anel  to|)ological 

will  '-till  iiiiiniirali'  rai('l>  coiTcspoinliiij;  le*  harkwaril  iiKivi's  in  onr  ( 'S  data  striirinrc 
'  .  iiiv.  1 1|.  \  |iri  i\  ii|<  lo|iol(ij;i(  al  closure  of  tin-  s<'l  of  facet  in  roiili;;urat  ion  s|>;ice  ami  are  ns<'fnl  in 

I  o  I II 1 1  mil  i:  l.ici  I  ail  laci'in  v . 

Ill  cspace-shell.  tin  niovinn  polygon  is  rellecleil  tlirongh  the  origin  liefore  lieing  converted  to 
'I  '.lie  -ign  in  eipiatioiis  .’).l  and  I  wottld  lie  replaced  willi  a  sign. 
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rclat  ioiislii|)s  Ik'I  wccii  all  lacc'Is  in  llic  ( 'S.  lioucvci.  i-'  u,<’ii«'i  all\  a  iiioii'  <liifi<  nil  .umI 
<'»»iii|)ntal  ioiialK  <’.\|)<‘iisi\  (‘  |>rii|>i)sil  ion.''  I'oi  t  uiiatclv .  loi' t  li<’  |>ui  pos*'  oi  iiii: 

111.-  CS  urapliicallv  il  is  siitlici.-nl  t.»  <  oiil\  I  lie  . oinpl.-t.-  set  of  indix  idu.il 

lac. -Is.  lor  ill.-  |)Ui|).)s.-  .)!  .  .>iii|)ul  iiiu  ..l.j.-.  I  iii.»l  i.ais.  lio\\.-\.-r.  w.-  will  in-.-d  l<> 
.  i)iii|)iil<-  al  l.-asi  I  li.)s.-  I .>|).)l.)«i.  al  l.-al  iir.-s  ..n  i  li.-  ( 'S  I  lial  . oiisl  rain  sp.-.  ili.  mol  ioii". 
In  111  .-  n.-xl  s.-.'l  ion  w.-  will  d<'s.  ril>.-  lli.-s.-  .  .nnpiilal  ions  in  iii.»i<-  d.-lail  alone  wiili 
ill.-  pr.).<-.lur.-s  l.ir  ...iiipiil  ini>  sp.-.ili.  ol.j.-.l  m.ili.nis. 

In  suinmarv.  lli.-  CS  is  ...nslni.l.-.l  as  an  ana\  ..I  indixidnal  lac. -Is  r.-pi .-s.-nl iim 
.'.(iila.  ls  li.-lw.-.'ii  .-.lli,.-  and  \'.-rt.-\  r.-alni<-  pairs  ..I  Iw.i  p.iKo.ms.  I  li.-i.-  is  no  i-\pli.  il 
r('|)r.-s.-nl  al  i.jii  .>1  lli.-  r.-lal  i.nisliips  d.-l  \v.-.-n  lli.-  la. .-Is  in  lli.-  (S  l.>r  lli.-  pnrp.is.---  ..I 
i.-inl.-rinu,.  I  Ins  is  .Ion.-  in  .ii.l.-i'  l.»  .-nlian..-  lli.-  sp.-.-d  al  wlii.  li  (  S  surla.'.-s  max  I).- 
“('ii.-ral.-.L  r.'ii.l.-r.'.l  an. I  iiianipiilal.-.l.  Si>.“.  ili.allx .  hx'  iilili/ine  ill.-  .l.-ptli  Imir.-r'  ol 
111.-  liis  worksi  al  i.)ii  I.)  lii.l.-  llms.-  p.irli.nis  .>1  lli.-  lai.-ls  llial  ar.-  .j.'.lii.l.-d  lix'  .illi.-r 
lac'ts.  \v.- ar.' I).' al)l.- I.)  g.-n.-ral.- an.l  r.-nd.-r  a  .l.-lail.-.l  gra|)lii.'al  imag.- ..f  I  In- ( 'S  in 
n.-ar  r.-al-l iiii.-.  as  is  n.-c.-ssarv  lor  iin|)l.'in«'iH iiig  ill.-  kind  .>1  inl.-ra.  I i\'.'  manipiilal i.ni 
l.-al  iii’.'s  discussed  in  .-arli.-r  cliapl.-rs. 

5.4  Computing  Motions 

Pari  inolioiis  ar.-  r.'pr.'senl.'d  as  paths  in  conligural ion  spac-.  api.roxinial.-d  al  ill.- 
low.'st  Icx.-l  In-  a  s.-l  ol  discr.-to  points.  Sp.'cili  rally,  a  mol  ion  path  is  r.-pr.-s.-nt.-.l  in 
cspace-shell  as  an  arrav  ol’  conlaci  stales,  wli.-r.-  each  conlacl  slat.-  contains  an 
array  .)l  tlios.-  points  along  a  path  that  ar.-  in  conlacl  with  tli.-  same  s.'l  .)!'  la.-.-is, 
S|)ecilically.  a  c.nilact  slat.-  encairsulal.'s  that  inniion  of  a  path  that  is  in  ..iiila.t 
with  the  sam.-  set  .)!  lac.-ls  c.)rr.-sp.)n<ling  to  contacts  l).-lw.>('n  l.)p.)l.)gically  .lislinct 
pairs  (j1  lealiires  ol  th.-  nmx  ing  an.l  stationary  ohj.-cls.  .\  .ontact  slat.-  may  .■..niain 
a  point  .)]•  set  ol  points  in  .■ontact  with  a  singl.-  lac-t.  an  .-.Ig.-  I).'lw.'.'n  tw.)  la. -.-Is. 
a  x'.'it.'X  lorm.-d  In'  llir.'.-  lac.-ts.  or  no  lacets  at  all  (i..-.  a  Ir.'.-  or  im. '.nisi rain. -.1 
mol  ion 

I'll.-  task  .jf  ..(mpiiting  paths  in  cspace-shell  is  .lixi.l.-d  int.)  txvo  dislin.  i  pr.i- 
.’.'ss.-s:  .l.'l.'rmining  I h.-  l.).  al  l.»p.)logy  .>1  I  h.-  CS  an.l  pi.-c.-wis.-  niim.-ri.  al  inl.-grat  i.in 

'  I  III'  xvor^l  casi'  cniiiiili-xil X  is  (){ih). 

1  III-  i|i-|)tli  liiiiri-r.  or  Z-lnilii'i'.  is  a  ri  lalix'  ly  siainlard  im  i'i'  nl  u,ra|i|ii(s  li.arilxx an  in  xxlin  li 
till'  ilislaiicc  Innii  lln'  xii-wiiie  iilain-  In  I'arli  |miimi  n|  a  n-iiili  ri'il  (iliin  i  is  i'niii|iiiii  <1  ainl  iisi  il  in 
|||■ll■rlllill'■  xx'liri  hir  nr  that  |inint  slmnlil  In-  drawn  A  |<ninl  nn  an  n|i|iii  In  mu  drawn  •'inli  as  a 
cniilai'l  larri.  lliat  is  Inrlln  r  awa>  Irnni  tin  xiiwme  |ilain  llian  a  pri  xnaislx  drawn  immi  wnli  lln 
saiin  (j  .  i/l  scri'i'ii  imsiiimi.  will  iini  In-  itraxxn  In  tins  wax  nx >  rlaninni;  nr  m  .  lndi  d  nl.|'  '  ls  an 
drawn  iiirri  i  lly  and  'inn'ki.x 

‘'In  ill  nsi  I  asi's  wlii  i'i  (|in  In  a  li'nnn  lrn  •  niiirnl> m't  inni'  Ilian  llir*'  kn.  iv  ran  ■  niin  inin 
iniilai'l  al  a  |iniiii.  lln  iMrainnii'  .ar-  niiin''i|  Irnm  . . .  ni  vian  .  i||,  .|.  s,  ri|il  nai  n| 

detect  Jtew_contacts(  )  in  Si  1 1  mn  a  I  I  d 


178 


( 'lidith  r  •>; 


I  III  1)1  (  nil  II  till  ion 


i>l  idual  iiiol  ion  |>al  lis. 

5.4.1  Computing  Constraint  Set  Topology 

I  li<‘  liasi<  ('Icmctit  lor  irprcsnit iiif>  «a)iisl raiiits  in  cspace-shell  is  llu-  iiidividiial 
cuiitact  lacnt.  Ic'atiirns  on  tlic  ( 'S  snrla<('  lorm<‘<i  Ky  inlr’iact  ions  la'twccn  multi|)l(‘ 
lacris.  siu  li  as  (-(Itrrs  or  \«'rt  icc's.  ar»-  n'|)r(‘s«‘nt<‘<l  iiiijilii  ith/  as  rnlat  ionsliips  Ix'twcr'ii 
I  wo  or  more  iiulixidnal  larri  s  wit  liin  racli  contact  state  dm  iiifi,  pat  li  ititcp,rat  ion.  Otic 
ot  t  lie  contact  lacets  in  eacli  contact  state  is  lal>el(‘d  as  tlie  ri'liM’ence  facet  loi'  that 
state.  1  Ids  n'lerenci'  lacet.  or  njjaril  is  iisixl  to  stori*  an  array  of  indices  to  the 
ot  h('r  laci'ts  in  the  ( 'S  that  a  motion  path  may  encounter  wIkmi  iiitep;ratinj>  from  the 
cmrent  position.' 

1  h('re  are  two  categori<“s  ol  lacet  that  may  he  (‘iicomiti'ic'd  during  llu*  inti'gration 
of  a  tiiotion  jiatli:  an  adjacent  fac('t  ainl  an  intersecting  faci't. 

5. 4. 1.1  Facet  Adjacencies 

.\ti  adjacent  facet,  as  the  tiaiiK'  itiiplies.  is  a  facet  that  is  adjacent  to  oik'  of  the 
foitr  liomidaries  of  the  t<d'_facet  as  determined  1)\-  tlie  limiting  values  of  the  faciM 
paraiiK'ters  p  =  (0.  I )  or  1/  =  (O,,,,,,.  0, Fac<'t  adjacencies  corrc'spond  to  local 
cotitact  t ratisit ions  of  adjacent  f(‘at tires  of  th<‘  polygons  in  contact. 

I'.ach  of  the  four  homidaries  of  a  r<‘fJ'acet  is  adjaermt  to  at  h'ast  oik*  and  at  most 
two  other  lacets.  I  he  first,  so-called  j)riniary  adjacent  facc't.  is  the  contact  lac('t 
corresponding  to  the  transition  of  contacts  Ix'twr'en  consecntivc'  polygon  features. 

I  he  |)ritiiary  adjac<'iii  facet  is  always  oi  the  opposite  type  from  th('  n'Lfacet.  and  is 
always  adjacent  to  the  relJacet.  I  lie  s<*condary  adjacent  is  a  another  facet  that  is  a 
adjacent  to  the  primary  adjacent  facet,  and  may  also  he  adjaci'iit  to  the  refjacet  if 
c('rtain  conditions  hold.  I  Ik'  secondary  adjacent  facet  is  alwa\s  of  the  saiVK'  type  as 
the  refjacet."’ 

hot  an  adjacency  along  a  relJacet  s  /;  =  ()  or  p  =  1  honndary.  the'  secondary 
adjacent  will  he  adjacent  to  tin-  ref_fa<<‘l  iff  tin-  angle  range  of  the  relJacet 

oviM'lajis  that  of  the  secondary  a<lja<<'nt  fa<-et.  Similarly,  t lu'  ri'fJ'acet's  0  =  0,„,„  or 
homnlary  will  he  adjacent  to  both  lh<'  primary  and  secondary  adjacent  facets  iff 
t  Ik’  ./■.  //  h'tigt  h  ol  t  he  relJacet .  i.e.  t  h<’  h'ligt  h  ol  t  h«'  ndJaci’t  s  corresponding  polygon 
<-<|ge.  is  shorter  than  the  length  of  t  h<‘  |)rimary  a<ljacent  facet.  I'ignre  "i.T  illustrates 
some  typical  adjaceiicv  cases  and  t  he  polygon  fc'al  nres  t  hat  gcnieratc' t  hem.  I  able  •').  1 

',\ii  <  xii  |il K III  is  lilt  tri  <'  r< ml ;ic|  sl.ilc.  wliirli  |i;is  iiii  fan  ls  in  riiiitac'l  \  ti  iii|inrary  iiiill-rarci 
il.'iia  •'irin  liiri  e  n<  in  rat<i|  ;iii<l  used  insiort-  tin-  iiiforiiialioii  in'<cssar\  in  liainlli’  siicli  l  asi-s. 

''  ,\i  1  ii.'iIIn  ,  I  In  |iriiii.'ir,\  aifiaiiiil  lard  r<'|>r<'s<'iiis  .a  i'<mi;ii't  In  tween  iln-  saiin  |ni|\nim  vertex 

I I  urn  I  am  I  eii  Inr  tin  |ire\  n  urn  nr  >iili'ei|iniii  |>n|  \  r;nn  eiljii-  (  nin\e),  wlnre.is  tin-  sernml.irx  ail  I'lrenl 
re|iresenl  "•  a  rnlll  ai  1  I  III  Ween  tin  sail  |e  I  in|\  |;<  III  eilne  (  |||n\e  |  .'llnl  'll  ||er  tile  |  ire  \  mu',  nr  sllliseijllelll 

|ii  i|\  HI  III  Vertex  II  urn  i 
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o.i: 


I'igiirc  ■').7;  Kxami)l('  I'acrt  a<(jacvnri(‘s  and  tlicir  corresponding  polygon  feature  tran¬ 
sit  ions. 

('numerates  tlie  |)ossil)le  adjacencies  for  l)otli  a  type  .\  and  type'  refj’acet  in  tc'rms 
of  that  facet's  tyjx'.  mo\<'  inde.x  and  turn  iiuh'.x. 

Topologically,  a  p  =  0  or  p  — -  1  facet  adjac(*ncy  r('i)r('sents  a  vert  ex- vert  ex  contact 
l)('t\v<'<'n  tli('  moving  and  stationary  polygons,  and  forms  a  s])ace  curve'  in  the'  {.v.ji.O) 
configuration  space'.  .A  0,„i„  or  adjacency  In'twe'cn  two  facets  corres|)onds  to  an 
('dg('-edge'  contact  In'tween  the'  two  polygons,  and  forms  a  straight  line  |)arall('l  to 
the'  (.r.p)  plane'  in  the  configuration  space'.  In  both  type's  of  adjacency,  the  moving 
polygon  has  only  one'  df'grex'  of  free'dom. 

5.4. 1.2  Facet  Intersections 

Some'  contact  face'ts  that  are  locally  fe'asil)le'  may  corr('S|)()nel  to  contacts  that  are' 
globally  unre'achabh'  due'  to  obstructions  by  otlu'r  polygon  fe'ature's.  Ihe  CS  for 
polygons  with  concavit  ie's.  like  that  for  pure'ly  convex  polygons,  is  made'  up  of  face'ts 
that  are'  locally  adjacent.  Howeve'r.  because'  some  of  the'  facets  are'  harhword.'i  facets 
formed  by  edge's  convolve'd  with  concave'  ve'rtices.  the'  CS  ”wra|)s  in"  on  itse'lf.  re'- 
sulting  in  face'ts  that  are  partially  or  fully  imlH'deh'd  within  the'  CS  and  are'  the're'fore' 
unre'achable'  because'  llie'V  are'  occlude'd  by  ot  he'r  face'ts.  Ill  such  case's,  some'  face'ts 
inte'ise'ct  ot  lie'!  face'ts  e)n  the'  ( 'S.  as  illustrated  in  I'ignre'  o.S. 

Heeause  laee't  adjaee'iicies  are  dne'  to  transitions  Ix'twe'en  conse'cul  i\('  |)olyge)U 
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l<'atiir('s.  tlir  ciilrirs  in  lahlc  ■‘i.  1  an'  suffici('iil  t(;  (l('t<'riiiiii('  tlic  coniplcto  set  of 
adjacciKV  n'lat ioiisliips  lor  any  lac«'(  on  llio  CS.  I'or  intorsect ions  Ix't wce'ii  facets, 
liowi'vcr.  \v('  innsl  ('.xplicit ly  t('st  eacli  facet  |)air  to  (letennine  if  an  intersection  is 
possihk'.  Sjx'cifically.  wlien  cr<'at  ing  a  contact  state  we  must  tc'st  t  lie  refJ’acet  against 
('\('ry  other  faci't  in  tlie  ( 'S  ainl  n'cord  tlu'  indices  to  those  facets  witli  wliich  an 
intersi'ct  ion  ina\'  occur,  lo  make  this  proc<'ss  faster  and  more  efficient,  we  employ  a 
s('ries  siinjih'  tc'sts  to  det('rmine  whetlu'r  intersection  between  a  given  facc't  and  tlu' 
rt'lJacet  is  |)ossil)le.  I  lu'se  ti'sts  ar('  summarized  as  folh'ws; 

1.  Are  the  facets  adjacent?  Adjacent  facets  cannot  intersect  one  anotln'i. 

2.  Do  the  ranges  overlap?  Facets  with  disjoint  0  range's  cannot 

interse'ct . 

d.  Do  the  (.1.  //)  bounding  boxes  of  those  portions  of  the  facets  within 
the  same  0  range  intersect?  Facets  with  non-intersc'ct ing  bounding  boxes 
cannot  inte'isect.  Wv  compute  the  (.r.t/)  lionnding  boxes  by  determining  the 
minimum  and  maximum  (.r.t/)  value's  e)f  tlie'  />  =  0  anel  />  =  1  spae-e  enrve's 
bouneling  e'aeh  of  tlie  fae-e'ts  witliin  their  eommon  0  range*. 

Faee'ts  that  [lass  the'.se  te'sts  can.  Imt  do  not  ne'cessarily.  inte'rse'ct  e)ne  ane)ther  anel 
are*  liste'd  in  an  array  labeleel  iiil(  rs^cls  in  the  refj'aee't  elata  strnctnre.” 


5.4. 1.3  Monitoring  Contact  Transitions 

One-e  we  have  the  two  arrays  erf  adjacent  anel  interse'ct  ing  fae  ets  compnte'el  anel  store'el 
within  the  refj'aee't  erf  a  e'ontact  state*,  we*  can  ele'termine*  if  any  new  eontacts  are 
eneerimte're'el  eluring  ine  remental  inert  ion  inte'grat  ion  simply  by  che'cking  e'aeh  new 
irersition  against  therse-  faeets.  V\'e  eietermine*  if  a  iie'w  eerntae  t  has  Ire'eii  niaele*  with  an 
aeljaeent  face't  simply  by  moniterring  tlie*  value's  erf  the*  faeet  paramete'is  /;  anel  0  ter 
•se'e*  if  tlie'v  are  within  the*  a|ri)rerpriate*  range's  ferr  the*  re'fJacet.  If.  for  examirle.  afte'r 
inte'grat  ing  an  incre'me'iital  mertiern  the*  value*  erf  the-  re*!' J’aeet  s  /;  parame'te'r  we're*  tei 
eliange  frerm  ter  l.().{.  then  the*  mertiern  werulel  liaxe*  e'licerimte're'el  the*  faee't  aeljace'iit 
ter  the*  /r  =  1  berniielary  erf  the*  re'Lfaee't. 

ier  ele'te'rmine'  if  eerntaet  has  be'e'ii  maele*  with  an  inte'ise'et ing  faee't  during  an  in- 
e  re'ine'iit al  mertiern.  we*  ehe'e  k  ter  se*e'  if  the*  e  iirre'iit  anel  pre'eierns  jiatli  persitieiiis  are*  etii 
e)|)|)e)sit  e*  side's  of  any  erl  the*  faee'ts  in  the*  inte'ise'et  s  arra\.  To  re'cerrd  the-  re-lal  ioiiship 
erf  a  posilieui  ter  an  inte'ise'et  ing  laee't.  we*  int  rerelnee'  a  ne'W  data  struetiire'  <  alle-d  a 

'  J II  I  III  nri'sclil  ilii|i|i'iii<iil  at  ii  Ml .  evi  ill  I  iiol  Imlliir  in  ilili'niiiiii  if  a  <iin  iriti  /  m  i  /  laii  l  ailiialK 
i/(ii  s  mh  !  '.t !  t  I  III  rif  _laril  A  It  liminli  ii  i-  nlal  i\i'l\  si  ramlil  |i  irwaril  In  i|i  I  iriiiiiii  il  sii<  |i  an  mi .  r 
SI  I' I  ii  Ml  I  xisi s  li\  iiiMin  rii  alle  snK  mu  |i m-  i  In  rnnis  n|  i  ii.  ililli  ri  in  i  nf  i  In  i  w , .  Ian  i  i  i|iiai  n  mis  x\ .  .In 
Mill  liniln  r  ilnmu  sn  as  lln  assm  ialiil  n mii|iiii .al n mi  evniilil  l\|Mi  all\  i  xni  il  lln  nn  rln  a.I  n|  smi|il\ 
assimimu  lliai  lln  Ian  Is  dn  mii  rsi  ri 
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I'iRiirc  •').!):  lour  pioxiiiwil  cuscs  lor  a  ly|)<‘  II  in1<'rs('<'1  IhccI.  All  lour  points  sliown 
lui\(' t  lie  sam<’  D  coiiipoiiciil . 

pro-rnnal.  A  proNiinal  for  an  iiitorsoct injj;,  l'a(«'l  r<'ror(ls  tlu'  sigiiocl  (.r.//)  distaiico  of 
an  (.r.i/.d)  point  in  conlit’urat  ion  space  to  a  line  s<'f>;inent  corn'spoiKliiif^  to  a  slice  of 
tlie  la<'et  surlace  at  that  value  <»!  0,  as  well  as  a  llau,  indicating  wlietlu'r  tlie  point 
is:  ah(>r<  (i.e.  outside)  t|ie  hicet  surlace.  \\]('  line  cont ainint;  the  lacc't  slice 

(hut  outside  o|  the  sli(<'  segment  s  einlpoints).  on  the  line  coiitainiim,  the  lac^M  slice 
(within  the  semnent  s  endpoints),  or  In  loir  {\.i\  inside)  the  laiet  snilace.''  .\  transi 
tioii  ol  a  proximal  llai;  Iroin  nliori  t<)  Inloirin  Iroin  niton  to  on  would  indicate  that 
the  in<  lenient  a  I  mot  ion  has  <  ros^ed  t  hat  pi-oximals  <orrespondiim  intei  see  t  inu  facet . 
lit’iire  "i.'l  ilhis)  rates  the  lour  stuic's  o|  ,i  proximal  llau  loi  an  inteisrci  lacei. 

When  a  new  cciiitact  is  macle.  <i  new  contact  si.Uc-  contamuii;  tlie  lar'.iei  sci  o) 
contact  lacc'is  musi  he  cjcncialed,  Spc-c  itn  all\ .  the  Icdlctwim;  stcjis  .nf  i.iken  if.  aflc-i 
an  mteuiat  loll  step,  c  h.mties  III  cclic  ol  IIICMC  lacei  pfllallielel  \, due's  ol  p  |  o\ i  ma  I  I  la  Us 
me  lie  at  c  ■  I  ha>  a  lieW  conlacl  ha'  heen  inacli-: 

I  1 1 1 1 C  I  pc  cla  1  c  •  hetWc'cli  the  'la|t|>omt  ,ilic|  eticipomt  c  c|  llic  1 1 1 1  c 'U  I  a  t  Ic  cl  |  'tc'p  11' 

III'J  the  p|C\|CII|'  alicl  Cllllclll  I, 111!  I  ca  I  il  I  MC'I  C  I  ol  I  cl  c  l\ I  I  I  1,1  I  cli'l.ilicc  c.ihlC'  Ice 

clclc'l  Millie  the  1  (  c/  '  I  Il :  1 1 1  I  I  w  III*  It  l.ii  I  '  I  \\  I  I  f  t  1 1  i''^i  <  1 

lit*  Il  Ip  '  '  t  I '  S  '  /  M  ■/  Ml  ’  1  <  //  if'  I  '•■'IP  H*  '  M  '  •  I  "  -  lilt  s  1  (|  II  <  \\  1 1  In  tl  <  '•'  I  1 1  I  I  h  M  I  IN  I  I  I  '  I  l-s  t  I  M<  •  i(c''''|tl\- 

■  I  1 1 '  .  1 1 1 V  •  '  •  I  1 1 1  <  1 1 1 1  •  •  '  '  n  I  H 1 1 K I  p  1 1 1  •  I  ♦  •  '  1  - 1 1  • 
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2.  I'oi' mult  i|>l(’ liicc'l  crossings.  cIhmjs*’ t  lie  OIK' point  that  is  closest  to  the  stalling 
point  ol  the  integration  st<>p.*' 

;{.  (ieiK'iate  a  lunv  contact  stat<‘  contaiiiine,  an  array  ol  contact  lacets  incindine, 
both  the  |)revions  state's  contact  lac«-ts  and  the  newly  crossed  lac('t. 

1.  Hecoi'd  tin'  interpolated  pt)sition  as  the  /«>/  position  in  the  previous  contact 
state  and  tin'  ///s/  position  in  tin'  new  contact  state'. 

.\('W  contact  state's  are'  ge'iie'rate'el  elnring  path  inte'grat ieeii  e'ithe'r  wln'ii  a  ne'w  eon- 
tae  t  is  inaele'.  as  eh'se  rihe'el  al)e)ve'.  or  wln'ii  an  e'xisting  eenitae  t  is  l)re)ke’n.  I  he'  latte*r 
ease'  is  ele'serihe'el  in  tin'  in'xt  se'ction  e)n  ninne'rieal  path  inte-gration.  I  In'  tope)logv  ol 
the  CS  is  coinpnte'd  loeally  lor  a  reLI'ace't  in  the  rorni  e)l’  the  interse'cts  anel  adjacents 
arrays  on  an  "as  ne'e'ele'd"  basis  eluring  inotie)n  inte'grat ie)n.  Once  roin|)ute'el.  this 
inlonnation  remains  in  the'  rel'J'ace't 's  elata  struct  me'  until  a  shape  moelificat  ion  in'- 
ee'ssitate's  the  re'ee)mput at ie)n  of  the*  e'litire  CS  data  structure,  riierelore.  subsec|uent 
path  inte'grat  ions  involving  t  he  same  rol  Jace't .  such  as  re*computing  a  ])at  h  after  mod¬ 
ifying  one'  or  more'  elynamie  s  parameters,  will  generally  re*e|inre  less  com])ntation  and 
exe'e  nte'  faster. 

I’niike'  the'  arrays  e)f  aeljacents  and  interse'cts  stored  in  the  refj'acet  data  struc¬ 
ture'.  the'  array  e)f  proxitnals  are  ge*nerat('el  and  maintained  only  tem))orarily  withiti 
the'  cnrre'iitlx'  aetive'  ce)ntact  state.  .Ml  information  regarding  a  ])oint‘s  global  re- 
latie)nship  te)  the'  surface'  e)f  the  CS  is  eletermine'el  solely  with  re*s|)(*ct  to  the  facets 
liste’el  within  the'  aeljaee'iits  and  inte'rse'Cts  arrays  of  the'  current  refj’acet.  Since  no 
gleebal  infeermat ie)n  abe)nt  the'  i)e)int's  relationship  to  the  oxerall  surface  of  the  CS  is 
available’,  all  paths  must  start  e’ithe'r  on  or  onisidt  the'ove’iall  CS  surlace  in  order  to 
be’  inte'grate’el  preeiee’ily.  .\  path  that  is  inte'grate’d  starting  irom  a  point  inside'  the  ('S 
will  eanse’  the’  inte’grat  ieen  e»f  that  |)ath  te>  te'rminate’  with  an  e’rre)r. 

5.4.2  Numerical  Path  Integration 

Onee’  the'  loeal  to|)o|eigy  has  be’e'ii  ele'te'iinine'el  feu'  a  eeeiitaet  state’  by  lilling  in  the' 
re'f_fae  e't  s  int e'rse’e  t s  anel  adjae  e-nts  arrays,  we-  may  e  ennpnte'  the*  se’t  e)l  peeints  aleeiig 
the'  nieelieiii  path  Using  nnme'rieal  integrat  iem. 

5.4.2. 1  Mechanics  of  Motion 

I  he  ■  e  I  \  na  III  le  ■-  p.e  I  <1 1 1  le  'I  e'l  '•  llse'i  1  I « i  e  i  illl  pH  I  < '  e  >b  je 'e  I  nie  »t  |e  »l  I  cl  I'e’  t  he '  e '  \  1  el  I  la  I  Ix  a  ppl  le'e  1 

I  /  .  (/  I  |e  >1  e  ( ■  \  I  ( I|  /  ,  ,  I  h<'  ■'I  at  le  f  e  i< '|  he  li'll  t  e  i|  1 1  le  t  le  >1 1  // .  <1  lie  I  1  I  |e '  I  aelllls  i>|  g\  rat  leeli 

III  '•'Ml'  '  I-' ••  lli't'  iii.iv  I"  I  liimil"  I  "I  l.i'<l'  ill. el  '"iii'i'l'  III  velii'li  •  i-'  lii''l'  •  l.ili"r.'il' 

'I  •  1 1'  1 1  iiei  I "  I  ik*  II  I ' '  '  li'  "  ill'  I 'I  ••  r  '  'll'  l.i'  •  I  III''"  .  .I''  '  will'll  1 .1'  r*  I*  I '  I '  •  .1'.  Ill '  /C '  '/(/I  ' 

1'  'lilt  If  'I . .  I'  I'  III  1 1  ili'.;iiiii'  III  I "  I  w  •  •  II  f  "III'  1 1 1'  I'  el  III'  '  'll  I  li'  I  w '  I  I "  t"ii' 
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/>  of  tli('  iii()\iiig  ol)j('c1.  Witli  tlx'sc  |)arain<‘1(M's  \v<'  can  <()ni|)Ul(‘  the  reaction  force's 
and  static  force'  e'(|nilil)riuin  conditions  for  any  point  in  a  contact  state'.  To  coinlnne' 
the'  units  of  force'  and  torciuc'  consist e'lit ly.  we*  must  first  scale'  tlu'  toreiuc'  componc'nts 
of  t  lie'  re'action  force's  witli  p  as: 


Similarly,  wc'  scale'  the'  0  comi)e)ne'nt s  of  the'  laceM  vc'ctors  with:*'^ 

//-  =  pi/fi. 

whe’rc'  f/,/  was  introeluce'd  in  Sc'ction  5.d.  I. 

('omi)Uting  an  inere'ine'iital  motion  stc'p  invoice's  the'  following  basic  ste'ps: 

1.  (’om|)nte'  the'  configuration  space'  friction  cone'  at  the*  current  position  in  the' 
contact  state'  reprc'sc'iit ing  the'  sc't  of  possible  re'action  force's. 

■J.  f’sc'  the'  friction  cone  to  com|)ute  the'  ivaclion  force'  for  the  given  a])plie'el  force'. 

d.  Compute'  the'  instantanc'ous  direction  of  motion  using  the'  net  rc'sidtant  force* 
(if  any). 

1.  De'te'rmine'  the'  appropriate  intc'gration  step  size*  and  comiiiite  the*  incremental 
mot  ion. 

The  detailed  im|)le'me'nt  at  ion  of  thc'se*  four  steps  for  ee)m])uting  motions  in  a  Jrt(. 
fdctl.  ee/e/f.  and  re /7e.r  contact  state  follows. 

Friction  Cone  Construction 

lo  eh'te'iinine'  the*  se't  e)f  possible*  re'action  force's  we  eonstruct  the  (.r. //.  ')  eonfig- 
uratie)n  sjiace'  frie  tie>n  eejiie*  for  each  eontacting  faee't.  I  he*  friction  eone  for  a  single* 
fae  e't  is  sheewn  in  I' igure' d.  ft),  whc're' (7  is  t  he*  surfaee*  normal  of  t  he*  faee't  at  theeontact 
point,  and  /  ,].  I  ,:  iiie*  the'  two  e'.xtre'inal  re'action  fe)ree's  that  togethe'r  s|)an  the*  range 
e>l  re-ae  tiein  possible*  leuee's.  1  he*  e'e|uat ieuis  for  /',|./',2  Hie*: 

/■  ,  I  _  =  of  /; ,  e  e)s  e.>  +  //,,  sin  e.v) 

=  of  —  u ,  sin  o  +  e'os  o) 

I,  \  =  o(//-ee)so+  fsin<>) 

/■ ,  j  ,  =  o(u  ,  e  e»>C)  —  (I,,  ^inc)) 

/  j  —  o(/;,>iii<'+  /(,,  i  i)''(»| 

I  2  ei(  ;/  e  (»s  <  i  <  ''111  <  > ) 

''l"'  ll'•Ml'  ili.ii  ill'  hi.'i  Mi  iiir-  ri'iii. nil  null  v.  i  i.ir"'  cm  ii"riii.ili/'  ili'  iii  u/Zi  /  ml rixlin  iim  I  In 
.iliiii:  I  II  ii It 
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fd.ds) 
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(d.dfi) 
(d.:{l ) 
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and  \vli('i<‘  //  is  tli<-  (  (udficieiit  of  {'riclion.  (iij  .  n^.  ii .)  are  llie  normalized  eoinponents 
of  tlie  sealed  facet  normal,  ft  is  the  radius  of  gyrat  ion.  and  i\.  is  the  distance'  from  the 
eg  of  the  mo\ing  |)olygon  to  the'  point  of  contact.  For  a  ty))e  B  facet  ?v  a  constant 
measured  Irom  the  eg  to  the  \-ertex  of  the  moving  polygon  that  is  in  contact  with 
('dg(’  of  the  stationarv  polygon,  and  is  given  by: 


(o.dh) 


wh<’re  /  is  t  he  tiii  ii  index  of  the  facet.  For  a  type  .A  facet  tiu'  value  of  t\.  is  a  function 
of  the'  facet  |)arameter  />  and  is  given  hy: 


(•■i.dT) 


where  /  is  the  iiioiy  index  of  the  facet. 

For  contact  states  with  multiple  contact  facets  it  will  Ix'  necessary  to  coml>ine 
th('  friction  cones  for  the  indi\idual  facets  to  form  the  comi)ound  friction  coni'.  For 
an  edgi'  contact  state  (two  facets)  wi'  form  the  compound  friction  coni'  from  the 
convex  hull  of  the  extremal  friction  cone  reaction  forces  F,.]  and  /•’,2  for  the  two 
facets.  S|)ecifically.  we  order  the  four  extremal  force  vectors  to  form  the  edges  of 
a  convex  polyhedral  cone  as  shown  in  Figure  o.ll.  W'e  do  not  form  the  componnd 
friction  cone  for  a  vertex  contact  l>ecause.  hy  definition,  a  vertex  has  zero  degrees  of 
freedom  and  hence  no  sliding  motion  is  possible.  W’e  do.  however,  check  for  |)ossil)le 
motions  along  the  three  edges  forming  the  vertex  to  see  if  a  motion  out  of  the  \ertex 
is  possible,  as  described  in  Section  o.  1.2.2.  Finally  for  a  free  contact  state  (no  facets) 
there  can  be  no  reaction  forces  anil  hence  no  friction  cone. 

Computation  of  Reaction  Forces 

.Mter  const  met  ing  the  friction  cone  for  a  contact  state,  we  use  it  to  com|)Ute  the 
reaction  force  due  to  tin  applied  force.  The  reaction  force  for  a  single  facet  contact 
is  del ermi Ill'll  by  luojecl  ing  the  negated  applied  ( .r.  // )  fori  e  onto  the  (.r.  //.  (  ;  =  pO]  ] 
plane  coiilaining  the  conligural  ion  sjiace  frii  I  ion  cone.  If  the  projected  force  xeitoi 
is  between  the  two  extremal  friclion  cone  reaction  lone  vectors  then  the  reaction 
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Figun'  "i.ri:  ( 'oiii[)Ut iiig  the  reaction  force  with  tlie  single'  facet  friction  cone'. 

force  is  the  projected  force  ve'ctor.  If  tiie  projecte'd  force  vector  is  not  hetween  the* 
two  extremal  force  vectors,  tlien  the'  reaction  force'  is  e'epiivalent  te)  tlie'  ))roie'ctie)n  of 
tlie  pre)je'cte’el  force  eeiito  tlu'  cle)ser  e)f  the'  twe)  e'Xtremal  fe)rce'  ve'cte)rs.  I'liis  proee'ss  is 
illustrated  in  Figure  -l.l^. 

le)  determine  the  re'action  foree  few  an  e'elge'  ee)ntact.  we  lirst  ehe'ck  tee  se'e'  il  the' 
applie'd  force  is  |)e)inting  inte)  the'  ce)mi)e)unei  eeme'  l)y  taking  the'  deet -pre)elue-t  e>f  the' 
force  with  the'  outwarel  |)ointing  newmals  e)f  each  eef  the-  lour  l)e>uneling  plane's  e)f  the' 
eeenvex  ce)ne'.  If  all  fe)ur  elot-pre)eluets  are'  pe)sitive'.  the'  api)lie'el  te)ree'  jeeeints  inte)  the' 
eeeiie  interie)!'  and  the'  re'actie)n  lorex'  is  exactly  the'  ne'gate'el  ajeplie'el  leeree'.  11  eene' 
e)r  me)re'  e)f  the'  ele)t -|)re)eluets  is  ne'gative'.  t  he'ii  the*  aiejelie'el  le)ree'  lie's  eeiitsieh'  eel  tlie' 
ee)mpe)unel  |)e)lyhe'elral  eeene'.  an  we'  must  lereeje'ct  the'  iie'gatixe-  applie'd  l^irce  e)nl»)  the- 
surfae'e'  e)f  the'  eeine'.  Spe'eilieally.  we'  preije'et  the-  iie'gale-el  aiiplie'd  leiree-  onie)  e-ach 
the-  surfaee's  e)f  the'  eone-  with  whieh  the'  elot -prejeliiel  was  ne'gative.  and  jiroee'e'd  in  a 
maiine'r  similar  te)  that  leer  the'  single'  laee't  Irietion  eeeiie. 

Computation  of  Instantaneous  Motion  Direction 

lo  ee)m|)Ute'  the-  foiee'  <'e|uilil)rium  state'  at  the  iDiita*  I  |)i)iiil  we  (ompule  th«’  n<'l 
foree'  l)V  taking  the'  elilh're'nee'  he'twe'e'ii  the'  applie'el  ainl  re'aeliein  leelee's.  .\  neeli  /e'le) 
Iie't  fe)iee'  ve'eleer  ele'te'linilie's  the'  inst  ant  ane'e)!!''  elile'etie)n  eel  meili))n  lleeui  the'  e  nile'lit 
eeelltael  peeillt  .  leer  a  lle'e'  e  eellt  aet  s|  at  e'  I  he'le'  l''  lie  >  le'ae  t  |e  eli  le  )|  e  e  ■  -^e  >  I  I  le  •  ne'l  Inlee  l'' 
''impiv  the'  applie'el  leilee'.  feel  a  simile'  laee't  eeelltae  t  '<tate'  a  lleili  /I'lei  Iie't  |ei|ei'  will  1»' 
t  a  llge'Ilt  t  e )  the'  lae  e 't  sll  I'lae  e a  in  I  t  In'  in  >11  /e'l  e )  in 't  le  )I  e  e  ■  le  il  all  e  '1  liie  •  e  e  elit  ae  t  Will  I  )e ' 
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|)ai'ftll<'l  to  the  edge'  xcclor  loriiH'd  by  llio  cross-prodiict  of  tlic  two  lacct  normals  at 
t  ho  cont  act  |)oiiit . 

Computation  of  Integration  Step  Size  and  Incremental  Motion 

hollowing  onr  assimi|)tion  that  (|uasi-stal  io  onocts  domina1('  the  dynamics  ol  ob- 
jc'ct  motion,  wc  ma\'  wiit('  tlu'  following  <‘(|uations  of  motion: 


/•;, 

..  A.r 

=  iii.r  ~  Imi  III — - 
A/-()  A/‘ 

(b.d'S) 

=  Hill  ^  Imi  III - ; 

A)-(I  A/- 

(•■).;{'») 

p 

^e* 

} 

II 

(b.lO) 

where'  ( I']  -  l'\,-  I'-)  the'  components  of  the  n<'t  loree'  at  the-  |)oint  ot  contact,  and 
A/  is  a  time'  ste'p  that  will  chosen  to  scale'  the'  magnitude'  oi  the'  incre'ine'iit al  motion 
appropriate'ly.'  ‘ 

.\  mettion  in  a  fre'e'  eontaet  state'  will  fe)llow  a  straight  line'  paralh'l  to  the'  a|)plie'el 
Ibree'  in  the  abse'tiee' e)f  an\'  e'.xte'rtially  applie'el  toi<nie's.  which  we'  ha\e' assntiie'el  iti  our 
meteh'l.  .\n  incre'ine'tit al  tnotion  iti  a  sitigle'  faee't  eontae  t  state'  will  be'  in  the  elire'ctie)n 
of  the'  tie't  fence',  but  shonlel  also  re'tiiain  e)ti  the'  surfaee'  eef  the'  lace't  in  the'  ee)urse'  oi 
the'  meetieni  e'\e'ti  theeugh  the'  surfaee'  tnay  be'  e'urve'el.  le)  e'tisitre'  this,  atiel  at  the'  same' 
t  itiu'  aveeiel  itit  reeelue  itig  line'arizat  ie)ti  e'rre>rs.  we'  re'se)l\  e' t  he'  tie't  Ibree'  inte)  eompeetie'iit  s 
e'Xpre'sse'el  iti  the'  (7  anel  c  tatige'iit  ve'Clens  e)f  the'  faee't  surfaee'.  atiel  inte'grate'  the' 
itie  re'iiie'tit al  nieitieeti  in  te'iiiis  ed  the' /<  atiel  0  faee't  paranie'te'ts 

lei  elist  itigiiish  be'twe'e'ti  elis|)laee'tii<'nls  in  I  raiislat  ieeii  anel  rotatie)!!.  we*  eh'iieite'  the' 
e  eniibitie'el  elis|)lae  e'me'nt  in  .r  anel  //  as  JT/.  whie  li  e  an  be-  e'xpre'sse'el  in  t e'fiiis  eil  the'  lae  e't 
parame'te'f  p  as  TJ]  =  Ip  wlie'ie'  /  is  t  he*  h'ligt  h  eef  t  he'  pe»l\  gon  e'elge'  leerming  t  he'  e  e)ntae  t 
faee't.  Siibst  it  lit  ing  p///  =  -  inte)  t  he' abe)\e' e-epiat  ieeiis  we' ean  write-  t  he' reet  at  ienial  anel 
t  ranslat  ieeiial  elisplace'me’nt  s  in  terms  eel  the-  laee't  |)aianie'te'rs  as; 


Id  I  <  n  1 1 1  ml  c  I  he  ■  III''!  <1  111  a  lie 'Dll-  eliri'e  I  ie  III  dI  mol  loll  w  I'  max  norma  h/e  A/»  line  I  AH 

■  I  III'  I '  ■  I  li'  '  |ii.oi  -I  :ii  I'  l"•lllll|  ii  ii  'll  ill'  lll.l•.;nll  ii'l'  "till'  ml  ■  111  a  ii  'll  -I  I  I '  mix  ii'  'i  I "  '  I'  i '  i 

III  I II'  '  I  '  III '  I  1 1  \  1 1'  'll!  I  li'  '  '|ii.  1 1 1'  'll'  '  'I  III'  'I  I'  'll  .1'  ex .  'iil'l  I "  ill'  'I"  I'  'I  'I  .111'  l.ii '  I  1  II  I'  I  ■  'I  Hum:' 

K  III  1 .1  mmi'  r  I'  il  I  III '  l:i  1 1'  'll  I '  '  liii  i'|ii'  '  It  .il  lu  i  l  lu  mi'  '.ii  ii  i"ii  'i '  | '  'i/'  xx  il  I  I "  ■  I'  1 1  \ '  '  I  I  )•  'in  i 

...|l'l'l'llll■.|l■■tl||'  'l^'l'|■^"'lll'''l  I'X  'iiimlii  Ini'  i('|'i"Mmiii"ii'i''ni''ii''n'  ll'■lmlll'  'iirlu'' 
..|.inx'.|'..|iii'ili''i'  ll'iu'  nil'':rili'.|i'i'|''i/'  lik'ili'  lll•ll■■ll■''ll'  l'  •■nl|'lll''l•ln''lix 
li.  .Ill  •  ■  'III  I'  I  I  I'  '  I  LI'  ■  'III'  I  r\ 
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with  rcs|)(>(  i  to  ;i  iliir(!  vnriiihlc  A7'  nsiiit*, 


A7’-  =  Sjr  +  SO^ 

A7'  ==  ^A;;^  +  (o.ll) 

rile  iionnali/<'(l  (lisplaccinciits  then  hcronu' 


A/> 

A/) 

(o.lo) 

A  7’ 

v/A/d  -f 

Ad 

Ad 

A7' 

v/A/d  -f  Ad* 

(r,.i(i) 

Initiations  o.  In  and  o.  l(i  allow  us  to  (‘xprrss  lli<*  instaiiiaiK‘ons  din'ctioii  t)l’  mot  ion 
on  a  facet  siirlac('  in  terms  of  p  and  0.  Because  the  dynamics  are  (|iiasi-static, 
the  magnitude  of  (lie  incremental  motion  step  is  sonu'what  arhitrarv.  Since  W(‘  are 
integrating  liiK'arly  in  lh<'  |)arameter  si)ac(«  of  (he  fac<'t  surface,  the  deviation  of  the 
motion  from  a  straiglit  line  in  (.r.//.  {c  =  pO})  configuration  s])ace  will  depend  on  the 
(legr<'(>  of  curvature  of  the  surface  along  the  direction  of  motion.  Hence,  to  hound 
the  maximum  deviation  from  a  straight  line  we  select  the  integration  step  size  based 
on  th(‘  curvature  met  ric  given  by; 


AT  = 


2E„ 


K, 


— 

‘  ■'vinr 


(5.17) 


where  is  the  maximum  allowable  error  in  (.r.//,{c  =  pO})^  and  h%,  is  the  cur¬ 

vature  of  the  facet  along  the  motion  path,  which  is  derived  for  ty])e  A  and  type  B 
facets  in  Aiijiendix' B.  ('sing  this  metric,  we  comi)ute  the  motion  ste]>  for  a  facet  in 
p  and  0  as; 


A/’ 


A7b 


(.5.  IS) 
(.5.15)) 


and  compute  tin*  new  (.r.//.d)  ])osition  in  conliguration  space  using  the  facet  expia¬ 
tions. 

All  incremental  motion  in  an  «‘dg<'  contact  state'  will  be  in  the  direction  xif  tin'  m'l 
force  along  the  <'dge  vector,  which  likx’  tin'  single*  faci't  contae't  slate  may  he  cnive'el. 
Hat  her  than  alle'iiipting  to  de'rivx’  a  paranu’ler  to  di'scrilx’  motion  along  the  curv<' 
forming  (  he  cflge.  we  will  simiily  integrate'  1  he*  mot  ion  along  the*  e'elge*  ven-tor  exptesse'el 
in  te'iins  of  the'  il  anil  r  tangi’iit  ve'i'tors  of  both  fai'i’ts.  Afti'r  inte'grating  the*  two 
inere-me'iital  fae-i't  motions  inelivielually.  we’  I'lioose*  (he*  smalle'r  of  the'  two  in  le'rms 
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ol  total  distance'  in  {.v.i/.O)  configuration  space  for  the  e'dge  motion,  and  remove 
any  linearization  e'lror  l»v  proje'cting  tli<'  new  point  onto  the'  edge  hetwe'en  tlie  facets 
caicniate'd  at  tli<'  new  value  of  fA"'  lids  is  a  rat  her  enuh' approximat  ion  to  the  actual 
edge'  motion,  hut  it  ('liminate's  having  to  compute  the  incremental  motion  along  an 
<'dg<'  cm\<'  that  might  Ix'  difficult  or  impossihle  to  <ompnt<'  in  closed  form.  Since* 
inte'ise'e  tie)!!  e  nrve's  he-twe'en  laee'ts  may  have  a  mneh  highe'r  eh'gre'e  of  e  nr\at me'  than 
the*  laee'ts  t he'inse'l ve's.  this  appre)ximat ie)n  is  a  re'ceegnize'el  we'ak  pe)int  e)f  the*  current 
me)tie)n  path  inte'grat ieen  iinple'ine'iitat ie)n. 

5. 4. 2. 2  Selecting  Consistent  Motions 

1  he'  eeeminitatieens  for  inte'grating  me)tie)n  in  e'aeh  e)f  the*  four  ty|)es  e)f  e'ontact  state 
(fre'e*.  laee't.  e'elge*.  verte'x)  assume'  that  re'sulting  meetion  will  maintain  all  of  the  con- 
taets  in  that  state*,  lor  e'xample*.  eemiputing  the*  me)tie)n  in  a  single*  face't  contaet 
state'  in  te'inis  e)l  the*  laeet  parame'te'is  />  anel  0  eie)e's  ne)t  take  inte)  aeee>nnt  the  pos¬ 
sibility  that  the*  give'ii  apjelie'el  tbree*  will  eause*  the*  mention  te)  h'ave  the  facet  surface, 
le)  e'lisnre'  that  the’  eeempute'el  inere’ine'ntal  me)tions  are*  ee)nsiste’nt .  we*  must  che’ck  tee 
make*  sure’  that  the*  assumptie)ns  implicit  in  I  he*  e’epiat  iems  e)f  me)t  ie)n  are*  in  fact  valiel. 

A  Ire'e'  meet  ion.  h\'  eh'linit  ieen.  itiveelve's  nee  e-ontacts  anel  hence'  is  always  e  eensistent 
give'u  a  neeti-ze'te)  ap|die’el  force*.  A  laee't  motieen  is  eeensistent  if  the*  applie^el  feeree' 
peeints  into  the*  faeet  surfaee’  at  the*  initial  positieen  of  the  inte'grat ion.  I'his  may  he* 
e  he'eke’el  hy  eeemienting  the*  eleet -|)re)elnct  e)f  the*  applie’el  foree'  ve'ctor  with  the*  faeet’s 
neermal  ve'ctor  at  that  peeint.  .\  ne’gat ive  value*  indieate's  t hat  t he*  Ibree*  jeeeints  intee  t he 
laee’t  siirfae'e’  anel  any  meet  ieen  must  take*  plaee*  een  the’  faee't.  whereas  a  peesitive  re’sult 
inelieate’s  the’  meet  ieen  will  h’ave*  the*  faee’t  surface'. 

.\n  e’elge'  meet  ieen  is  eeensiste'iit  if  the*  meetieens  elne'  tee  the*  applie'el  feeree'  een  the*  twee 
laee’ts  leerming  the-  e’elge*  leeeth  peeint  intee  that  e’elge*.  We*  mav  ehe'ek  this  lev  eeemputing 
the*  \e'e  teer  taiige’iit  tee  e’ae  h  laee’t  s  surfaee’  that  is  pe’rpe'uelie  ular  tee  the*  e’elge*  ve’cteer 
anel  taking  the*  eleet -preeeluct  eef  the-  eeerie’speeneling  faeet  meetieens  with  e’aeh  eef  these* 
xe’eteers.  .\  peesitive*  value*  leer  e’ithe’r  eleet -|ereeeluct  weenhl  inelicate*  that  the*  re’snlting 
meet  ieen  weeidel  lere’ak  ceeiitaet  with  the’eethe'r  laee’t  anel  lee’eeeme  a  single*  laee’t  meet  ieen. 

i'inallv.  we*  e  an  ele’te’rnnne*  if  a  meet  ieen  inlee  eer  eeut  eef  a  e  eentae  l  state*  leer  a  ve'i  trx 
leerme’d  ley  I  hre’e’  lae  e’t  s  is  peessilele*  1)\  e  he’e  king  if  a  meet  ieen  aleeng  any  eef  I  he*  t  hre’e*  e’elge’s 
inte’ise’e  l ing  at  the*  Ncrte’x  peeints  away  freem  the  ve’ile’x.  Ifall  t hre’e* e’dge*  eneelieens  peeint 
inlee  the*  ve’ile’x  I  lie-n  nee  meet  ieen  is  |eeessilele’  anel  inte'grat  ieen  is  te’rminale’el.  Othe’iwise* 
a  e  eensisle’iil  e'elge*  meet  ieen  must  lee*  se’h’e  te’el. 

In  e’ae  h  eef  t  he*  aleeeve*  e  ase’s,  if  t  he*  ine  re'ine'ntal  meet  ieen  in  t  he*  cnrre’Ul  eeenlact  stale  is 
leemiel  lee  lee’  ineeensisi  e'lit .  we- ge’iie’iat  e*  a  ne-w  eeenlaet  state*  with  the*  next  hewer  numlee'r 
eel  eeeiilae  ts  (eene’  gre’ate’i  eh’gre’e*  eef  fre’e'ehem).  anel  steere'  the*  e  nrre’iil  leeesitieen  as  the  last 

''  If  lln'  is  ;e  straiKlit  Mil'',  siicli  as  :i  O,,,,,,  ortt,,,.,,.  adjarency.  lln'ii  tlie'rt'  llir  iii'w  ixesilieii  has 
till'  sami'  0  ('oiiipnticiil  as  lli*'  old  |iosilioii.  aiitl  no  liin-ari/ation  is  iii’ccssary. 
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point  in  t  he  previous  state  and  tlie  first  point  in  t  iie  new  state.  Figure  o.ld  illustrates 
the  above  motion  selection  procedures  for  the  four  types  of  contact  state. 

5. 4. 2. 3  Computing  Initial  Conditions 

There  are  two  types  of  initial  conditions  used  for  integrating  mot  ions  in  cspace-shell 
the  choice  of  which  dei)ends  on  the  a|)plicalion  domain.  I'o  find  tlie  initial  conditions 
for  part  motions  through  a  vilrratory  feedcu'.  we  identify  the  set  of  stable  initial  ori¬ 
entations  of  the  moving  object  in  contact  with  the  bowl  wall.  We  construct  this  set. 
which  corresponds  to  the  [)ossible  orientations  in  which  a  part  may  enter  the  feeder, 
by  first  taking  the  convex  hull  of  the  moving  j)olygon  and  geiu'iating  an  edgt*  contact 
state  for  each  pair  of  vertices  on  th<'  convex  hull.  Each  contact  state  contains  the 
pair  of  contact  facets  corresponding  to  a  contact  between  one  of  the  two  vertices  and 
the  to])  leftmost  horizontal  <'dge  of  the  stationary  polygon  along  which  parts  enter 
the  feeder.  The  stability  of  each  edge  contact  state  is  tluMi  evaluated  by  comi)Uting 
the  reaction  forces  at  the  two  contact  points  that  an*  necessary  to  maintain  static 
e(|uilibrium  with  an  applied  force  through  the  polygon's  eg  pointing  along  the  — // 
axis,  as  illustrated  in  Figure  ").  14.  Ifoneof  the  reaction  forces  is  negative  (—//).  then 
the  orientation  is  unstable,  and  the  contact  state  is  removed. 

I'or  feeder  design  puri)oses.  it  wouhl  be  hel])ful  to  know  the  probability  with 
which  a  part  in  a  given  orientation  will  enter  the  le«*der.  Wo  compute  the  probability 
associated  with  <'ach  stable  contact  state  by  assuming  a  uniform  ])robability  distri¬ 
bution  over  the  0  =  (0  — >  Ifr)  range*  of  orientations  in  which  a  part  may  first  come* 
into  contact  with  tlx*  bowl  wall,  and  then  dividing  this  range  into  0  regions  in  which 
the  part  would  tend  toward  a  giv«*n  stable  orientation.  The  widths  of  tlx*  resulting  0 
ranges  are  then  divided  by  IV  to  obtaiti  the  probability  (0  — >  1  )  of  a  part  appearing 
in  that  orie’iitat ion.  Figure  o.l')  illustrates  this  proc(*ss  using  tlx*  radius  iunction  of 
a  i)art. 

lo  integrate  nx)re  g<'ix*ral  object  motions,  svxh  as  a  part  being  |)lac«>d  inte)  a 
subassembly,  we  allow  tlx*  user  to  seh'ct  an  arbitrary  {.v.t/Jf)  position  corn'sponding 
to  a  fnf  contact  state,  or  a  point  on  a  facet  surfact*  corres|)oixling  to  a  facit  contact 
state*.  Tlx*  free  {.r.i/.O)  position  is  s<*lected  using  three*  pe)sition  slielers.  aixl  is  graph¬ 
ically  elisplaye’el  in  eonfigurat ieui  si)aee>  as  the*  inte*rse*et ie)n  e)f  thre*e*  line*s  paralie*!  to 
the*  (.r.ji.O)  axe*s.  Fix*  fre*e*  ee)nt act  state  ge’ne*rate*el  fe)r  this  pe>sitie)n  use*s  a  tem|)e)rary 
mdl  faee*t  elata  strncture*  eontaining  all  e)f  the*  fa'e'ts  in  the*  CS  within  the*  inifrsfcis 
array.'"  I  he  use*r  is  re'spe)nsible*  feu'  sele*cting  a  |)e)sitie)n  that  is  e)n  the*  outside  e)f  the* 
CS. 

.\  |)e)sitie)n  in  a  faee*t  ee)ntae  t  stale*  is  se*le*ete*el  by  having  the*  use*r  elick  the*  nx)use* 
e>ve'r  a  elisplaye*el  faee*t.  1  lx*  pe>sitie)n  is  mappe*el  fre)m  [.v.n.O]  le>  the*  ce)rre*spe)ixling 


''Strictly  sitcakiiig.  the  free  region  in  configuration  space  intersects  all  of  the  facets  in  the  CS. 
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(  'oinimtiiifi  Motion'- 


ilijt)  lacc't  paranictc'is  and  tli<'la('<'t  conlarl  state*  is  iiiit ializcd  nortnallx  as  (U'scrilx'd 
ill  ('arlie'r  sections.  1  Ik*  mouse*  l»ase*el  se*le*cl ie)n  routine*  is  ele‘se  iil)e*el  in  Se'etieiii  o.T. 

5. 4. 2. 4  Iterative  Stepwise  Integration 

All  of  tlie*  iiiotie)!!  e-oin|)Ut  at  ion  e)|)e*rat  ions  elise  usse*el  aliene*  are*  e  e)inl)iiie*el  witliiii  an 
iiie  re'ine'iit al  nie)tie)ii  path  inte*a,iat ie)ii  le>op  that  is  e*\e*e  ute*el  on  e  euninatiel  l)\  tlie*  use*r. 
l  eer  e'ae  h  initial  ee»iitae  t  state*  we*  e*xe>e  ute*  the*  lolle)wiin>  |)re>ee*elute': 

path-integrat  ion_Loop  ( ) 

compute_proximals 0  ('e)mpute*  the*  array  ol  preiximals  (le*te*rniiinin;  the*  re*la- 
tioiiship  l>e*twe*e*ii  t  he*  eiirre*iit  position  aiiel  the*  ne*ii;hl)oriiin  aeliaee*nt  aiiel 
ilite*rse*e  t  ini’,  lae  e*ts. 

Beerin  loop  Me*t!,iii  the*  inere*me*!ital  nie>tie)n  inte*i>iat  iein  hiop. 

testjnotion.terminationO  (’he*ek  te»  se*e*  if  e  urre*nt  positiein  is  eiutsieh* 
of  t  he*  I .  i/.O]  meet  ieui  l)e»uneliui>  hox.  If  t  he*ie*  is  a  siippeu  t  map  e  hce  k 
to  se'e*  if  the*  e  urre*tlt  peesitieui  is  suppe)rte*el. 
integratejnotionsO  liite‘i>rate*  t  he*  iiii  re*me*ntal  mot  ieiii  freun  t  he*  e  urre*nt 
posit  ion.  ine  hieliliu,  any  sul>-tne»t  ieuis  re‘ennre*el  le>  e  he*e  k  le)!  melt  ion  con- 
siste*uey. 

select  jnot ion ()  Se*le*e  t  the*  ee)lisist(*lit  motie)ii. 

If  lhe*re'  is  no  motiem.  e*xit  with  no_inotion  llati. 

If  the*  iiKition  has  h'lt  any  e'xistins>  eeuitae  ts: 

create.contact  jstateO  ('re*ate*a  ne*w  e ontae  t  state*  ee)rre*s|)e)ndinn 
to  the*  re*duee*el  ^e*t  e>I  e'oiitae't  la('e*ts. 
compute_proximals()  Ke*<ennpnle*  tin*  aiia\  ol  pieiximals  hir  the*  e»lel 
positieui  in  the*  ik*w  contaet  state*. 

record_anel.increment_position()  |{e*ee)iel  the*  eniie'iit  |>i>*<itieui  as 
the*  //;>/  petsitieill  ill  the*  IK*W  eeelltaet  state*, 
current  state  =  new  state  ('euitinue*  with  the*  ne*w  eontaet  state*. 

compute-proximalsO  Ceunpule*  the*  aiia\  eil  pieeximals  h»i  the*  ue*v\  peisi 
t  ion  in  t  he*  e  emt  ae  t  st  ate*. 

detect  Jiew_contact  ()  ( 'ennpare*  t  he*  eihl  ami  iie*w  pie»xima|s  to  ele*te*nnine* 
if  a  lie*W  e  enilae  t  has  l>e*e*|i  niaele*.  ami  S(*le*e  t  a  simile*  m*\\  e  eintae  t  lae  e*t 
ii  m*ee*ssar\ . 

If  nee  m*w  e  edilae  t  was  maele*.  the*n; 

record.and-increment_position()  Ue*eiiiel  the*  m*w  |)e»sitie»n  in  the* 
eeintaet  state*. 
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I'Jsr.  il  a  new  rontart  was  inado: 

record_and_iiicrement^osition()  HtHord  tlu*  new  position  as  tin* 
htst  position  in  the  enrrent  contact  state. 
create_contact_state()  ('|•<'at<'  a  new  contact  state  cones])on(ling 
to  tli('  larger  s('t  of  contact  fac<'ts. 

compute.4)roximals()  H«'<()nii)nte  the  array  of  pro.ximals  for  the  new 
position  in  th<'  n<*w  contact  stat<’. 

record-and-increment-positionO  Record  the  new  position  as  the 
jirst  i)osition  in  tin*  new  contact  state. 

Cio  lo  Begin  loop 

End 

I  poll  ('xitiiig.  path_integration_loop()  returns  a  flag  indicating  the  mode  of 
path  termination  whicli  is  one  of: 

•  no_motion  .Motion  has  stopped  at  a  vertex  or  diu'  to  slicking. 

•  loss-of_support  IIk'  motion  is  in  an  iinsnp|>ort<'d  ri'gion  of  th(’  CS. 

•  outside.motion-bbox  llu'  motion  lias  hd't  the  allowable  region  of  (.r.i/.O) 
conligiirat  ion  spaci’. 

•  error  +  error.code  .\n  <Tror  identili«*d  In  error.code  has  occurred  within 
path_integration_loop() . 

We  have  now  descrilx'd  ail  of  the  major  component s  r<'(|nired  to  (onstrnci  motion 
jialhs  in  <’ontignral  ion  sjiace. 

5.5  Computing  Support  Transitions 

5.5.1  Assumptions 

1  he  following  is  a  list  of  the  assmnplions  mad«'  in  lompnling  the  su|)port  status  of 
points  on  iIk'  snrfaci'  ol  the  CS: 

•  1  he  moving  ohjei  Is  are  assmned  lo  Ix'  Hat .  fully  planar  |H)1\  gons  wit  h  iiegligibh' 
I  hickix  'SS . 

•  The  referi’ine  point  re|)r<’s<Mit  ing  t  he  ceiili  i  of  gravity  (eg)  Ihrongh  whic  h  all 
external  forces  are  a|)|)lic-d  to  the*  part  is  assiiiiic'd  to  lie  within  the-  contour  ol 
I  he  |)arl . 
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I'imirc  •').  10:  l)<’l<'rmiiiiii,i>;  tlir  support  of  a  i>oly,u;ou  lyiu,i>;  on  top  of  aiiol lior  polygon. 

•  Altliougli  \vr  model  tin-  applied  fore*'  as  a  vc'clor  in  tin'  (.r.  i/)  ])lain'  applic'd  to 
tin'  i)art  eg.  \v<'  will  implicitly  assnnn'  tln'i*'  is  alwa\s  a  small  (  — : )  <om])oiu'nt 
to  tin'  fore*'  vc'cior  pointing  into  tin'  plan*'.  It  is  this  v*'rti*al  l*)r**'.  I*)r  *'xampl*' 
*ln*'  t*)  gravity,  that  will  *aus<'  parts  in  nnsn|)p*)rt*'*l  |)*»siti*)ns  t*)  lall  *)ir  *)f  tin' 
vil)rat*)ry  l*'*'*l*'r  tra<k. 

5.5.2  Determining  the  Support  Status  of  a  Planar  Polygon 

In  th*'  |)r*'vi*)ns  s*'cti*)ns  w*'  ha\*'  focus*'*!  on  *  *)mpnting  f*)r*'*'  int*'ra*  t  i*)ns  hetw*'*'!* 
|)*)lyg*)ns  in  t  h*'  i)lan*'  wln'i*'  all  r*'a*'t  i*)n  for*  «'s  !*>  an  a))pli*'*l  f*)r*'*'  *)*  *  nr  at  t  It*'  h*)nn*l- 
ari*'s  *)f  th*'  p*)lygons.  In  *le(ining  th*'  supp*>rt  status  *)f  a  p*)lyg*)n.  w*'  **)nsid*'r  th*' 
*  as*'  in  whi*  h  *)n*'  p*)lygon  r*'sts  on  top  *)f  anoth*'r  p*)l\  g*)n.  as  slntwn  in  l  igtir*'  •').  1(>. 
\\*'  <l*‘fin*'  .snpp*nt  to  he  a  .slat*'  *»!  f*)rc<'  <'<(nilihrinm  I*)  a  \*'rti*a)  *'otnp*)n<'nl  ol  an 
appli*'*l  f*)!**'  at  th*'  eg  wln'i*'  all  *)l  th*'  r*'a*  ti*>n  l*)r*'*'s  l)*'tw*'*'n  th*'  top  an*l  !»*)tt*)m 
p*)lyg*)ns  ar*'  p*)siliv<'.  i.*'.  all  **)nta*t  f*)rc*'s  ))ush  against  ratln'i  than  pull  *)n  th*' 
*)th*'r  *)l)i*'*t  t*)  maintain  *'*)nilil)rium.  I'ignr*'  ').17  shows  a  nnmln'i  *)f  *'\am])l*'s  *>1 
p*)lyg*)ns  in  Intth  stahl*' ainl  nnstahl*'  *)ii*'ntat ions. 

We  may  *l*'t*'rmin*'  t  h*'  stability  *)f  a  polyg*)n's  snpp*)rt  g*'om*'t  ri*  all\  hy  *'\amining 
th*'  s*'t  *)f  p*)ints  at  whi*h  th*'  t*)p  an*l  bottom  p*)lyg*)ns  an-  in  *'*)nta*t.  h,a*h  |)*)int 
in  t  h*'  s*'t  form*'*l  by  t  h*'  int*'rs*'*li*)n  of  th*'  tw*)  p*)lyg*)ns  is  th*'  sit*'  *>1  a  p*)t*'ntial 
r*'a*  ti*)n  f*)r**'  that  will  c*)nt ribiit*'  l*>  th*'  lor**'  *'*|iiilibrinm  *)f  th*'  l*)p  p*)lyg*)n.  If  w*' 
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Kigur<’ ■).17:  Exainplos  of  sta!>le  and  unstable  sii])])ort  coniigurat ions. 


draw  a  line  in  llie  (.r.//)  plane  llirough  the  eg  point  of  the  top  ])olygon.  then  the 
pt)lygon  will  be  in  static  eriuilibriuni  in  rotation  about  that  line  if  there  exist  contact 
points  on  both  sides  of  tlu'  line  through  which  reaction  forces  may  act  to  produce  a 
zero  iK't  moment.  If  we  are  able  to  find  a  pair  of  ])oints  on  both  sides  of  a  line  at 
an\'  ori<‘ntat ion  in  the  |)lane  passing  through  the  eg.  then  the  polygon  is  in  static 
e(|uilibrium  for  all  possible  rotations  out  of  the  plane.  This  immediately  suggests 
a  method  for  testing  lh<’  stability  of  one  polygon  resting  on  another.  Specifically, 
given  two  polygons  Polt/i  and  Polt/i-  "ith  Poh/i  resting  on  top  of  some  i)art  of 
Poh/z-  we  may  say  that  l^oh/x  is  sup|)orted  by  Polpi  iff  eg  of  Poh/]  is  within 
(' H (ill[Pol!l\  n  where  ("//?///[]  is  th<'  convex  hull  operation  for  a  set  of  points 

in  the  plane.  .More  formally,  we  have: 

Iut\Poly]  =  f)^'-  '  =  0.  1.2... 

^  /nf  [f  7j«//[/V'/i  n /V'/2]] 

where  /;//[/^o///]  is  defined  as  the  set  of  points  forming  the  /n/f  norof  a  Poly  fortned 
by  /  half-platies  bounded  by  lines  /,. 

Mecaiise  the  interior  of  a  convex  hull  is  always  to  one  sid('  of  ev('ry  edg('  on  the 
hull,  any  line  through  a  jroint  in  the  interior  ol  tlu*  convex  hull  will  intersect  the  hull 
at  two  points  on  either  side  of  the  inferior  point,  booking  at  Figure  o.KS  we  sve  that 
this  test  gives  the  intuitively  correct  result  for  each  of  the  examples  in  Figure  .").17. 

rhe  ab(jv<'  test  for  determining  the  sup|)ort  status  of  a  polygon  has  the  appeal 
that  it  is  conceptually  sim))l('.  fbifortunately.  computing  f^ohj]  OPolyj  nxinires  that 
we  generate  and  test  (){iP)  line  intersections  when*  n  is  the  number  of  v('rtices  or 
('dges  in  ('ach  polygoti.  and  CHtillU  r<'f|uires  ()(nilofiiii)  computation  where  ni  is  the 


o.o:  ('omputhuj  Support  Transition.- 
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X 

C.g.  €  CHullxy  ( Part  (x,y,0)  n  Track ) 

Figure  ').1S:  Stal)ility  (esl  for  polygons  using  (’ H nll[Pol!i\  H  Tolii:]. 

uunii)«'r  of  v('rti<('s  in  tin*  interst'ction  [(>!].  It  turns  out  tliat  we  ran  do  hettc'r  than 
tliis  l)y  realizing  that  we  do  not  aetually  ikhmI  to  |)erfonn  th<'  sorting  and  ordering  ol 
the  interseetion  V(’rti(es  r('<|uired  to  const  met  tlie  ('Hull.  In  fact.  d('p(’nding  on  the 
particular  cas('  being  t<'sted  wv  may  not  <'v<*n  iu'<‘d  to  construct  all  ol  t Ik'  vertic('s  ()f 
Pol!l\  n  P0IH2. 

For  any  collection  of  points  any  subset  >’<)(  is  contained  within  t  he  f  7/u//[/^]. 
and  therefore  ("//(///[>’]  is  contaiiu'd  within  ('hiill[P].  I  his  is  useful  Ix'cause  il  we  can 
determine  t  he  eg  to  be  within  t h<'  ('ll nil  of  a  subset  of  su|)|)ort  |)oint s.  t  hen  w('  know 
that  t he  eg  is  supported  without  having  to  examiiK' all  ])ossibl(' sup|)ort  points.  In 
particular,  if  we  determine  that  the  eg  is  not  f  ./7/(  no;/ to  a  subsi't  of  sup|)ort  points, 
then  th«'  i)art  is  supporte<l.*'''  On  th(‘  other  hand,  if  the  eg  is  found  to  be  ('Xtn'inal 
to  t  h(' complet(' set  of  support  points,  t  hen  t  he  part  is  unsupported.  Fo  d('t('rmine  il 
a  eg  point  is  <'xtremal  Icj  a  set  of  |)oints  that  are  comput('d  one  at  a  tinu'  W(>  p('rform 
t  he  following  st('ps: 

1.  (liven  th<'  eg  point  and  two  sup|)ort  points.  com|)ute  a  pair  ol  vectt)rs.  ('ach 
l)ointing  from  the  eg  i)oint  to  one  of  tlu'  two  su|)port  |)oints. 

2.  babel  the  vectors  h  ft  and  riiihl  such  that  r,.,.,/,,  "  c;,/,  >  0. 

d.  For  each  lU'W  point  /».  compute  the  vector  c,  and  cletcuinine  il  it  is  to  the  left  (d 
(’xireiual  point  is  ;t  point  on  tlii-  ronvi'x  linll  ofa  sol  of  points.  Soc  Proparala  and  Slianios  [ti  1], 
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vi,  ft  or  to  I  lie  rii’lit  of  r,  ,.,1,1  t)\' t  akin,”,  t  lie  <  ross  product  s  ol  t  lie  respect  i\ c  \ cct ors 
wit  li  c,,  and  cli<'ckin,tJ,  t  lie  siu;n  of  t  In*  resnit .  If  a  sign  cliange  occni  s.  replace  t  lie 
ct)rrespondin,g  l(‘ft  or  right  vector  with  c^,.  an<l  recompute  r,,,p,/  ■  //,//. 

I.  If  th('  cross  product  changes  sign.  i.<‘.  Ix'comes  negative,  tln'ii  the  eg  point  is 
no  longi'i'  ('Xtremal  to  the  s('t  ol  points  t<'sted.  and  the  part  is  supported. 

■).  KIse.  compute  the  next  support  point  and  go  to  stc-p 

().  If  tluMX'  aie  no  more  support  points  to  test,  and  c,,,,/,/  ■  c/,  p  >  0.  then  the  eg 
point  is  ('xtn’inal  to  tin'  set  ol  support  points  and  the  part  is  unsupported. 

This  process  is  illustrated  in  I'ignr<‘ 

Hy  testing  (xicli  point  in  /'0///1  H  Poh/2  as  it  is  geiK'iated.  w('  impro\('  the  averag*' 
p('rformaiK'e  of  t he  o\'erall  support  t<‘.st  l>e<ans«‘ as  soon  as  wegemeratea  point  that 
place's  the'  eg  in  the  interior  of  th<'  e'.xisting  s<'t  of  inte'isc'ct  ion  points  we  can  stt)p  and 
report  the  part  to  he  snpporte'd.  In  the-  worst  case',  whieli  will  e)eenr  wlie'ii  the-  eg 
is  in  faet  misnppe)rt('el,  einr  te'st  is  still  he'eanse'  we'  will  ha\e'  te)  ge'iie'iate'  anel 

te'st  e've'iv  |)e)int  in  Pohlx  H  Poh/t  sinee'  we-  ne've'r  kneiw  wlie'ii  the>  ne'xt  peeint  in  the- 
inte'i'se'et ie)n  might  tnake-  the-  eg  point  ne)  longe'r  e'xtre'mal. 


5.5.3  Approximations  and  Optimizations 

Oti  average'  the-  e'Xtre'inal  peeint  te'st  |)re)viele's  a  ee>nsieleral)le'  ini|)re)ve'nie'nt  in  ee)mpnt- 
ing  the’  snpi)e)rt  status  e)f  a  jieiiiit  in  ee)nli,gnrat  ion  spaee'.  .\e\ e-rt  he-h'ss.  e-omi>uting 
snppeji  t  re'gions  hy  simply  te'st  in, g  anel  lahe'ling  as  sii|)|>e)rt e'd  or  misiippeirte’d  elise  re'te' 
pe)ints  we)nlel  he'  miaeee'pt  ahly  slow  len  an  inte-raet  i\ e-  de’sign  e’lix  ireenme’iit .  In  this 
se'ctie)ii  we'  disenss  a  se’iie's  ol  hie'rarehieal  te’sts  anel  opt  imi/at  ions  that  ean  ii'elnea' 
e’ve'ii  flirt  he'r  the'  ameeimt  eil  ne'e  e'ssary  e'ompnt at  iein. 

let  he'gin  with,  we’  will  e'ompnte’  the’  siipjeent  status  ol  oiil\  thejse’  conlignrat  ion 
spae  e’  peiint s  t  hat  lie'  on  t  he’  snrfaee’  ol  laea-t s  in  t  he-  ( 'S.  and  as  was  t  he'  e  ase  lor  mot  ieiii 
eeempnt  at  iejii  we’  will  iieit  e’xplieitly  re’pre'se'iit  e-dge-s  or  xe’iticesoii  the  ( '.S.  .\nothe’r 
simplilieat  ion  aiise’s  Ireiiii  the’  ohse’ixat  ion  that,  assnmiii”  the'  eg  is  coiitaine'd  within 
the'  emntonr  of  the’  part,  the’  part  will  he’  snp|>e>rte’d  il  the’  eg  jeeiint  lie’^  within  the- 
int  e’lior  e»l  the’  snppeeit  |)olygon.  Similarix .  il  t  he’  eg  point  lii’s  out  sieh’  x)l  t  he’  C  '  //  n//[] 
e)f  t  he’  sn|>port  ing  peilygeni.  t  lie’ii  no  snp|>e>rt  is  possible  sine  e' t  here’  c  an  he’  no  snppeirt 
peiint  s  out sieh’ t  he’ snppeert  polygeni  s  f ' //<///[].  l  or  a  gixeii  posit  ie»n  ol  a  part  s  eg  xve' 
ean  eompute’  the’  >l<ilf  ol  the’  eg  peiint  with  re'spe'et  to  the’  siipjieirt  |)olxge)n  anel  its 
eonxe’x  hull,  lahh’  o.'J  lists  the’  peissihh’  eg  state's  anel  the’ir  le’sidting  siippent  status: 

I  III’  main  aelxantage’  ol  this  te’st  is  that  xve’  need  oiilx  lomimte’  the’  status  e>l  a 
point  xvith  re’spe’e  t  t o  t  hi’ support  p<»lygon.  as  opposed  to  compnt  ing  t  he’ mt (’i  se'i  t  ion 
of  hoth  the’  part  polygon  anel  snppent  pedygeni.  Sinee'  a  laee’t  siirlaee’  re’pre'se’iit s  the' 
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Support  Status  from  Point_In_Poly?  Tests  for  Part  eg. 


(■<1  ill  Snppovt-Pohj'^ 

cfl  in  ('Hiill[Siipport-f*olij]Y  Part  Support  Stoiiis 

Point  Oiilsiih 

Point  Oiit.sidf 

rnsupi)orte'd 

Point  Oiilsidi 

Point  Insidf 

lest  Support 

Point  Insiili 

Point  Outsidi 

Point  Insiili 

Point  In.'^idi 

Sup])ort  e'el 

ral)l<' "i/J:  1  al)l(' of  |)ait  support  status  as  (UMonniuod  l)y  Point_In_Poly?  status  of 
tli('  i)art  eg  w.r.t.  tlic  Supi)ort _I\>ly  and  ('Hull[  Sup]K)rt _Poly  ]. 

s<'t  of  |)t)ssil)l('  positions  uf  I  lie  part  eg  tor  a  givcui  coiitart.  tli('  Point_In_Poly?  t»'st 
also  allows  us  to  liic'raicliically  t ost  for  supi)ort  start  iug  first  wit  h  an  tuit  ire  facet .  and 
tlieii  smaller  sudn'gioiis  witliiii  a  facet  d<*l<‘rmiiied  dy  range's  of  [pJ)).  Only  in  those 
case's  wlie'ie'  the-  re'sult  is  Test  Support  will  we'  ne'e'el  nu)re'  e'xtensive'  aiiel  elc'taile'd 
te'sting  using  t  he' e'xt  remal  point  reeiitine'. 

Testing  a  Whole  Faeet’s  Support  Status: 

We  lirst  elete'rtnitie'  if  ati  e'Utire'  faee't  may  he'  suppe)rt('el  e)r  unsupporte'el  hy  e  he'eking 
the'  faee't ‘s  heeitneling  hox  agaitist  heeth  the'  Support.Poly  anel  the'  CHull[  Sup- 
port_Poly  ’  If  the'  l)e)uneling  he)x  is  insieh'  of  the'  Support.Poly  or  euitsiele'  e)f  the' 
CHull[  Support.Poly  ]  the'ti  the'  part  is  suppe)rte'el  or  utisu))pe)rt  e'el.  re'S|)e'et  ive'ly. 
e)\e'r  the-  range'  e)f  |)e)sitie)ns  ele't e'l luitie'el  hy  the'  faee't 's  surfae'e.  If  the'  he)uneling  he)X 
inte-rse-e  ts  e-ithe-r  eif  the'  |)olyge)tis.  e>r  is  he'twe'e'ii  the'  Support.Poly  anel  the-  CHull[ 
Support.Poly  ].  I  he'u  the-  faee't ‘s  suppe)rt  status  must  he'  e'xamine'el  in  more'  eh'tail. 

Testing  Regions  of  a  Facet: 

l  or  t  hetse'  fae  e'ts  t  hat  inte'ise'e  t  e'it  he'r  t  he'  Support.Poly  or  t  he'  CHull[  Support.Poly 
].  we'  must  suhelivieh'  the'  surfaee'  e»f  the'  faee't  intei  re'gioiis  e)f  elilfe'ring  su])pe)rt  status, 
le)!'  simplieit  \'.  we'  eheK)se'  tee  eliviele-  the'  laee't  itite)  strips  e)f  lixe'el  rf'se)lut  iejii  that  will 
he'  te'ste'el  iueli\ieluall\-.  Te)  ele)  this  me)re'  e'dieie'iit  ly.  we'  lirst  eaehe'  the'  iut  e'lse'et  ing 
pe)l\ge)U  se'gme'iits  fretm  the'  houneling  l)e)X  te'st  for  late'r  use'  te)  re'eiuee'  the-  ameumt  of 
sul)se'e|ue'nt  te'stiiig  re'(|uire'el.  1  he'ii.  hase'el  on  the'  faee't  s  size'  aiiel  e  urxature'  as  give'ii 
hy  /  (the'  le'iigth  e)f  the'  i)e)|ygon  e'elge'  fortnitig  the'  eoutaet  faee't  )  aiiel  r  (the'  elistanee' 
fre)m  t  he'  eg  e)f  I  he-  me)ving  pe)lygon  te)  t  he'  pe)inl  e)f  e  euitae  l  ).  we'  ele't e'l  niine'  t  he-  maxi¬ 
mum  A/)  anel  inere’me'iits  that  are-  within  tlie'  spe-eilie'el  lor  e-omputiiig  the- 

suppe)r1  status  e)Ve'r  a  faect's  surfaee'.  Isitlg  tliis  infeirmat  iein  we'  eliviele'  the-  laee't  iute) 
a  se-rie'v  of  (./•.//)  sliee-s  at  ine  re'me'iil s  of  AO  within  \0,„,„.0, I'.aeii  of  the'se'  sliee's 

'  '\\i  ((iiiipiiti'  till-  li<iiiii(linf;  l><>x  <>f’tli<-  lae-i'i  iIh-  raiiiii  ■  tt, 
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conospoiuls  to  a  lino  sogmeiil  in  (.r.//).  and  loprosont s  a  translation  of  tlio  part  eg 
along  a  contact  edge'  at  a  fixc'd  oric*ntation. 

Testing  Along  a  Facet  Slice: 

For  each  AO  incrc'inc'iit .  we*  gcMic'catc*  the  facc't  slice  line  segment  and  test  it  for  inter¬ 
sections  with  the  polygon  sc'gmccits  from  Support_Poly  and  CHull[  Support_Poly 
]  that  wc're  cached  in  the'  face't's  hounding  hox  te-st.  All  interse'ct  ions  are'  recorde'd 
and  sorte'd  hy  the'  value'  of  the'  parame'te'r  />  at  which  the'v  inte'ise'ct  the'  face't  se-g- 
me'iit.  riie'  Point_In_Poly?  status  of  the'  faei't  se-gmeul’s  start  point  (/»  =  0)  is 
t he'll  comi)ute'd.  and  the'  se'gme'iit  is  divieh'd  into  (Supported,  Unsupported,  Test 
Support)  range's  hy  appropriate'ly  toggling  the'  |)oint  status  irom  />  =  0  at  each 
inte'ise'ct  ion  with  the  se'gme'iit  from  />  e=  [ll.  1]  anel  lahe'ling  e-aeli  following  range'  ae- 
e'orelingly.  l  igiire'  o.lM)  ilhist rate's  this  lahe'ling  proee'ss  for  a  typical  laee't  slice'.  I-.ae  h 
se'gme'iit  range'  lahe'le'el  Test  Support  must  he' e'Xplicil  ly  te'ste'el  at  A/)  incre'iiie'iits  us¬ 
ing  t  he' e'xt  re'iual  point  te'st  dise'iisse'el  e'arlie'r.  anel  ne'ighhoring  ine  re'iue'iital  te'st  points 
with  the'  same'  re'sniting  support  status  are'  t  he'ii  me'ige'd.  The'  linal  re'snlt  is  a  faee't 
slice  line'  se'gme'iit  elivide'el  intei  a  se'iie's  of  e  enise'e  nt  ive'  Supported  eii  Unsupported 
snh-range's.  whose'  aeljaee'iie'v  |)oints  ee)rre's|)ouel  to  suppeirt  transitions. 

Kach  faee't  shee'  e-ontaiuing  a  siip(»ort  transition  is  re‘ee>rde'd  as  an  e'le'iue'iil  in  an 
array  of  slice's  ineh'Xe'el  hy  ff,/,  ,.  F.ach  sliee*  e'le'iue'iit  in  turn  eontains  the'  support 
status  of  the'  (/»  =  0)  point  of  the'  slie-c'.  anel  an  array  e)f  sniipeirt  transition  Hags  ( 
Lose  Support,  Gain  Support  )  ilide'xe'd  hy  that  inelieate'  the'  type'  of 

support  transition.  1  his  array  of  arrays,  ilhist  rate'el  in  Figiire'  o.lM.  is  slore'el  in  the' 
fae  e't  s  .^^/p/;eo7_n/e/p  fie'lel.  I  he' support , map  is  nse'el  heeth  hy  the'  re'iiele'iing  rout me's  to 
elis|)la\'  t  he'  sn|)|>orte'el  anel  iinsu|)pe)rt e'e|  re'gioiis  of  t  he'  fae  e'l .  as  we'll  as  hy  t  he'  mol  ieeii 
e-oiiipiital iein  routine's  te)  de'te'rmine'  il  a  |)alh  has  e'lile'ie'el  a  re'Llaee'l  ^  misui)port e'el 
re'gion.  S|)e'e  ilie  ally,  lor  e'ae  h  point  ge'iie'iate'el  along  a  motion  path,  we'  e  he'ck  the' 
eeMie'sponding  {p.O)  position  on  the'  re'f_face'l  against  the'  snppedt  .ma|)  to  ele'te'iiiiine' 
if  that  point  is  misii|»|)e)rle'el  anel  shoiilel  tlie'ie'lore'  he'  le'rminate'el.-'’ 


5.6  Rendering  and  Display 

Fae  h  faee't  snrfaee’  is  re’iiele're'el  in  the'  {.r.fi.O)  e  onligm  at  ieni  spae  e'  as  a  se'iie's  ol  pol\ 
gems,  e'aeh  homiele'el  hy  femr  xe'iliee's.  1  sing  a  eemstaiil  pre'ele'te'liuine'el  Afh  the'  laee't 
is  eli\  ie|e'el  inte)  e'epially  spae'e'el  sliee's  llemi  0  =  e'ae  h  ed  U'hie  h  is  homiele'el 

hy  a  pair  e»f  {.r.i/.O]  ve'iliee's  ee)m|nile'd  from  the'  laee't  e'epialioiis  at  />  =  (I  anel  /»  =  I . 
I'.ae  h  peelygem  si  met  lire'  peiints  to  two  ceense'e  nt  i\ e’  jiails  eel  xe'iliee's.  along  with  ihe'ir 

■"lor  lliox'  |iorlioM>o|  a  paili  that  an-  in  fm  •oiiliKiirai  ion  wo  mii>l  li'si  laili  in>'r<'ni<'ni.al 

poinl  alony,  llf  palli  >xpliciily  iiMiig  lit*'  ■•xiU'iiial  point  li>i  Mnci-  no  siip|iori  .ina|>  is  a\ail;il>l< 
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max 


x: 


0<.ii 


\(i)  (ii)  (Hi) 


'slice  f"  - - 


e  X- 

"min  ' 


p  =  0 


T 


(i)  Supported 
(ii)  Test  Support 
(Hi)  Unsupported 


p  =  l 


I'igiirr  •‘).2():  Siilxlividiiift  h  larot  .s)i<<‘  into  difFpiing  support  stat<'  range's. 
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l  iguic  •'i.'il:  A  typical  support  map  lor  a  rac<'t  in  tcuMUsol  {p.O)- 

<-orr('spoM(liii,u;  tacct  normal  v<‘ctors.  arrang<Ml  conntcrclockwisc  around  t  In' out  ward 
lacct  normal.  In  addition  to  tin'  v<'rt ic<>s  and  normals,  ('acli  ])olvgt)n  stnutnn'  con¬ 
tains  indices  to  tlu'  ('dg<'  and  vertex  of  the  moving  and  stationary  ohjc'ct  i)olygons 
that  lorm  the  contact  lac<'t.  as  wcdl  as  indic<‘s  to  the  |)alett('  of  colors  and  mat('rial 
lighting  |)roperties  ns<'d  to  remh'r  the  pt)|ygon.  W'Ixmi  enahh'd  hy  the  user,  each  poly¬ 
gon  is  drawn  with  a  dark  honinlarv  lin<‘ to  highlight  tin'  facet  contonr.  Ot h('rwis('. 
the  polygons  making  np  each  fac<'t  are  simply  <lrawn  and  hU'iided  using  tin-  I’hong 
shading  modc'l  in  the  Silicon  (ira|)hics  (,'l.  reinh'ring  lihrary. 

I'.ach  comph'te  /ecH'n/Y/ lac<'t  is  rendeiY'd  iinlividnally."'  I'hosc'  facets  or  i)ortions 
ol  lac(’t s  t  hat  are  occluded  in  the  comph'te  ( 'S  s«'t  an'  hichh'n  from  vif'w  l)\'  t In'  di'pt  h 
l.nffer.  or  Z-hnIh'r.  ol  tin'  gra|)hics  workstation.  When  motion  paths  arc'  compntc'd 
in  conlignrat  ion  s|)ac('.  tln'>  arc'  rc'nch'rc'd  as  c  urve's  composc'd  of  line'  sc'gmc'iits  con- 
nc'cting  the'  points  along  the'  path,  and  arc'  drawn  slightly  ahovc'  the'  snrfacc'  of  the' 
CS  lacc'ts.  1  hc'  line'  thickiic'ss  ol  c'ach  path  is  drawn  proportional  to  the'  prohahilit y 
ol  I  he-  init  iai  i)osit  ion  for  t  hat  pat  h  so  t  liat  t  In'  more'  common  part  mot  ion  pat  hs  arc' 
thickc'r  than  the'  Ic'ss  likc'ly  one's. 


liiK  kiraid  fno-ts  ;trr  i)>  (Icfinil  ion  iitli-rior  iniliosrt  oCCS  and  li<'n<<'  will  he  hiddi'ii  rroni 

all  viewinj;  aii>;l<'s. 
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5.7  Interactive  Design  Functions 

With  the  exception  of  specifying  file  name's  via  llie  kc'vl)oarcl.  all  user  inputs  to 
cspace-shell  are  made'  \  ia  the  mouse'.  V'ertiee's  of  the' ohje'ct  polygons  (part,  bowl 
wall,  and  track)  may  be  selected  dirc'ctly  within  theobje'ct  elisi)lay  windows  or  ineli- 
rc'ctly  from  the*  CS  in  the'  configuration  space  display  window,  .\on-shape'  paramc'ters. 
such  as  t  he  coefficic'nt  of  friction  //  or  t  he  frc'c'-space  start  posit  ion  for  t  he  compnt  at  ion 
of  a  single'  motion  path,  are  modific'd  using  simple  linear  sliders. 

\\  he'll  the'  use'r  sc'lc'cts  a  CS  le'aturc'  by  clicking  the  mouse  in  the  configuration 
space'  display  window,  the  .\-\  |)ositie)n  of  the'  cursor  in  the  window  is  transforme'd 
into  a  line  in  the'  configuration  space  coordinate  system  corre's])oneling  to  the  current 
view  using  the  Silicon  (Jra|)hics  mapw  library  function.  'J’his  line  is  then  te'stc'd  for 
intersc'ctions  with  e'very  facet  renele'ring  polygon  in  the'  CS  that  is  visilile.  i.e.  facing 
the  user.  Fhe  iiitersc'cte'd  facet  renele'ring  jeolygon  that  is  close's!  to  the'  vie'wer  is 
determine'd.  and  the  facet  type',  index  to  the'  nearc'st  re'iidering  polygon  ve'itex.  and 
the'  ai)proxiniate'  (.r.p.O)  |)osition  sele'ctc'd  on  the'  fae-et  surface  is  recorde'd. 


Parametric  Design  Functions: 

riic'  information  obtaine'd  from  the  selected  vertc'x  of  the  rende'iing  polygon  in  the' 
CS  may  be  nse'd  to  ide'iitifv  c'ithe'r  the'  e-ont acting  eibject  ve'rte'x  or  eelge'  ve'itiec's  that 
form  the'  corr<'s|)oneling  sele'cte'el  faeet.  We  ele'te'rmine'  which  leature'  will  be'  se'h'cte'el 
by  (I  /uveuv  assigning  e'elge'  vert  ice's  of  t  he'  men  ing  obje'ct  iieilygon  \o  !>  ]>('  .\  face'ts  anel 
e'elge  vert  ice's  of  t  he'  st  at  ieinary  iieilygon  te)  tyjie'  li  face'ts.  riierefore'.  the'  ineh'X  nnmbe'r 
re'turneel  by  the'  sele'cte'el  verte'x  of  the'  re'iiefe'ring  polygon  may  be'  nse'd  tei  se'h'et  the' 
ceirre'sponeling  ve'ite'x  eif  an  eibje'cl  iiolygeni.  lo  make  this  e-e)n|)ling  appare'iit  to  the' 
use'r.  all  eif  the'  faee'ts  in  the'  CS  that  are  alfe'cte'el  the'  se'le'ete'el  obje'et  ve'itex  are' 
highlighteel  alenig  with  the'  ve'ite’x  itself,  'f’his  is  aceomplishe'el  by  changing  the'  eoleir 
pah'tle'  ineh'X  of  eve'iy  re'iiele'iing  polygem  in  the  CS  that  ee)rre'spe)nels  to  the'  se'h'cte'el 
eib  je'e  t  ve'i  te'X. 

riie'  use’!’  may  nune'  all  eif  the'  eurre'iitly  se'le'ete'el  eibje'et  ve-rtiee's  teige'the'r  bv  se'- 
h'etinga  peiint  in  eonligurat  ie)n  sjiaee' anel  mening  <iway  frenii  it  with  the' right  mouse' 
biittein  he'hl  denvn.  In  this  ease',  an  (.r.//)  plane'  is  displave'el  in  the  e'onligural  iein 
spaee'  at  the'  0  value'  wlie'ie'  the'  nse'i  initially  elieke'el  eni  the'  CS.  Meive'iiie'iits  e)f  the' 
menise'  (remt  this  pe>int  are'  fraiislale'el  inte>  iiiere'iiie'nt  al  (.r.//)  meitieins  by  inle'ise'et  ing 
this  plane'  with  the'  mapw  line’  freini  the'  ne'w  menise'  peisitiein.  I'he'  (./•.//)  meilions  are- 
a|)|)lie’el  elire'elly  lei  all  se'le'ete’el  ve’il  iee's  e)l  the*  statieMiary  peilygein.  anel  inve'ise'ly  \  ia 
an  inve’i'se'  re)latie)n  matrix  at  the-  (.r.//)  plane'‘s  0  value',  i.e'.  .  tee  all  se’h'cte'el 

ee’it  iee’s  e)f  the’  mening  iieilygeiii.  I  he’  re'siilt  is  a  change’  te)  the'  CS  surfaee'  that  traeks 
the'  me)lie)n  eel  the’  iiieiuse’  in  the-  (.r.//)  plane'  fre)m  the'  initial  eliek  |)oint.  ahing  with 
t  he'  iimelilie  at  ieins  lei  I  he’  eib  je’e  t  \  e’rt  ie  e’s  (shajie')  ne'e  e'ssary  te)  make' t  his  e  hange'  te)  t  he’ 
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I'igun’  "i/jL*:  Critical  tia<k  v«‘rliccs  lor  a  pail  lu'ar  a  support  transition. 


CS. 

Iti  allot  licr  iiiodc  of  opcrat  ion  t  In-  user  max  clt'ct  to  <  lianiic  t  Im  shape  of  I  lie  t  rack 
pol\'f>on  l>\'  a  iiioxi'iiient  of  tlie  iinnise.  inst«'a<l  of  clianiiinti  tlie  sliapt's  of  tlie  niox  inti 
or  statioiiarx  polygons.  1»\'  cUckinu,<,m  ov  tu'av  thx'  iHxnndavy  of  a  l,()S  n'liioii.  In  this 
mode,  the  (.r.//.d)  (acet  position  that  tlie  user  clicked  on  is  used  to  dc'tc'iinine  the 
t  rack  pol\  i2,on  vert  icc-s  t  hat  are  crit  ical  to  t  he  support  t  ransit  ion  at  oriic-arthat  posi¬ 
tion  in  contit>;urat  ion  space'.  Critical  xcrlicc's  are  those'  xe'itiee's  that  ele'line-  se's>me'nts 
on  the'  track  whose  iiiterse'et  ion  points  with  the-  part  hoiindarx  are  ne'arlx  aloiiir  a 
litie'  throii(>h  the'  eg  point  of  the'  j)art  that  marks  the'  transition  from  the  eg  he'inii 
e'.xt  re'iiial  to  non-ext  re'iiial.  as  shown  in  Kigme'  ">.22.  The  seh'ete'd  track  xe'it  ice's  are 
hij>,hlii;hte'd.  lent  unlike'  the  ( 'S  se'le'ctioii  o|>e'ration  the'  1,()S  le'nions  that  are-  eoiiple'd 
to  t  he'se  track  paramete'is  are-  not  hi,!2,hlis>hte'el. 

I  he'  iise'i'  iiiodilie's  all  ol  the'  current  l\'  se'le'ete'el  track  xe'it  ice's  hx  se'h'e  tinu,  a  point 
on  the  CS  lu'ai  a  I.OS  hoiinelarv  and  moviiii;  the  point  awax  from  it  while-  holdinii 
doxvn  the'  rinht  moiise-  Inittoii.  I fillere'iit iai  motion-'  in  (  r.e/l  are-  e-oiiipiite-d  l>\  airain 
proje'e  t in.t;  the  mapw  line-  Irom  the-  scre-e'ii  |>osition  ol  the-  mouse-  into  e  enihtim at  ion 
space  anel  linelint;  t  he- close-si  point  on  a  line- e-olline-ai  to  I  he  fae  e-l  slice- at  the-/t\ahi>- 
ol  the-  orii>,inal  click  point,  l  ids  olfse-l  motion  is  applie-d  dire-cllx  to  the-  e  iirre-ntlx 
se-le-cte-d  track  xe-rtiee-s.  and  the-  re'siilt  is  a  motion  ol  the-  I.OS  hoiindarx  that  ne-arl\ 

I  racks  I  he-  mol  ion  ol  I  he-  mouse'.  Due-  to  l  he-  e-xt  re'iiie'lx  non  line -a  r  nal  iir>-  of  part  '  1 1  ae  k 
inte-rse'cl  ions  that  ere-ale  the-  LOS  hoimelarie's.  the-  iiioxe-iiie-nl  ol  the-  I.OS  heiimelarx 
tracks  that  ol  the-  mouse' oidx  for  re-lal ixe-lx  small  e-xciirsioiis  awax  from  the-  initial 
click  |)oint.  I  he-  map|)ini;  Irom  mouse-  moxe-me-nls  alonu  a  lace-t  slice-  is  aiialouoiis  to 
moxiii'j^  alonu,  a  lanu,e'nl  to  a  point  on  a  noidine-ar  ciirxe-;  the-  fiirthe-i  we-  inoxe-  awax 
Irom  the-  point  ol  tanue-ne  x  the  xvorse'  the-  ap|)roximal  ion  he-e-oiiie-s. 
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liii/th  nil  ntiilioii 


Non-Parametric  Design  Functions: 

I  lie  iiilcr«(  li\«'  rinictioiis  <l(‘s(  rilx'd  al>ov«-  all  allow  varial  ioiial  inodiiical  ioii  oid\  ol 
exist  ini’,  desii>,ii  |)ai  a meters.  We  may  also  iiit  rodiiee  ent  ir<'l\  new  eoiitoiii s  to  t  li<'  t  ra<  k 
profile  1)\  ^('iK'rat  iiif;  a  eutoiit  li'om  the  track.  I  he  user  selects  a  cutout  l)\  specilx  im> 
ail  ( .r.  //.  0 )  posit  ion  Irom  the  CS  and  an  orient  «■<  I  line  in  t  lu'  (.;■.// )  jilaiie  ol  t  he  t  rack 
ahoiit  which  a  part  should  rotate-  out  ol  thc'  plane-  tei  lall  olF  the-  trac  k.  I  he-  motion 
of  the-  part  rotatiii.i;  out  ol  the-  plane-  ahoiit  this  line-  proeliice-s  a  cutout  contour  in 
the-  track  e orre-spondinj*  to  the-  shape-  of  the-  part.**’  cspace_shell  imple'ine-nt s  an 
approximat  ion  to  t  he-  ciitont  ope-rat  ion  in  whic  h  t  he-  ,i:;e-ne-raie-el  cutout  contour  is  t  he- 
ee)n\e-x  hull  ol  the-  actual  contour  that  woiihl  he-  cut  Irom  the-  track  as  the-  part  ua-' 
rotate-d  out  ol  the-  plane-  ahoiit  the-  orie-nte-d  line-. 

I  sinu,  the-  se-le-cte-d  {.r.ii.ll]  position  and  oriente-d  (.r.//)  line-,  the-  cutout  rontine- 
!>e-ne-rat  e-s  a  polygonal  coiitoiii  around  the-  inte-rse-et  ion  ol  the-  {.i-.t/.O)  t  raiislate-d  and 
rotate-d  part  eontoiir  and  the-  hall  space-  tee  the-  ri^ht  ol  the-  orie-nte-el  line-  passinu, 
thre)n'.ih  the-  part  eg.  1  he-  coiue-x  hull  ol  this  contour  is  take-n  aiiel  e-xiiande-d  in 
(.r.y/)  hy  the-  amonnt  lil.S,,,  that  is  cnrre-ntly  spe-cilie-d  lor  conipnt  inu  the-  support 
status  o\e-r  a  lace-t  s  siirlace-.  I  he-  orde-rini*  of  the-  e-xpande-d  eontoiir-'  \e-rtiee-s  are- 
the-n  inve-rte-d  to  rorni  a  hole-,  aiiel  the-  polygon  is  inte-rse-e  te-d  with  the-  trac  k  pe)l\  non 
at  the-  se-le-cte-el  (.('.//)  position.  II  the-  ciitoiit  eeniteMii  ilit  e-rse-ct  s  the-  track  hoiiiielai  \ . 
it  i>  cut  anel  it’s  xe-rtice-s  splice-d  inte»  the-  track  pol\iie»n.  II  the-  e  iitont  eontoiir  i^ 
coinple-te-ly  within  the-  trac  k  polyi;on.  the-  cutout  \e-rte-x  clos(-st  to  the-  trae  k  e-due-  i^ 
split  anel  conne-ct e-el  to  the-  track  poKuoii  'i*'  narrow  slot.  1  he-  re-siilt  in  e-ithe-r  case- 
is  a  ne-w  track  polyuon  contour  ol  ue-inis  /e-io.  I  he-  e  ntoiit  ope-ration  is  ilhistrate-d  in 
1  iume-  'i.’Jd. 

5.8  Summary 

Ikise-d  on  t  he  -  assnmpt  ion  that  cspace_  shell  would  he-  use -d  int  e-rae  t  i\  e-l\  on  |>rol>le-ms 
of  small  to  metde-rate-  si/e-,  i.e-.  pol\ne»ns  with  f^(lll)  e-ilu(-s ,  \  cri  i(  rs.  tnii  imple-ine-n 
tat  ion  strate-uy  foe  nse-d  on  re-dneinu  the-  an  nii/i  ninniim  time  re-epdie-d  to  eonipnte 
mot  ion  const  raint  s  for  sm<  h  pioltle-nis  \  e-rsns  de-\  e-|opiiit:  aluoi  it  Inns  idine-d  at  l  e-diie  ine 
t  he- asymptot  ie  rnnninu  tinie-ol  lai'ye-r  pioMe-nis. 


5.8.1  Optimizations 

Some-  of  the-  major  opt  inii/at  ions  to  im|»ro\c  the-  pe-rloi  inane  e-  ol  cspace_shell  and 
its  siihroiit iiie-s  that  we-re-  elisciisse-e|  e-ailie-i  are-  simnnari/e-d  he-rc  lor  rcle-re-ne  e-. 

’  ’  I  Ills  (■(  iiiiiiiir  Is  .'III  II. ill  V  .'III  appri  <\iiii.'ii  i<  >ii  n-  i  li<  i  russ-s)  ii  i<  >ii  <  -I  1  In  m  -I  in  in  swi  pi  mil  li\  i  In 
pari  as  ii  riilal'  s  <iiii  n|  tin  plain  n-  l;ill  i>II  i>l  iln  1  r.n  k 
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Generation  and  display  of  motion  constraints: 

•  and  display  oiilx  tli<‘  ( 'S  laccis  <luriiii>  sliapc  inodilical  ion.  Otlici 
( 'S  Icaliut’s  sncIi  as  <‘d»<‘s.  xcrt  i<'cs.  and  laccls  or  portions  ol  facets  tliat  ar<' 
o<  <  lndc<l  arc  left  implicit . 

•  I  se  dept  li-l)idi<‘rin<j,  to  hide  occlinU'd  surlac<‘s  in  tlie  ( 'S  dis|)la\  . 

Computation  of  paths  and  topology: 

•  ('ompnte  local  (  S  topolou^y  onl\  diiriiii*  motion  path  itite{>,rat  ion. 

•  ('ache  iidormation  on  lacct  intersections  and  a<liac«Micies  in  dminf>  path  com¬ 
putation  lor  ns«'  in  snlise<|n<'nt  path  computations. 

Computation  of  facet  support  maps: 

•  l('st  lot  snj>|)orl  stains  usinj*  a  hi<‘rarchy  of  l<‘sts  from  (Mit  ire  fac('ts  to  snh-facel 
r<'Siions. 

•  I  )i\  ide  fa<  <'l  s  into  retiioiis  of  dilh'i  in.!*  Point  .Iii.Poly  si  at  ns  of  I  he  i)art  eg  relat  iv(’ 
to  the  track  and  ('//(///[j  tra«k  p*)lyj;ons. 

•  Cache  inters('(  t  iiiii  fa( ct /t  rai  k  s<‘<>m<>nls  for  use  in  n'pc't  it  iv<' support  compnla- 
t  ion  and  t est  im;. 

5.8.2  Complexity  and  Performance 
Computational  Complexity 

I  he  loll(»\vin<r  are  est  imates  id  I  h<'  iror.-^l  (  ti-yt  <'omph'Nily  foi' t  In'  t  hre('  main  proc('sses 
rnnninn  in  cspace-shell:  <om|>nlalion  of  contact  facets,  compnialion  of  support 
reuioiis  ( support  maps  |  »in  tin'  lacet  s.  ainl  inmn'iical  inlt'^rat  ion  of  t  he  mot  i«)n  pat  hs 
I  i  lie  hid  in  u,  I  In'  ( 'S  t  opolo>>y  (  oiiipiit  at  ion  ).  In  act  iial  nsai><'.  the  o|>l  imizat  ions  lisic'd 
ahovc  comhiin'<l  with  the  inln'reiit  st  rncl  iir<'  of  tin'  repri'si'iil  at  ions  t<'ml  to  make 
compulations  more  Iraclahh'.  as  shown  In'Iow.  I.ach  of  tin'  esiimati's  helow  assiiiin's 
that  all  polygons  ha\(' (.>(;/)  \('rtic<'s. 


Contact  Facet  Generation 

( 'oiiipnt  at  ion  ol  a  contact  faci't  r('(|nires  ce;cs/«n/  tiiin  and  consist  s  t)f  compnl  im;  a 
h'W  constants  and  |>lacinu,  tln'iii  into  a  data  strnclur<'.  .\  contact  fac('l  is  y'ln'ialed 
lor  ('ach  ( ilffi  -n  ill  .1  and  ri  rli  .i-i  il<ii  contact  In'tween  two  |K)lyi>ons.  prod  in  im;  '2ir 
coiitacl  lai  i'ts.  1  In'  I  iiiK' comph'xil y  in  t<’rms  t»f  Ho/i/f/en  .sCf  ii  is  I In'ii'lori' f n* ). 


•  >.>;  Sinti  mil  rt) 
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Support  Map  Computation 

( 'ompiit  iiit!,  tli<'  su|>|)i)rt  ina|)  for  a  coiilact  facet,  in  the  worst  |)ossil)le  case,  consists 
of  testinu,  wlietln'r  or  not  the  moving  polygon  s  eg  is  i. tin  mill  to  tlie  set  ol  possil)le 
support  points  at  t  Ik' given  (.r. //.  |)osit  ion  of  t  lie  moving  polygon.  1  his  se't  consists 
of  the  intersection  of  t  h<'  moving  and  supporting  polygons  at  that  position.  For  two 
arhitrary  polygons  tlu're  will  he  (2/\|/i  +  l\jii  log//)  v/utices  tt)  he  tested,  where  A  | 
and  A  j  are  constants.  Points  are  sam|)l<‘<l  across  the  fac/'t  at  .\  =  JTfh — ) 

tervals  along  M  =  —  (him,)  )  lix<'d-f^  slices  of  tin-  facet.  I  herefore. 

tlu'  re/piir/'d  com|)Utatiou  is  (2//‘(2A|//  +  A  _>// log // ).\  .)/).  In  t<'rms  oi  //e/y/i/e//  .sen 
//  we  have  a  time  comple.xity  of  CA^’log")-  /<>i<l  in  terms  of  ii  soliil  ion  wc 

Motion  Path  Integration 

(  omput  ing  mot  ion  pat  hs  consists  ol  lirst  d<‘t<‘rmining  and  ri'cording  thosi*  lacets  that 
might  he  ('iiconnt/'red  through  adjac(*nt  transitions  or  inti'isi'ctions  with  the  ciirr/'iit 
r('f('renc<'  fac('t.  which  is  constant  for  computing  adjacencic's  and  r('(|nir('s  A(2//')‘ 
testing  for  fac<'t  iiiters/'ct ions,  when*  A  is  a  constant.  I'or  ('ach  stej)  in  th('  intt'gra- 
tion  we  must  check  for  transitions  relativ/'  to  <‘ach  of  tin'  (’('In')  fac/'ts  listi'd  from 
the  prex'ions  computation.  wher<'  C  <  1.  lnt<‘gration  st('))s  are  made'  at  maximum 
iut('r\als  of  the  resolution  giv<'n  hy  A’A'.s',.„.  l  lu'  actual  motion  computation  at  ('ach 
st('p  |•<'<|uires  constant  tinu'  I  herefore.  tlu'  computation  r('(|uired  consists  of 

(A(2//')‘  +  which  giv('s  a  worst  cas(' t  ime  compU'xity  of  (>( '' ’ ) 

in  terms  of  imhiiion  >i:i  n.  and  in  t('rms  of  ii  soltilloii  W('  ha\'e  ()  (777-;;; — 

Average  Performance 

The  above  complexity  expressions  an*  worst  case  hounds.  1  lu'  average'  tinu'  r('(|uir('d 
to  com|)Ut('  and  re'iuh'r  constraint  fac<'ts  for  polygons  on  tin'  ord/'r  ol  S  ^  H)  ('dg('s 
was  ().(i  seconds.  The  a\<'rage  time  re<|uir<'d  to  (omput('  and  rt'iider  support  maps 
for  the  same  polygons  was  2  5;  .seconds  for  a  n'.solution  e/f  0.1  inclu's.  finally,  t  lu' 
I  ime  i('<|uir('d  to  com|)Ut<'  mot  ion  pat  hs  for  t  Ik'  sanu'  ('xamj/h's  was  d  s;  7  se'conds  loi 
an  a\  ('rage  ol  1  pal  hs. 


Conclusion 

Cliai)t('r  G 


6.1  Summary 

1  lie  |)rimaiy  goal  of  this  tcsoarch  was  to  argiK'  for  tlx*  validity  of  tlx*  li\  i)ot Ix'sis  that 
motion  const raiiits  can  scrx'c  both  as  a  r('i)rcs<‘ntation  of  tlx*  fnix'lit)n  that  ina\  lx* 
<h*rivt*<l  from  shape  int<'ract ions  aixl  as  a  tool  for  manipulating  and  <l('signing  sncli 
fnnctional  shapes. 

We  id('ntili<'d  and  <*xplor(*d  two  k<'y  issn«*s  rais<*d  hv  the  above*  liyjx)!  Ix*sis:  tlx* 
<h'v<*h)ptn(*nt  of  r(*pr(*s('ntations  for  fmxtion  in  tt'rms  ol  nx)tion  constiaints.  and  tlx* 
d<*v<'lopnx*nt  of  tools  and  nx't ho<lologi(*s  ix*<*d(*d  to  creat('  fnnctional  shap<*s  Irom 
mot  ion  const  raints. 

W<*  d<'velop(*d  a  formal  r<*pr<*s<*ntat ion  of  kiix'inatic  motion  constraints  lor  a  sim¬ 
ple  class  of  g(*onx*t lie  contacts  (jilaiiar  polygons)  and  non-kiix*mat ic  constraints  in¬ 
cluding  forward  projections  of  motions  lor  both  c’xai  t  and  (*ix'rg\-bomxle<l  dynamic 
nxxlels.  rix*s(*  repr(*senl  at  ions  w<*r<*  appli<*d  to  t  lx*  mod(*ling  ol  (*xamph*s  chosen  Irom 
four  a|)plicalion  domains:  compliant  ass<*mbly  ol  rigid  objeit  s.  orient  ing  ol  part^  by 
vibratory  bowl  f(*ed<*rs  and  .\1’()S  vibratory  l<*eders.  and  lixtnr(*s  ns(*d  ti)  locati*  aixl 
hohl  parts,  llx’si*  (*xamph's  w«*r«*  used  both  to  t(*st  tlx*  \alidity  ol  the  h\i)ot  hc'^is. 
and  to  ins|)ir<*  and  gnidi*  tlx*  d<*v<*lopnx*nt  ol  the  d(*taileil  repr(*s<*nt  at  ions.  Ixx  the 
pnrpos<*s  of  \  isnalizal  ion.  t  lx*  abst  ract  ion  ol  limct  ion  \  ia  Imxt  ional  met  aphors  within 
(*ach  of  tlx*  application  (Uiniains  was  a  parlicniarly  pow(*rlnl  lot)!  in  int(*rpr(*t  ing  the 
r<*|)r<*s(*nt  at  ions  and  det<*rmining  what  chang<*s  W(*re  ix*cessary  to  achi(*V(*  the  desir(*d 
fnnet  ion. 

We  d<*v(*lop<*d  a  seri(*s  of  tools  aixl  li'chnicpies  to  acc(*ss  and  manipulate'  t  hese 
r(*pi<*s<‘nt  at  ions  for  tlx*  pnrp«is<*s  of  design.  I  he  basic  approach  was  to  constrixt 
paranx'tric  r(*i)r<*s(*ntations  of  nxilion  eeinst raint s  lor  planar  polygeiiis.  and  prov  ide 
acc<*ss  tot  hese  r('pr<*s<*nt  at  ions  in  an  int<*ract  iv<*  graphical  (*n\  iron  nx 'lit  that  allows  the 
manipulation  of  shape*  paranx't  e*rs  in  t  lx*  eemt  e*xt  eel  lmxtie)n  re*pre'se'nte'el  as  nx)tie)n 
eenist  raint  s. 
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I  lie  cuiiiniiKM  1  |■('|)^('S('lll  ;it  ions  iiii<  1  (ools  u<t<‘  <i|>|>Ii('<I  to  t  ln‘  (H'simi  ol  s|)('(  ili<'  ('\- 
;tiii|)l<'s  I  loin  t  Wo  ol  I  In'  lour  <  loll  in  I  ns;  \'il>r;itor\'  howl  l(‘<'(li'is  ninl  roni  pliant  assciiihU 
systems. 

Some  ol  the  more  impijitant  nlea^  <le\elop<'<l  m  tin'  reseaidi  ini  linie: 

•  Unified  Representation  and  Design  Environment.  I  In'  tasks  ol  anal\sis. 
\  ei'ilicat  ion.  \  isiiali/at  ion.  <iii(l  desiun  o|  Inin  tioii  from  shape  ma\  all  in'i  lormed 
iti  the  context  ol  iiiotioti  constraints  iisinu  a  common  set  ol  representation''. 

•  Explicit  Representation  of  Motion  Constraints.  An  explic  it  represent  a 

til)!!  ol  sha|)e  nili  /(K  hxiisi's  the  <l<'siu,n<'r  s  attention  on  what  matters 

mot  ion  (oust  raint  s.  S|)e(  iln  all  \ .  we  mak<'  use  ol  A  ompiit  at  ional  power  to  make 
explicit  what  is  nsnall\  implicit  (i.e.  motion  (oiistraints  from  shapel.  ainl 
tlierehy  direct  tlie  dc'iyner  s  attention  to  the  impottant  Inintional  at  t  rihiite'' 
ol  a  design.  Iniict  ional  nn'taphoi''  help  to  ])nt  these  (oiistraints  in  the  proper 
(Diitext  lor  \  isiiali/at  ion  and  reasoiiinir. 

•  Rapid  C'omputation  of  Constraints.  Representations  lor  motion  <  on 
st  raint  s  ma\  he  c Diiipnt ed  and  displayi'd  i/a/c/.///  eiioiiiih  to  he  ii'ed  int era<  t  i\ cK 
lor  analysis  and  desiun. 

•  Dynamic  Constraint  Visualization.  Real-t  ime  disp|a\  and  interac  tive  ma¬ 
nipulation  ol  motion  constraints  exposes  (onpliiny  aiiioni:,  constraints  ainl  sen- 
sit  ivitv  to  parametric  variations  in  wavs  that  would  otherwisi'  he  clilliciilt  to 
\  isnalixe.  Ify  makine  exjclic  it  thecuiipline  inherent  in  motion  constraints  we 
expose  t  he  basic  limitat  ions  ol  what  is  ami  what  is  not  possible  to  ac  hievc  con 
sisicntly  h\  means  ol  sha|)e  iiiodilic  at  ions.  Simpiv  si.iicd.  the  i  c'))rc'sent  at  ions 
cloii  t  he.  nor  will  the  tools  allow  iis  lo  «  heal  or  clo  the  wroii'j,  lliinii.  I  his 
is  in  clirect  conirasi  lo  tc'chnic|nes  that  mav  iiroclncc  im oiisisicni  cDiistraints 
'.ic'iic'iated  Iroin  swept  shapes. 

•  Simnlat  ion  Supersets,  lorwarcl  projec  t  ions  ami  kinemai  ic mol  ion  const  raint  s 
ac  t  as  a  kiml  ol  -.//ya  c.sc  /  ol  simniations  that  <dlo\\s  one  to  examine  all  possi 
hie  motions  at  ome  lor  <i  uiven  sysicm.  im  hiclin'.i  motions  that  may  not  he 
simnlaled  in  ch'l.iil. 

•  Simplified  Representations  Control  C'omplexity.  Some  properties  of 
inhereiilly  complex  phenomenon  m.tv  he  captnrecl  with  sini|)ler  ic'iiresenla 

t  ions.  r.xam|)|c's  im  Imled  complex  civnamic  inlerac  lions  represent  ed  as  enc'r'.i\ 
honmlecl  lorward  pioiections.  and  transitions  to  hiiihei  cliinensional  motions 
represent  ec  1  as  transitions  liom  supporlecl  to  niisiippoilecl  conhunrat  ions  in  a 
lower  cliinensional  conliiinral  ion  space. 
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•  Foundations  for  Design  Automation.  Mat  licinai  i(  all\'  |)i('(  isc  ami  com- 
|)ul  at  ioiiall\'  accc'ssililc  icprcsc'iit  at  ions  lor  motion  constraints  were  dm  (‘lo|)c<l 
tlial  licl|)  lay  the  m'onndwork  lor  snl)S(‘<|n(Mit  s<'ini  and  Inlly  aiitoniatcd  dcsiim 
approaches. 

.\t  tln'coH'ol  the  reseai'ch  is  an  iniplenient<vl  computational  ('in  iromnent  loi  th<’ 
analysis,  \isualizat  ion  atid  desi!;,n  ol  motion  constraints  ainomr  sxstenis  modeled  a^ 
planar  |)oly!>ons  cspace-shell.  Sp('<  ilicaily.  cspace-shell  support s; 

•  the  displa\'  ol  nu)tion  constraints,  doth  contactin';  and  lor  planar  support. 

•  t  he  a  1  lility  t  o  manipulate  shape  paiaimMers  diia'ct  l\-  \  ia  nujt  ion  <onst  laint  s  that 
p('rmits  ('Xploration  ol  coupling  hetween  design  parameteis  and  constraint'-. 

•  the  sinndat  ion  and  ainmat  ion  ol  systcMii  Ix-haxior  lor  spc'cilie'l  input  s  and  initial 
coiidit  ions,  and 

•  the  ability  to  diicctlx  g('n<Mate  shap«'s  and  const  laitit  s  lot  a  limited  set  of  im¬ 
posed  motions  via  a  cutt)ut  operation. 

6.2  Discussion 

We  ret  111  11  to  the  (piestion  pos<'d  in  Section  l.(>.  lollowing  tin'  design  examples,  llotc 
ii.x  jiil  u'(  r<  Ihi  lY /nr  .M  r///// /no/.' /r>i- </(.'///» '/  We  will  discuss  lirst  th('imderl\' 

ing  concepts  ami  met  hodologi<'s.  and  then  turn  oiii  attmitioii  to  the  imph'inetit  at  ion 
of  cspace-shell. 

6.2.1  The  Concepts 

In  Section  1  .'J.d  we  oiitliiie<|  th<’  major  goals  ol  this  research.  I  he  primal  \  'goal  wa'- 
to  he  able  to  reason  about  and  <  reate  Innctional  shape  interactions.  Iroin  which  we 
deri\cd  two  inaior  sub  goals:  ill  develop  a  jirecise  and  accessible  n'present  at  ion  lor 
Intict  ional  sha|)es  using  motion  constraints,  and  (Jl  dmc'lop  the  tooU  and  method 
ologv  necessarv  to  mani|)nlate  motion  (onstraints  |or  design,  ('haptei  2  described 
a  set  ol  motion  constraint  repr<‘sent  at  ions,  lor  objects  modeled  a'-  planar  polvgoiis. 
that  are  iikiIIk  iit(ili(<illii  and  ritiniHiliihoiHillii  ncii  .  (  haptei  1  described 

a  set  ol  imict  ional  shape  synthesis  procedures  and  tools  lor  the  n'present  at  ions  that 
iWi'  |llll(■|l(>^l(lll||  t  n I  and  ciniifxihiltoiuillii  linrldlih.  and  apjilied  these  tool-  to 

spec  ili(  examples  Iroin  a  niimber  of  applicat  ion  clomanis. 

Wc-  proposc'd  that  the  rc'|)resc'nt  at  ions  ami  svnthc'sis  tools  dc'vc'loped  in  the-  re 
searc  h  should  be  ap|)licable  to  a  well  dc’lineci  set  ol  c'xam|)lc's.  |o  ensure  tlim.  ('hap 
ter  ■'{  introcliicc'd  hiiti  application  cloinaiii'-  chosc'ii  Iroin  the  held  ol  aiitoinatecl  as-c-ni 
bly.  I  he  repi  c'sc'iit  at  ions  lor  thc’sc-  lour  c'xample  cloinaiiis  in  (haptc'i  d.  the  ch'sic^n 
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t'.\ami)l('s  ibr  two  of  tli('  lour  (loinains  in  Sod  ions  1.  L()  and  l.o.d.  and  tlu-  (‘xix'iiinon- 
tal  vt'iilicat ion  of  lec'df'r  designs  in  S<‘(iion  1.1.7  sngg<'st  lliat  t lies(' critc-ria  lia\-e  l>eeii 
salislied.  al  least  lor  the  domains  so  far  examined.  In  tc'rms  of  lli<'  overall  nsefnliK'ss 
and  potential  of  motion  const raints  as  a  tool  for  analysis  and  dc'sign  of  functional 
shapes,  the  gcMic'ral  a|)proa(h  and  implementc'd  tools  demonstrated  noth  strengths 
and  wc'aknc'ssc's.  some  of  which  wc'  will  now  discuss. 

Strengths 

Most  of  t  hc'  pcM'ceivc'd  st  rengt  hs  of  t  lu'  mot  ion  const  raint  rc'in-c'sent  at  ion  have  Ih'cmi  dis¬ 
cussed  <'xtc‘?isi\<'ly  c'lsc'whc're  in  this  report.  Bricdlw  the'  kinematic  and  non-kinemat  ic 
motion  constraint  repre.sent  at  ions  capture' explicit  ly  what  wc' carc' ahont  in  tc'rms  of 
innetion  from  shape'.  In  tc-rms  of  interactive  dc'sign.  the- ahilitx' to  loascjii  ahont  fnne- 
t  ion  and  manipulate'  eh'sign  iiaramc'te'rs  in  the'  context  of  mot  ion  const  raint  s  allows  ns 
to  de'tc'rmine'  at  a  glance'  whc'thc'r  or  not  a  particular  dc'sign  will  work.  I'nrt lu'rmore'. 
the'  dynamic  constraint  visualization  i)re)vieled  hy  the'  intc'iact ive  ('iivironment  will 
indicate'  what  paramete'is  must  he  changc'd  if  the  existing  eh'sign  doe'sn’t  work  hy 
c'xposing  the'  inhe'ie'iit  propc'rtic's  of  motion  constraints. 

Weaknesses 

Wc'  notc'd  in  the'  introduction  to  the-  conligniation  sjiaec'  re'|)re'se'ntation  in  Se'ction  2.2 
that  the'  complexity  associatc'd  with  re'pre'sent ing  motion  eonstraints  grows  exiionc'n- 
lially  with  the-  nnmhe'r  e)f  dc'gre'e's  e)f  frc'f'eloin.  Wv  have',  in  the'  c'xamplc'  elomains 
e'xamine'd.  he-en  ahh'  to  Hunt  t  he'  nnmhe'r  of  ele'grc'e's  of  fre'e'dom  t  hat  must  he'  consiel- 
c'le'd  c'xplicitly  hy  jnelieions  choice’  eif  meiele’Is  and  assumptions.  I'ldbrt nnatc'ly.  the'ie’ 
will  no  donht  he’  nnme'rons  e’xam|)le’s  in  whie  h  sne'h  sim|)lilie  at  ions  will  not  he'  snit- 
ahlc’.  In  such  case’s,  the-greewth  in  eenniile’xity  eonlel  re'iieh'r  suit  ahle  motion  eeinst  raint 
re'pre’se’iit  at  ions  e  eimpiit  at  ionally  int  rae  tahle'. 

In  the’  elennain  of  e-ompliant  assemhiy  int reielnec'd  in  Se'e  tion  2.1  anel  e'valnate’el  in 
Se’e  t  ieni  1 .’).  we-  not  e'd  t  hat  in  aeldit  ieni  to  t  he’  fime  t  ienial  eonst  raint  s  t  hat  ele’te’rmine' t  he- 
asse'inhlahility  e)l  a  set  eif  parts,  the'ie'  are'  typieally  othe'r  non-asse’inhly  faetors  that 
must  he’  take’ll  inlei  ceniside’iat  ion  whc'ii  ele'le’rmining  what  moelilicat  ions  to  shape’ 
may  he’  maele’.  In  the'  example’s  prese’nte’d.  we'  assnme'el  that  whate've'r  ge'enne't rie- 
preipe’it ie’s  we're-  critical  to  such  non-asse’inhly  fnnet  ionalily  weinlel  neit  he-  meidilie’d. 
.\s  WC’  note-el.  we-  wenilel  iele’all\'  want  to  e-onside-r  such  prope-rtie-s  toffi  thi  /•  with  meet  ieni 
eenist  raint  s.  The'  preihlc’in  of  inte-grating  the-  re'jne'se'nt  at  ion  eif  meitieni  eonstraints 
with  eithe-r  fnne  t ional  eonsiele’rat ions  re-mains  o]>e'n. 

in  te-rins  ol  using  motion  constraints  as  a  tool  for  inte-ract i\e’  shape-  ele-sign.  we- 
are-  fae-e-el  with  the-  limitatieni  of  having  te)  re-pre'se-nt  eenisl  raint  s  in  tlire-e'  elime-nsions 
e»r  Ic’ss.  In  ge-ne-ral  this  ine-ans  that  at  any  one-  time'  we-  may  conside-r  in  de-tail  only 
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MH)t  loll'' I  liiit  |»(»''scs^  t  lir<‘t‘ *»l  ln‘c<  li  (111  t)i  A 1 1 1 1<  Miul  I  wcr*' 

It)  clciivt'  nitxlfl''  Idi  lilt'  lt)ur  a|)|)lii  iil  ion  tloinaiii"  lliat  tapturt'il  t""'<'nlial  iiioti))ii' 
ill  |)lini(‘>  willi  tlircf  ilctircfs  ol  licftloin.  ainl  in  ■'Oiiif  caM-'  ut'ic  alilc  lo  iiiakf  tint' 
with  onl\  I  ('1)1  cx'iit  at  ioii''  t)l  t  ni  ii^it  to  Ihulifi  tliinfn'ioiial  inolioii''.  wf  ni<i\  not 
alwa\>  1)1'  ■'O  lorlnnatf.  I  liox'  t  a wlii'if  tlif  iiii|)oitanl  Inin  iioiial  inotH)n--  lia\<' 
inorc  than  t  lin'i'  tlfuico  ol  I  n'i'iloin  will  m  ufiifi  al  he  I  )<‘\  oin  I  t  lif  ■'i  o|)<'  ol  iiit  oi  at  1 1  \  <■ 
(Ifsi'in  tool>. 

linallv.  ainl  |)('tha|)-'  iiio'^t  iiiipoi  t  ant  l\ .  thc'ic  i"  the  foiitt'in  that  tin'  rc|)i("'fn 
tatioii  t)l  motion  <  t)n''t  raint  >  in  <  onliiinrat  ittn  ^patf  iiia\  not  ho  the  ino>i  intniti',f 
icprcM'iit  at  ion  axailahli'  in  uhith  to  fon-'ith'r  ''ha|)c  intcrai  t  loii''.  In  |)aitiinlai.  !)<■ 
I'anst'  till'  rc|)rt‘s<'nt  at  loll  |)ii"'<'nts  ihf  ^('l  ol  nil  inotit)n  foii-'t  i  amt loxcihi'i  thi'ic 
t  In'  fisk  t  hat  t  In'  <l('>inin'r  ma\  lx-  o\ fiuln'liin'tl  wit  h  i'\(  <'^'^i\ i'  ih'tail.  linh'i'd.  t  In'if  i' 
a  ui't'at  (h'al  oT  inloi  inat  ion  (»r<'M'nt«'«l  in  an  imaiii' ■'in  h  a''  h  ixiiic  d.  1  in  St'i  tion  -i.-. 
\\('  ha\('  tilt'd  to  M)lt<'n  tin'  l)lt)W  ''Oiin'what  l)\  |)ro\  nhiiii  iihst  rait  ioii>  in  tin'  lorm 
t)l  inin  tional  nn'l apliot ''  that  lo<■n^  oin's  attfiitittn  on  tin'  molt'  im|)ort ant  a'«|)t'i  t'^  ol 
tin'  motitni  tt)n>trainl  rt'jnt'x'iit  at  ittii  Itn  a  tixfii  a|)|)lit  at  ion  iloinain. 

Wtiiild  it  l)t'  |)o>sil)lt'  to  prt'st'iit  a  iiiott'  ahi ithii'il  rt'|)rt'st'nt at  ittn.  |)t'i'ha|)''  aionu 
tin'  lint's  of  liiint  itiiial  mt'ta|)hoi  illnst  rat  ittii  mu  h  as  in  liiiiirt'  |t)i  a  foni|)lianl 
asst'iiihlx  t)r  l  iuni't'  d.H  Itir  a  Ixtw  l  h't'tlt'r.’  Sin  li  a  ^implilit'il  i('|)it"'i'ntat  ittn  (diiM 
(t'l'taitily  l)t'  madt'  tt)  iinlicatt'  il  a  uiM'ii  tlt'si'^n  t'xhihitt'tl  tin'  tlt-'iit'il  l)t'ha\it)i.  I'oi 
<'\am|)l<'.  if  molt'  than  otit'  iin)tit)n  path  arrow  in  tin'  howl  It't'th'i  iin'ta|)ht)r  in  I  iii 
lift'  d.!)  pasM'tl  throiiuh  tin'  It't'tlt'i  without  ht'inu,  ii'ji'i  ti'il.  wt'  wtnihl  know  that  tin' 
!;i\t'n  h't'tlt'r  di'sii'n  will  fail.  llt)Wt'\  t'r.  mu  h  a  rt'prt'x'iit  at  ion  wttiihl  not  ht' ol  imn  h 
list'  in  tli't t'l'ininim;  w  hat  tt)  tit)  in'Xt .  i.i'.  how  tt)  t  haiiut' t  ht'  ninli'i  l\  inu  ufonn't  r\  ainl 
tKiiamit's  so  as  tt)  makt'  tin'  h't'tlt'r  liiintion  •i''  th'sirt'tl,  l-oi  ''in  h  a  task,  wt'  iit't'tl 
tt)  liavt'  attt's>  It)  lilt'  ninlt'ilv  inti  i't)iist  raini  ri'pit'-'i'iilat  ittii''  in  oith'i  to  iih'iililv  ainl 
makt'  tilt'  iit't't'ssary  tham>,t's. 

I'inallx.  imfamiliai  rt'|)rt'si'nlalit)ii>  art'  rart'lx  inlnilixfai  hr■'l  "laiitt'.  Minh  tin' 
saint' foiihl  l)t' saiti  t)l  many  fniiiin’t'riim  rt'itifx-nl til  ioii"  in  w  iilt'^-pn  ail  ii't  iotlax.  hoi 
t'xami)lt'.  lilt'  inlormalion  prt'sfiilt'tl  in  sin  h  rt'|)rt"'i'ni at  ioii"  a^  <i  lii't|nt'in  '  ilttimmi 
Ht)i|t'  Jilt)! .  a  rot)l  htfiis  tiiauram.  or  .i  pliax'  phiin'  port  rail  for  a  "y'-lt'in  lioin  t  In'  lii'hU 
t)f  syslt'iii  tlynamifs  ainl  tttnlrol"  art' armiahlx  iioiiinl  nit  i\t'  win'ii  hr^i  I'ln  oniiit'it'tl. 
With  t'X|)t'rii'ntt'.  Intwt'Xt-r.  sin  h  rt'pri'x'iil  at  ioii''  Ix'imin'  powi'ilnl  \  i'«n.di/.it  mn  tool" 
t  hat  pro\  itlt'  xaliiahlt'  inlormal  ion  in  a  t  ttm  ist'  ainl.  i'\ t'lil  n.tllx .  int  nil  i\  i'  manin'i .  Sim 
ilarix.  lilt'  motion  foiisl  raini  i  t'prt'st'iil  at  ion  tirunahlx  ha''  tin'  poti'iilial  to  hi'  a  n''i'lnl 
tool  w  ill'll  ohji'i  1  ix  t'ly  iniliit'il  in  t  In' t  tmli'Xl  ol  w  hat  makt"' .i  uixxl  ri'pri"'i'nt  at  ion. 


'  .\'  II' til'll  ill  Si  I- 1  ji  >ii  'J.'J  I  lx-  I  liri)  i)i  HP  )■  I  •!  Ill -I  ill  111!  1 1  Mi'i  r.inii  i|i  m  v  n.  a  |iri  \ .  m  ii'  Iri  'in  ■ '  'ii'i'l 
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6.2.2  The  Implementation 

I  lie  cspace-shell  ion.  as  iiol<'<|  alxn'c.  proscDts  a  s(‘1  of  Itjols  and  syn- 

t  licsis  procedures  1  hat  aie  hot  li  fuuct  ionally  consistent  and  conipnt  at  ionallx' t  ract  aide, 
as  well  as  Ikmiii;  snilicient  1\'  fast  to  Ix'  used  interactively.  Hasirally.  the  s('t  of  iin- 
pleinenl«-d  representations  atid  tools  allow<‘<|  ns  to  do  what  we  want('d.  althongh  not 
alwa\s  as  easily  as  we  mi{*,ht  haxc  liked.  Specilicallw  the  discussion  icgardinu,  the 
elfect  i\<-ness  of  tin-  design  functions  iinpleiii(Mit<“d  in  cspace-shell  in  Sr'ction  l.fi 
indicated  that,  although  snilicient  to  g<‘n<‘rat<‘  workahh'  designs,  tlnnc'  was  a  good 
ih'al  ol  room  lor  impix)\(“m<'nt  in  terms  ol  t ludr  <‘ase  o|  nsc*. 

1  he  lollowing  is  a  list  of  leatnrc’s  ami  operations  im|)l('mented  in  cspace-shell 
(ill  bold  faced  text),  togetln'r  with  the  h'atnres  wc'  wonhl  have-  to  have  had 
a\ailal)le  while  doing  design. 

•  Independent  Manipulation  of  Contact  Constraints  OR  Support  Con¬ 
straints.  1  he  locations  ol  support  transition  honndaric's  on  the  CS  may  Ix' 
modilic’cl  direct  1\  hy  apparent  inversion  of  tlx'  support  track  geoiix'trw  or  in¬ 
direct  Iv  l)\  modilicat ions  to  tlx-  CS  itsrdf.  Hut  the  itxlirc'ct  modilicat ions  that 
result  from  changes  to  t Ix' ( 'S  oftc'ii  mak«‘ it  diflicnlt  to  position  support  transi- 
1  ion  honndaries  as  (h'sired.  Oix'  opt  ion  to  ovcncome  t  his  would  he  to  int  rodnet'  a 
new  apparc'iit  invc'ision  design  function  tliat  couples  sni)port  transition  honixl- 
ar\  nxxlilicat  ions  to  holh  the  track  aixl  part /howl  wall  gc'onu'tries  to  allow 
more  nnifortn  manipnlation  of  these'  honndarie's.  Such  a  function  would  se'tve 
as  an  alternative  to  the  presc'iit  te'chnieux' of  having  to  alte'ftiatc'ly  nuxlilv  tlx' 
( 'S  and  sni)port  transition  homxlarie's  imh'jx'txh'nt ly  of  oix' anot Ix'r  within  tlx- 
inner  loop  ol  the  de'sign  methodology  illustrated  in  l  ignre  1.11). 

•  Representing  and  Manipulating  Only  the  Intersection  of  the  Full 
{x,y,6)  Support  Boundaries  with  the  CS.  I  he  coupling  Ix'twe'c'ii  dc'- 
sign  paraiix’tc'is  aixl  motion  constraints  exhihite'd  in  tlx'  let'ch'f  ('xatn|)les  of 
Chapter  1  complicated  the  prex'ess  ol  rh'sign  and  accoiitited  for  a  consieh'rahh' 
amount  ol  onr  time  aixl  e'lfort.  both  in  d<'V('lo|)ing  de'sign  tix't lxxU)logi('s  to 
<(>ntn>l  comple\it\  and  in  r«'<|niring  many  jiasses  through  the  imx'r  (h'sign  hxip 
of  I'ignre  1.1)).  .\lt  hough  tiiost  of  this  con|)ling  is  an  inlx're'iit  prope'ity  r)f  tno- 
tion  constraints,  some  additional  coupling  was  intnxlncc'd  hy  the  fact  that  W(' 
were  not  able  to  maniindate  sn|>port  constraints  indepe'ixlent ly  of  t  he  contact 
(((list  rain)  on  the  CS.  1  herefore.  a  more  desirahh'  reprc'sentat  ion  than  show¬ 
ing  the  support  transition  honndaries  only  wlx'ic  they  intersect  tlx'  CS  would 
he  the  direct  computation,  retxleriiig.  and  matiipnlat  ion  of  tlx'  full  snp|x)rt 
hontxlaries  in  l./'.y/.d)  coiilignrat ion  spac<'  togc'tlx’f  with  the  CS.  lliis  would 
bean  alternat  i\(' to  t  he  con|)l('(l  tnaiiipnlat  ion  of  support  tratisitioti  honndaric's 
proposed  aho\('. 
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•  Applying  Modifications  Uniformly  to  All  Selected  Object  Vertices. 
I  li('  apparent  invcMsioti  dt-sigii  fiiiu  tioiis  lor  inaiiipulat iiip,  the  ( 'S  I'aecMs  map 
to  all  s('leete(l  polygon  V('rtiees  unirornily.  As  a  rc'snlt.  changing  the  shape 
ol  a  lacet  to.  say.  change  it  s  oriimtation  (iiitl  position  may  i(‘(piii'e  multii)le 
manii)nlat  ions  using  difien'iit  snl>s<>t  s  of  t  he  ])olygon  \-ert  icc's  delining  t  hat  lac  ('t . 
Apparent  inversion  Innctions  that  ma])  ns('r  (h'tined  oHs('ts  proi)ort ionally  to 
dilh'i'cMit  v('rtic('s  woidd  provi<l<‘  more  ])recise  control  to  the  mani])nlat  ion  ol 
lac<'t  shap<'.  although  at  tlu'cost  of  additional  degn'es  of  fr('('dom  in  control 
that  must  !)('  sp('cili('d  a  priori  by  the  d<‘signer. 

•  Mapping  User  Inputs  to  Motions  in  X-Y  Planes,  l  uo  dimensional  nsc  i 
input  s  in  scr<'('n  coordinat  I's  are  mapped  into  t  wo  dinu'iisional  ollsc-t  s  in  an  (  ./'.//) 
|)lane  in  confignrat ion  spac<'.  I  Ik*  adde<l  Ih'xihility  ol  mapi)ing  usei  inputs  to 
olIs<'ts  in  {.r.(l).  (i/.O).  and  arbitrarily  specili<'<l  plain's  would  ha\'e  been  nselnl 
in  modil\  ing  cont a<  t  la<'<'t  shape's  with  lewe'r  s('l('ctit)n  -  modilication  ste'ps. 

6.2.3  Some  Remaining  Issues 

Uncertainty  and  Reliability  of  Designs 

In  most  ol  eiiir  ('xamph's  w<'  have' assmix'd  that  all  ele'sign  paiame'te'is.  both  slia[>e' 
and  imn-shape'.  are'  kiieewn  e'.xaetly.  .\n  impeertant  eeenee'in  in  an\  eh'sign  actixity  is 
re'liabilit \-  how  we'll  eleee's  a  ele'sign  pe'ilonn  whe'ii  paiame'te'is  \ary  Iremi  the'ir  iieiminal 
value's?  .Meire'  ge'iie'rally.  he»w  ean  we'  me)el<'l  t  he' e'Heet  s  e>l  nnee'it  aint  y  eiii  the'  I'miet  ieiiial 
be'hax  ieir  e)l  art  ilae  t  s  anel  ine  liieh' t  he'  e'Xaliiat  ieni  e)!  t  he'se'  e'He'e  t  s  in  t  he'  eh'sign  preie  e'ss? 

1  iie  e’i  t  aint y  is  a  part  ie  nlarly  impeirtant  e  eeiiside'i  at  ieiii  lor  shajie'  paranie'te'rs  be'- 
e  anse’.  as  we'  have'  se'e’ii  in  a  nmiibe'r  eel  e'xamjde's.  small  \ariat  ieiiis  in  critie  al  shape' 
pai  ame'te'i  s  e  an  |)re)eliie  e'  meet  iein  e  eenst  raint  s  t  hat  are'  teipeeleegie  ally.  anel  t  he'ie'here'  rime  - 
tieeiiallx'.  ejiiite'  elille'ie'lit .  leer  e'xamph'.  in  Se'etieen  d.  I  we'  note'el  that  by  shrinking 
slight  l\  the'  wielth  eel  a  tight  eh'araiiee'  heele'  in  a  pe'g-indieile'  asse'mblw  the'  e'e)rre'S|)e)nel- 
ing  lieeh'  eeii  t  he-  snrlae  e'  eel  t  he'  ( 'S  in  e  eenligiirat  ieeii  spae  e'  e  eeiilel  be'  maele'  tee  elisappe'ar.' 

One'  me'aiis  eel  re'pre'se'iit  ing  mie  e'i  t aint y  in  shape'  paranie'te'rs  weeiilel  be'  tee  eh'liiie' 
meetieeii  e  eeiist  raint  snrbie  e's  wlie-re'  e'ae  li  shape'  pai aiiie't e'l  take's  eeii  a  range'  eel  xalne's. 
l  eer  e'xamph’.  il  we'  we’ie'  tee  i e'jere'se'iit  e'ae  li  peelygeeii  xe'ite'x  as  a  small  beennele'el  re'gieeii 
in  (./•.//).  tlie’ii  the'  re’siilting  eeenlae  t  laee't s  eeeiihl  be'  re'pre'se'iite'el  as  beennele'el  rohniMt- 
in  {.r.ii.d]  eeeiilignrat  ieen  sjeaee'  wlie-re'  the'  siirlae-e's  eel  tlie-se'  veehiine's  e(erre's|eeenel  tee 
lae  e't  e-epiat  ieeiis  e'\ ahiate'el  at  e'Xtre'iiie'  xalne's  eel  the'  xe'ite'X  paranie'te'rs  [id].  1  he' 

“Moll'  rally,  il  pi  i^mI>|i'  in  rliaii!;i-  t  hi-  “iiieis  nf  i  hr  ( 'S  Niirlai  r,  i  i  .  prniliici’  lin|i>  anil  'iii- 
l)i  (|(|i  (|  Iri  r  ri'Hiniii.,  Iiy  |iaraiiii  i  rically  Mimlil'y  inn  i  hr  sliapi'>  nl  iiili'iart  mj;  nlijccis  nf  lixcil  i;rniis-n 
W  r  aa,aill  |rr|  coil  I  pel  In  I  In  Mnl  r  that  t  lit  sr||;.il  i\  jl  \  n|  I  hr  mml  railll  rrprrMiil  at  inm  In  paramrl  rir 
varialiniis  i.-  a  rrlirciinii  nf  i  hr  inhrrriii  naliirr  nl  iiinlinii  rniisl  raiMt^.  ami  m  not  a  liiiiil  al  inn  nl  lln 
illnsrii  I'rplrMlil  al  inn  nf  an  arlifai'l  nl  ihr  iliiplrllirnl  at  inn  . 


220 


('liiiphr  (j:  Conclusion 


Start 


Kisnrc  (i.l:  A  nominal  motion  i)alli.  with  (K'pt li-on<'  hranclu's  at  ('acli  point  wlictt'  a 
dynamic  pafatiK'ter  vaiiation  would  result  in  a  differtml  instanlanc'ons  motion. 

construction  and  ititer|)retat  ion  of  such  rei)reseulat  ions  would,  howevt'r.  he  ('xM  rtmiely 
(X)mplex.  Another  means  (dr  represent ing  shape  uticertainty  would  Ik'  to  (>xtend  the 
present  {.v.i/.O)  repr('S('ntat ioti  to  include  <limensions  lor  |)aram('t('r  variations 
1  his.  too.  would  seem  itiap|)ro|)riate  lor  our  |)urpos(*s  sinct'  it  would  makt'  the  jtroct'ss 
of  design  even  less  tractable. 

.\nother  means  of  repix'sent  ing  shap<'  uncertainty,  at  h'ast  indirt'ctly.  would  Ix'  to 
discrt'tely  sam|)le  the  set  of  shaix*  parameters  in  mnch  the  sanx'  way  as  was  doin'  for 
the  dynamics  |)aranielers  for  compliant  assembly  in  Section  I.-').  S|)('cilically.  sinct' 
w('  have  in  place  the  tools  tu'cessary  to  chang<'  shai»('  i)arameters  and  vit'w  the  efh'cts 
ol  these  changes  on  the  motion  <'onst taints,  we  can  simply  ust' t best' tools  to  evaluate 
the  effects  of  shapt'  uncert aiiit >•  directly,  lit  <'ss<'uc('.  \\c  are  using  dynamic  constraint 
visnalizat  i(jn  as  a  means  <jf  visualizing  tlx'  s<'nsitivity  of  a  (h'sign  to  variations  in 
shape  |)arameters  (see  Section  1.1. d).  .Mihough  this  plact's  an  ('xtra  bnrden  on  the 
desigiK'f.  it  nevert  heless  avoids  a  considerable  d<'gre(' of  added  comi)lexity  t  hat  would 
result  from  more  direct  methods. 

In  addition  to  shajx'  |)aramet('rs.  \\v  want  to  considt'r  tlx'  t'lfects  of  unci'itaintv 
oti  paraiix'ters  such  as  the  direction  ol  the  appli«'d  force,  the  ctx'fiicient  of  friction  //. 
or  the  initial  position  from  which  a  motion  is  to  start.  Since  tlx'se  parametf'is  only 
affect  the  lorwaifl  proie<t  ions,  we  need  to  <()nsider  ways  of  extending  the  forward 
projection  r('i)res<'ntations  to  include  uncertainty.  Oix'  simph'  nx'thod.  mentittned 
t’arlier  for  cotn|)liatit  assemblies,  was  to  form  path  bundlis  correspctnding  to  discrett' 
samph's  of  tlx'  paranx'ters  in  (jnestion. 

.\not  Ix'f  way  ol  r('|)r<'sent  ing  nncertainly  for  a  mot  ion  pat  h  given  a  set  of  dynamics 


(i.J:  Discii.ssioii 
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|)arain<'t<'rs  r('|)i(>s<‘iit<‘<l  as  iioiiiiiial  values  ])lns  iaii<>,(‘s  on  tliosr  values  would  We  lo 
(•oni|)Ule  tli('  exact  motion  paths  usiiif*  the  iioniinal  values  as  heloic.  hut  at  each 
st('p  determine  il  anv  comhinat ion  ol  paranx’tei’  values  in  the  u,i\<'n  laiiues  would 
cause  the  inst ant aiK'ons  motion  at  that  point  to  vai\  Ixwond  a  ''pei  ilied  lanin-.  K 
so.  then  in  addition  to  the  nominal  path  we  con  hi  compute  the  i.rtniin  hiliirtiilinii.' 
I'rom  the  path  at  that  point.  TIk'  i<‘sult  would  he  a  nominal  jjatli.  as  heroi<'.  hut 
with  a  si't'ies  ol  hranches  at  those'  points  alonu,  the  path  whi'i'e  some  comhinat  ion 
ol  parameters  would  have  sia;uili<aul Iv  alh'cted  the  lorwaifl  projection.  I  he  path 
would  lorm  a  constant  (h'pth  tret',  wlu'it' t'ach  hrain  h  I'eprt'st'iit e<l  the  ht'iiinninii  t>l  a 
potential  aht'inatt' pat  h.  h  iu,ur(' h.  1  illust  rate's  such  a  path,  where  u,enerall\  speakiim 
the  "hairier  the  path,  the  me  tie'  se'iisil  i  ve'  il  is  tee  vaiiat  ions  in  d  vnamics  paramel  eis.  ' 
Kecallim;  e)ur  eliscnssie)n  e)l  ctuisiraiul  lealuie'stui  the  ( 'S  in  Se'e  t  ion  l.l.L’.  we  note 
t  hat  me)l  itui  pal  hs  aleeni;  valle'x  s  eeii  I  he'  ( ’S  art'  u,enei  all\  (|uite  st  aide  and  iii'^eiisit  i\  i' 
lt>  variatie)ns  in  dvnamics  paramt'le'is.  riie'ie'lort'.  we-  woidil  e'xpee  I  Inane  lies  to  ex  e  nr 
alenm  |)ortie)ns  eil  a  path  that  creess  iiielividual  facets. 

^  e'l  aiml  ht'i  me-ans  eif  visualizing  t  he'  rednist  ix'ss  tif  a  pen  t  ietn  of  a  jial  h  to  \  ai  iai  itni- 
in  dvnamics  |)arame'lers  wenihl  Ix'  lt»  eiele'iinini'  the'  laniie-  of  paianie'ler  value's  fen 
whieh  the'  inst  ant  aneenis  nieitieni  at  a  spe'e-ilie-el  pe>inl  eni  a  jialh  wonhl  re'inain  within 
a  uive'ii  hounel.  In  either  vveirels.  rathe'i  than  ele'te'rminiii'J,  the  Ix'havien  of  a  path 
to  spee  ilie'el  heimiels  till  the  eivnamics  iiaratiie'lers.  we-  eouhl  eumpute  the  rani’es  eif 
paramet  e'ls  I  hat  vveiuhl  he  iiuaranlee'el  lei  kee'p  a  lexal  mot  ieiii  within  specilieel  homiels 
ein  the  path.  I  he  narreivve'r  the'  rauc,e'  tif  |>aramet e'is  for  a  •j.ivt'n  point,  the'  nieii'e 
sensitive'  that  portieni  ed  the'  path  is  lei  parame'lrie  variatienis. 

l  eii'  henniele'el  e'ne'rt!,v  leirwai'el  preije'e  t  ienis.  t  he’  ine  lusieiii  eif  line  e'l  l  aiiil  V  is  seiiiie'what 
nieire'  st  raiiihl  lorvv  arel  siiiee-  we-  may  e'ilhe'r  e'xpanel  eii  einilraet  the'  eeiiive’x  forwarel 
preije’e  t  ieiii  e  eiiies  ajipropi  iat e'lv  tei  e  eim|ie'usale'  leii  rani;e's  of  )iaranie’te'r  value's  sue  h 
as  the'  eeie’llieie’lit  ed  re'sl  il  ill  ieill  e  .  With  I  he'  e'Xee'pt  ieill  eil  pal  h  hi  me  He's  lor  ee  HI  I  pliant 
asse’iiildv  .  iieine'  ed  I  lie-se'  uiie  e'il aiiil  v  re'pre'se'iit at  ieiiis  lor  e|v  iianiie  s  paramele'is  hav  e- 
Ix'e'ii  imple’liie'lile’el. 

Potential  for  Automated  Design 

In  the'  pre’vieills  e'Xample's  we’  have’  se-e'ii  how  the'  motion  eeillst  I  aini  re-pre’se'lit  at  ieills 
anel  eh'sieyn  lime  I  ienis  mav  lx-  use’ll  hv  a  ele'sii!,ne'r  to  v  isiiali/i'.  analv  ze-  ami  manipulate' 
ile’sii;n  parame'le'is  to  pe’ilorm  ele'siiin.  .\s  note'll  I'arlii'r  in  Se'e  tioii  1.1. a.  the'  mol  ion 
e  eiiist  raini  re’pre’se'iit  at  ions  ean  he'  v  ii’wi'el  as  mat  he'iiial  ii  ally  pre’iise'  ami  I'ompula 
lionallv  ae  e  I’ssihle’  elat  a  st  met  lire's.  Cle'arlv.  llii’ii.  ihi'se'  re'pri'se'iit  at  ions  shoiilil  lx- 
ame'iiahle'  to  some'  h'Vi'l  ol  aiitomali'el  ile'si^ii. 

■'Wi  ;ni  iirj;|iii  m'.i  till'  (.'III  i|i;n  Mii.ill  i-rriirs  ix  ;ir  llx  lll•nllnnllu  nl  .'i  |).nli  m.i>  lii'.tiliialfv  iiiriraM 
III  |iriii|iiri  l.'irii'  iTi'i'i'^  at  lli'-  tual. 
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(  7/((/;/f  ;  (i:  (  'om  liisioii 


\\  liiil  U('  liiivc  riUo  ''(■t'li  ill  lli«'  |»if\  ioiis  <'\^iiii|il('s  i''  ii  liiuli  <l('ur<‘c  (»|  \('i\  iu»ii 

liii<'ar  tuu|»liiii;  Ix'twccii  paraiiiflci  iiiodilical  aii<l  <  li.iiiut"'  It*  iiiDluai  <  t>ii''l  i  <iiiil 
|)ai  I  it  iilarly  Itii  llif  int)tit)ii  t  taist  i  aiiil  '  Itaiml  in  ilif  vilnaliav  Imwl  Ift-tlfi  t‘\ain|)lf>. 
\\  liat  alutd  il  lim>  niiulil  li<i\  t'  a  rt'a^ttii.ihlt-  t  liaiit  <•  i>l  -^iit  t  t's-^  loi  -sin  h  a  t|i)in<iiii I  wti 
|>arailii;iii^  I  hat  ttaiif  it*  niinti  ,iif: 

•  Iterative  generate  aiicJ  test.  l*ci lia|)--  t In- siinplfsi  <i|i|)it>at  li  it»  auitanait  tl 
tlfsiyii  wttiilil  I  It'  1  lit'  SI  •nil  rain  It  til  I  |>i'ii  iii  liat  itni  tti  i|t's|t>n  \  ai  lalili's  i  tiii|)lt'i|  will: 
a  liiiiar\  i/ti  no-f/d  lillfi  ttii  tin-  rfsiih  iii»  ili'simis. 

•  Non-linear  optiiilizat ion.  Ainti  Iht  ttpi  ion  wtnilil  Im  it*  t  tiiii|iiitt' ami  iniittisr 
stunt'  Itti  111  t  )l  a  1 1|  11 1 1|  >1  iai  ('  ii  it'l  rif  on  t  lio  im  it  ion  t  ttiisl  i  a  i  lit  i  t'|)it's('n1  at  ittiis  |  am  I 
li\  tiinatis  t)|  a|)|>at't'nt  in\ ft  sittti  tm  t  lif  iimlci  l\ inn 'Ifsiirn  \atialili's)  tliat  wttiiltl 
lit'  tiia\itni/t'i|  tti  iiiitiitni/i'tl. 

lilt'  litst  a|)()ttiat|i  Inis  tlif  tilixitais  a|>|>t'al  tti  sini|)lii  it  \ .  Out'  si'ti'titlipittais  atl 
vantauf  nl  lia\ inn  If  i  tn  iilt'int'til  tin'  imititin  ttinsiiaiiit  ti'|)tfsi'titat  ittns  Ittt  nsf  in 
intt'tat  t  i\<' tli'sinti  is  t  In'  lat  1  I  liat  tlicx  tiia\  In' foin|>nt('t|  quickly.  I  tit  t’xani|)lt'.  In' 
t  a  list'  \vt'  t  an  t  tiin|»nt  c  tin'  l  ull  set  tti  imtt  itni  t  tmst  i  .lint  s  Itn  a  t  \  |>it  al  It'cdt'i  I'Natnitlt'. 
itn  Imliiin  Ift  Wiittl  intijt't  t  itiiis.  titi  I  In' tndi't  ttf  ttntf  |n'i  st't  ttinl.  it  is  imt  itiiti'ast)n- 
alilt'  tt>  a^sntnt'  that  a  tatnltiin  si'ait  li  ol  tin'  tlt'sinti  spatt'  tninlil  vit'lil  \iaMt'  tit'siniis 
witinti  a  tfasoiialilt'  tilin'  liaiiit'.  I  In'  rt'sttlnl  ion  al  uliiili  wn  lamlfinlv  sain|>li'  will 
In'  a  |iai  l  it  iilaiiv  iin(itii  I  ant  t  tiimitlcrat  ittn  siiiif  we  i|t>  not  kimw  Imw  linlill.v  ,i;rf iijn'tl 
|)tilt'nt  iaI  tli'sinii''  ina\  Im.  Ol  (t)ni''t'.  all  tti  tliis  assnmt's  that  llif  s|)at('  tti  ilt'signs  is 
iflatixfly  small  ami  viaMf  tlt'sinns  arc  not  Itttt  sjiaist'ly  stal  li'ii'il.  wliitli  in  n''ii<’i'iil 
may  mil  Im  I  In'  fast'. 

llif  sfttiinl  a|)|)itiai  li  ift|niifs  iis  tti  fonstiiift  an  ailtlit  ittnal  iiiflrit  that  cliar 
at  Ifii/fs.  iiiflfialily  in  a  i  tinlinmtns  sfiisf.  a  nofd  <l<’sinii.  I'tii  litiwl  Iffilfis  Wf  aif 
|)i  iiiiai  il\  t  tiiiffniftl  wit  li  inani|)iilal  inn  '  hf  ino.nin il inA  imil  itin  jial  Its  to  nnsiii)|)t)rl ftl 
ifnitiiis  till  llif  ('S.  S|)ft  ilitally.  ni'fn  ^  tlfsirfd  nxi  i>l  |»atli.  ttm  noal  is  Itt  Ittttli:  (a) 
niii.nni r.(  llif  tiislaiiff  Itflwffii  all  |ttiinls  tin  llif  afff|it  jialli  ami  all  iiiisii|i|nirlfil 
ii'nitiiis  on  I  Ilf  (  S  siiiTai'f .  ami  (b)  niniiiiii:i  I  lif  <lisl  am  f  I  ifl  wff  n  |n)inl  s  tin  all  njiil 
|i.illis  ami  sn|i|itirt  I  lansit  itni  litiiimlarifs.  In  t  asf  (b).  \vf  iilfallv  want  llif  tlistainfs 
tti  nti  Iti  /fiti.  i.f.  ri'ift  IftI  imititiiis  slniiiltl  inlfisft  I  imsii|i|itir1fil  rf^ioiis.  I  sinn  this 
tlfst  ii|ii  itiii.  Wf  ftiiihl  fiixisitiii  a  itisl  Iniiftion  nifirit  hasftl  tin  |iiti\imity  liftwffii 
paths  ami  iiiisnpptiilftl  ifnitiiis  in  1  hf  lonn  of  a  ptilfiilial  fnfin,\  liim  titin.  In  this 
s(  fiiariti.  as  I  hf  tlfsinn  paiaiiit'lfis  wfif  \arifil  so  as  Iti  miniiiii/f  llif  ttisl  linn  t  ion. 
I  hf  iinsnp|itirtfil  ifnitnis  wtiiihl  atl  as  .sm/z-fi.s  tti  if  pel  t  hf  iicn  jil  path  ami  al  llif 
saiiif  liiiif  act  as  Iti  alliatl  I  hf  ifmaininn  >*  jt(l  |ialhs. 

.\  tlfsinii  aintiiithiii  liasfil  on  slamlaitl  liiifai  opt  imi/al  itni  tfi  hnit|m's  iisinn  smh 
a  ftisl  I II m  l  ititi .  allhtiiinh  .ippfalinn-  wtiiihl  possess  stiiiif  tiia  itir  drawliat  ks  as  well. 
I’fihaps  I  hf  iiitisl  sfiitiiis  til  I  hf  sf  is  the  lad  that,  ihif  to  the  inln'ifiil  ttimpifxily 
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<»l  the  iiiolion  ((>n>l  iaiiil>  iui<l  llif  iM>iiliii<’;ir  <oii|)linii  l>i'i  wccd  \;iiiiil  ions  to  the  con¬ 
st  rniiit  s  ill  id  pai  iiinc-t  cm  s.  I  Iicmo  wonicl  likc-lx  !«•  a  numl>cM  ol  loc  al  luiniina  that  would 
not  iic'c  c'ssiii  ily  cot  rc-sponcl  to  sat  islactory  clc-siyii  solutions,  I  licuc'loio.  it  simple'  lull 
c  liniliitiii  alyoi  it  Imi  wouM  la-  unlikc-l\  to  luoduc  c'  man\  ‘yood  dc-siuns.  l  ui  t  lic'i  iiioic'. 
t  lic'i  c'  is  iio  euarantc'c'  on  t  he  st  iidilit  \ of  or  com  cm  uc'iic o  t  ou  at  c|  a  dc'sii>n  yoal  ol  sue  li 
au  aluot  it  liin. 

One'  potential  solution  is  sinoyc'stc'd  l»y  c-xaminiii'y  the  Ic'c'clc'i  ch'simi  mc't  hodolccyx 
outline'll  hy  the'  Howe  halt  in  l  iumc'  I.IK  that  was  inti'iidc'd  lot  use'  h\  it  huinan 
de'siiiiic'r.  Spe'c  ilieall\ .  tin'  lu'sleil  ile-ral  i\e' ele'sii!,n  loojts.  e'aeh  workintt,  at  a  lowc'i  Ic'te'l 
of  dc'lail  on  a  ■'inallei  sidisc'l  ol  elesi'yn  paiiiinc'leis.  sn'yye'sts  that  local  o|)t  imi/at  ion 
of  eoiisi  I  itint  ^  eoupleel  with  an  occasional  rc'lominlat  ion  ol  the-  hiyhei  le\c'l  |)iol)lc'ni. 
ol  laiiic'  sc  itlc'  in  clc"'i>yn  space-,  could  \ield  hc'tlc-i  ic'snlts  than  local  oplimi/alioii 

aloiii'.  I  hi'i  c'loi  c'.  <tn  ant  oinalecl  o|)l  imi/al  ion  alyoi  it  Inn  hasc-d  on  >nii  iihih  <1  (iinn  dliiifi 
ol  similai  st  lalc'iiic's  iiia\  picw  idc'  ihc'  hc'sl  conipiomisi'. 

\\i'  could  utili/c'  a  numhc'i  of  siinplilieal  ions  and  o|)t  imi/at  ions  Iw  takiiuy  acKan 
taui'  ol  ihc'  sti  iic  lurc'  of  llic'  motion  constraint  reprc'sc'iit iti  ions,  hor  c'xaniple.  rathc't 
t  han  const  me  t  imy  one  lomple-x  c-nc-r'yx  Imic  t  ion  wc-  ma\  he  ahlc'  to  lormulatc'  a  nuinhc-r 
ol  simpic'i  c'liei  !•>  mc'trics  hasc-cl  on  local  proxiinitv  hc'lwc'e'ii  sc'h'clc'd  points  on  c-aeli 
path  and  sc'lc'c  led  points  on  nc-athy  support  transition  hounclaric's  that  would  allow  a 
linc'ai  opt  imi/at  ion  st  ratc'yy  to  cjuiekly  con\c'r<>c'  to  loc  al  minima.  I  lic-sc'  loc  al  c-neriiv 
metrics  would  have'  to  hc'  rc-computc-cl  foi  eac  h  sicynilic  ant  c  haniie  in  the  tojiolotiy 
ol  the'  motion  constraint  ic'prc'sc-nlal ions,  whic  h  would  occur  more  ot  h-ss  IVec)uc'nt  1\ 
di'pc'iidiiiy  on  the'  ciinc'nl  c//oo  <///////  h  nijn  nil  iin .  \\c'  could  also  take-  acKantai’e  ol 
t  hc'  eon  pi  inti  sc'iisil  i\  it  y  iidormat  ion  availahli'  liom  t  In'  implc'inc-nl  c'd  ch-sititi  ruin  t  ions 
to  compute'  loc  al  tiiaclic'iits  in  I  In-  ch-sitin  spac  e'  to  hc'lp  cic'i I'l  niinc'  in  whic  h  clirc'c  lion 
latuc'i  sc  ale'  parainc'lric  c  hanties  mitihl  he  more  likc'ly  to  arhic-tc-  a  dc-sired  desimi. 
Otiei'  atiain.  wc'  cannot  tiuarantc'i'  that  such  iin  altioijthm  would  conx'er'ye-  to  a  suit 
ahic'  dc'simi.  Not  c  an  wc'  s;i\  an\  I  hinti  clelinitc-  ahoni  t  hc'  rate'  ol  com  c-riienc  c-  of  sue  h 
an  opt  imi/at  ion  st  ratc-tix  . 

l  inallx.  what  ahont  aulomalc'd  desiuii  aliioiillmis  lot  compliant  assemhix  .’  .\s 
in  the'  case  ol  iiil c'laet i\ c'  dc-sitiii.  the'  sc't  ol  constraints  that  must  hc'  manipulatc-d 
is  smallc'i  <ind  les"  tiiihtlx  coiiplc'd  than  lor  howl  Ic'c-dc-rs.  .\  hrutc'  loicc  cyc-tn-ratc' 
ami  Ic'st  desi'yn  paradium  miiiht  lln'relore  he-  hc'ttc-r  snitc'd  to  assemhiy  since'  wc'  arc' 
workiuti  oxc'i  a  smiillc'i  rantic'  ol  motion  constraints.  .\n  c'lic'itix  hasc'd  optimi/a- 
t  ion  mc'lric  similar  to  tin'  one'  clesc  rihc'd  uhewe-  in  whic  h  tin'  assc'nd>l\  yoal  ac  ts  as  a 
sea/,  ttould  also  appc'ai  to  he  a  rc-asoiiahlc-  slraleiiy  to  in\ c'st  i<yal c'.  One'  eomplic  at 
inu  lac  loi.  as  nn'iilionc-d  c-arlic'i'  in  Sec  tion  l.a.  is  that  tin-  acldition  ol  non-assc'iuhly 
coiisliainls  would  sc-c'iii  to  he-  an  imporlaul  consiclc'rat  ion  since  unconst  rainc'd  anto 
matc'cl  aluoiitlmis  that  onl\  oplimi/c-on  the-  h.isis  ol  motion  constraints  would  Ic-ml 
to  turn  c'\c-r\ t  hinti  into  a  paii  m-stiuti  cones  with  the'  compliant  ec-nlc-r  at  the-  mt»\- 
inti  pait  s  tip.  hahc'linti  cc'ilain  ohjc'cl  lealurc's  as  li.nil  would  prc'sumahly  maintain 


Clidpftr  (>:  ('oiiclu.' 


lion  <is>ci  111  )l\  const  rill  lit  s.  hut  l<‘;i\itii>  t  hcsc  |)ol<Mit  i;ill\  oxcn-ionsctwit  uc  (oust  t  nitit  s 
"imloin  Ii,il»l<'  l(\  t  lie  nl^oi  it  Inn  <onl<l  i>llen  |■<•slllt  in  no  sat  islactoiv  solutions  Ix'int!, 
roiiinl. 

Man\  ol  t  lie  al»o\c  issues,  as  well  as  woi  kin,i>,  ini]>leni<'nt at  ions  ol  aiitoniated  (|esii!,ti 
st  i  ateu,i('>  al(»nn  t  lie  lines  oi  t  liose  (U'scfihed  al>o\<‘.  r<‘niain  issues  lor  lin  t  lier  researi  li. 

6.3  Future  Work 

Near  Term 

1  lie  limit  at  ions  ol  the  |)t<'S('nt  impleiiKMil  at  khi  ol  cspace-shell  siif>,u;('st  sotne  tiearet 
tertn  etiliancetiK'tit  s  that  conhl  iin|)tov<' t  h<‘  |)()W<‘r  atnl  ns('liilness  ol  the  ft'presetita- 
t  ions  and  tools.  .\(hlit  iotial  ('iihaticettKMil s  and  exletisioiis  mii;ht  inclitih' t  he  lollowint;. 

•  ( 'otn|)h't<' t  he  de\<do|)tnent  atnl  itnph'iinMit at  ion  ol  t  In' (Mieri’\'  hoinnled  forward 
Itrojeclions  tn'tcssarv  to  tnodel  the  jij*  ati<l  .\1*()S  leeder  a|)|)licat  ion  domains, 
riie  maiti  challenue  here'  is  t  he  fact  t  iiat  implement  im>,  t  In'se  forward  pro  jei  t  iotis 
would  re<|iiire  ns  to  e\t<'tnl  the  enrrent  incretin'tital  ( 'S  topology  const  t  in  t  ioti  to 
com|)Ut(' a  tiKM'c’  cotnplete  rc’prc'sc'iil at  ioti  of  t  he  “lohal  ( 'S  topology,  similat  to 
the  appr(»ach  ttsc'd  I  tv  Hrost  [id],  Sitice  t  his  com  pi  it  at  ion  would  almost  cc'it  aitilv 
re<|itir('  tiiofe  titne.  wc'  wottid  ttiosl  likely  have'  to  adopt  tin'  prc'sc'iit  approach 
ol  cotn|)itl  iiii;  CS  topolo<2;y  otily  as  a  post -procc'ssinu,  stc'p  aftc'r  ati  intc'i  act  ivo 
shape'  inodilicat ion  o|)('ratioii  has  hc'c'ii  comph'tc'd. 

•  ltn|)l('m<'tit  the'  sitpc'fposit ioti  of  tnotioii  constraints  i^c'in'iatc'd  for  jtlanar  pol>' 
!;otis  rc'prc'sc'tit  im;  until  iple  s/n  c  of  I  hrc'c' dimc'tisional  ohjc'c  ts  takc'ii  at  dilh'ic'iit 
:  ln'iu,hts. 

•  I'.Npand  upon  t  In' (|iiasi-sl  at  ic  dynamic  s  modc'l  for  e.xac  t  motion  inlc'!;rat  ion  to 
iin  liidc'  dynamic  c'llc'cts  diic'  to  inc'ilia.  Dc'l  tc'inlinu,  on  I  In-  o|)c'ralini;  conditions 
lor  the'  howl  Ic'c'dc'f  and  assc'inhly  application  domains,  more'  dc'tailc'd  dynamic 
modc'ls  ma\  improve'  the'  siimilatictn  and  vc'iilicat  ion  ol  ohjc'c  I  motions. 

Longer  Term 

.\11  ol  the'  ahovc'  implc'inc'iit  at  ional  c'nhancc'inc'nl  s.  alonu,  with  most  of  those'  listc'd 
in  the-  pre'\ions  sc'clion.  are'  wc'll  within  tin'  scope*  of  the*  c'xistim;  le'itre'se'iit  at  ions 
atnl  algorithms.  We  mi,t;ht  \ie'W  I  hc'in  as  lealure's  that  we*  .s/m»/e/  have*  known  to 
iiiiple'me'iil .  or  approae  he's  I  hat  we*  .'•hoiihl  ha\'e  aeloptc'd  e'arlie'f  on  ill  t  he*  re'se'arch. 

Otlie'f  e'lihain  e'nn'iit s  ate*  siillicie'iit ly  diHere'iit  or  challe'ni>;int;  to  he*  classilic'il  as 
si!;nilicant  iie-w  rc'search  elirc'cl  ions  hasc'd  on  1 1n*  cm  rc'iil  work.  Some'  of  t  hc'se*  include': 


^•||ltln  11  oil,' 
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a.)’: 


•  linplciiK'iil  tlic  (Icsimi  rmictioiis  n<‘<  <‘ssary  Id  allow  dirc'cl  iiiaiiii)ulat  ion  ol  mo¬ 
tion  |)atlis  vs.  motion  constraints  as  <lis(nss(‘<l  in  tlu-  pn'vions  section. 

•  |)('\('lo|)  and  implement  r('pn's<Mil  at  ions  for  nncc'rt  aint  y  and  r<'lial)ility  in  the 
desis^n  of  motion  constraints  along  the  lines  ol  t  hosi- out  lim'd  in  Section  (i.'i.d. 

•  I)('\'elop  and  imph'iiu'nt  antomat<‘d  and  s<'mi-antomat('d  (h'sign  techni<|nes  along 
th(’  line's  of  those'  eliseiisse'd  in  Se'e'tion  (i.2.d. 

•  l',.\ple)re' e)the'r  application  domains  he'yond  the'  lour  ele'\e'le)i)e'el  in  Chapte'i  2. 
anel  e'.xte'iiel  the'  re'pre'se'iitat ions  and  toe)ls  as  ne'ee'ssaiy.  l'..\am|)le's  ed  pote'ii- 
t  ially  promising  eleimains  incluele'  the'  ele'sign  ol  te)e)ls  ami  laste'iie'is  as  ilhist  rate'd 
in  Chapte'r  1.  e'h'e  t rie  al  e()nm'e-te)rs  anel  eonplings.  mnlt iph' ele'gre'e' e)i  fre'e'eloin 
me'e  hanisms.  ... 

•  I'i.xpanel  anel  inte'grate'  the'  me)tion  ee)nstraint  re'pre'se'iit  at  ie)ns  with  e)the'r  e'ligi 
iK'e'ritig  re'pre'se'iit  at  ienis  anel  analysis/ele'sign  te'e  hniepie's  sne  h  as:  analytie-  ami 
nntne'rie  al  moele'ls  eif  e  e)st .  male'i  ial  stre'iigth  ami  stiifne'ss.  elynamie  s  anel  vihra- 
tion.  anel  niannfact nring  pre)ee'sse's  sneh  as  maehining  and  easting,  |■.xample's 
fre)ni  the'  eleimaiti  e)f  asse'inhly  e'Xamine'el  in  Se'e  tie)!!  1.')  e  le'aiix  illnstrate’d  the' 
ne'e'el  fe)r  sne  h  meKh'ls. 

•  .\  eeinsiele'iahly  nieire' ehalle'iiging  e'Xte'iisiein  than  t  he'  snpe'ipeisit  ion  e)l  mnltiiile' 
planar  slie  e's  eif  a  21 )  eih  je'e  t  We)uld  he'  to  nie)ele'l  t  hre'e'  elime'iisienial  eih  je'e't  s  elire'e't  ly 
as  poly he'e Ira.  ami  e  eimpnte' t  he'  nie)l  ie)n  e  eiiist  l  aints  lor  inte'i  ae  t  ions  aiming  t  heise’ 
peilyhe'eira  e  eiiist  raine'el  tei  imne'  in  {.r.i/.O).  I  y))e'  .\  and  type'  H  lae  e'ts  Weiilhl 
e  eirre'speiml  tei  faee'-\e'rte'.x  anel  ve'rt  e'X-faee' iiit  e'laet  ieiiis  he'twe'e'ii  the'  meiving  anel 
st  at  ie»nar\'  jieilyhe'elra.  re'spe'e  t  ive'ly.  ami  a  ne'w  lae  e't  t  y pe' re'pre'se'iit  ing  e'dge'-e'elge' 
inte'iaet  ieiiis  (type'  (’)  weiiilel  alsei  he'  re'e|iiire'el  (se'e'  hei/aiu)- Ih'ie'/  [ih]). 

•  Ih'Xeinel  peilyhe-elra.  a  signilie  aiit  e  halle'iige'  weinhl  he'  tei  ge'iie'iate'  ami  re'iiele'r  IIU)- 
tiem  eeiiist  raint  s  preielme'el  hy  nieire' ge'iie'ral  shape'  int  e'laet  ieiiis.  sneh  as  eihje'ets 
imiele'h'el  using  hi-e  nhie-  patehe's. 

•  linally.  we'  sheiiilel  hy  im  me'ans  hy  ee»mmit  te'el  tei  the'  imitiein  eeinst  raint  re'pre'- 
se'iitatieiii  eir  inte'iaet  ive' ele'sign  e'n\ ireiimie'iit  il  amithe'r  re'|)re'se'nt  at  ieiii  appe'ars 
te)  lieilil  nieire'  preiiiiise'  ill  simplifying  the'  tasks  e>l  analysis  anel  de'sign.  leir 
e'.xaniple'.  it  may  he'  peissihie'  tei  eie've'le)|»  hxhriel  liiiii'tieiiial  me't  apheir/nieit  ieiii 
eeiiist  raint  re'pre'se'iit  at  ieiiis  that  eenilel  e'ase'  the'  eh'signe'r  s  hiirde'ii  eil  le'ariiiiig 
ne'w  ami  nnfaniiliar  re'pre'se'iit  at  ieiiis. 


Energy  Bounded  Forward 
Projections 


A.l  Forward  Projections  for  Dropped  Objects 

I  liis  ion  (lorivcN  t  lie  models  to  rom|)iit('  1 1n'  lorwiud  pi'ojc'ct  ion  ol  a  dropix'il 

particle  (oi  single  and  donlde  impacts  witli  ori<'nt('(l  snilact's  in  a  !;ra\ity  Held. 


Single  Bounce 

I  In'  prolile  lor  tlie  maNimmii  lieii»lit  reacin'd  altei  tin'  initial  Koimce  of  a  particli' 
I  in  linnr('  J.T)  as  a  lmi<tioii  ol  tin*  impact  smlacc  orit'iit  at  itni  .yi  i>  d('ri\'<'<l  as 


l  iunre  .\.l:  .\|od('l  ol  sini!,le  and  doiiHH'  impacts  lor  a  dioppc'd  |>arti<  l<'. 
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Altjh  mli.r  t;  i' lit  1(111  liiiiiiiihil  lorirn  rtl  I’rtiji  1 1  ion.- 


lollows. 

I  Ik'  |)i'('-iin|)H<'t  \'cli)(  il y  /'(,  ol  t  lie  pin  t  i<  l«'  i-'  liy  cdiisci  \  a1  ion  ol  oiHM  oy.  assiiniiiiii 

/(To  iiiil  iai  \  ('locily.  as: 

so  I  liat 


As  a  coiist'iTat  i\ ('  aiiproxiitial  ion.  we  assume  l!ie  sni  hnc  lo  l)e  irici  ionless.  We  iIkmi 
e(tm|>nt<'  the  post -inipael  xcloeity  component'^  iisiii”  the  eoeiiic  ieiit  of  icst  it  nt  ion  r 
iiinl  e(|uat  ion  1 : 

'’l  l  —  ''(i(  1  +  '  )  ^ii>  r  I  *  r  I 

»  .  * 

e|  „  =  ('(it  (  eosV'l  “  ^Hl'r  I  h 


I  lie  |)ost -impact  motion  ol  the  parti<  le  is  paiaholie: 

=  T,, +  e|,/ 

//( / )  =  //,,  +  r^,J  — 

l  itiallw  at  the  point  of  maximnm  heii^ht  we  have: 

/  =  — 
fl 

■I'll. .  =  '11  +  ''1.' =  •'■(!  H - ((  I  4- (  )  sin  .^*1  cos  .f-'i 

Hn.'i.r  =  //()  H - =  .'/(I  +  ~  • 

2(/  J</  '  ^ 


,  f  cos  ,^‘1  —  SI!) 


■’r  '  0 


Double  Bounce 

(he  profile  for  the  maximum  height  reacheci  afl('r  the  si'cond  honina'  of  a  partich' 
{li,„.i,j  in  lit’nre  'J.T)  as  a  rnnctioii  of  the  impact  surface  orii'tit  at  ion  /|  is  derived  as 
follows. 

.\ssmnini!,  the  h<’ii>,ht  ol  the  second  point  ol  impact  is  the  same  as  the  first:' 

''2.1  =  ci  ,  =  /-(if  1  4  (  )sin  y:  \  cosyi 

'I  In  ( (iiiat  iiin>.  I'or  ihi'  casi  wlicri-  the  scroml  iiniiact  is  at  a  ilillirriit  liiijihi  IVniii  tin  lii^i  arr 
I'oiisiili  ralily  nion'  coniiili'X.  fail  tin’  soliiiioiis  iiKlicatc  that  tin-  Inrwanl  iiroi'-ciinii  il<Ti\i'4  I'roni  lln 
i  iiual  analysis  jiixcii  lu  re  lonlaiiis  llic  olln-r  pallis. 


1./;  lorii'did  I’roii  clioii^  jdi  Dvoppu!  ()hjn  l> 
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and 


—  |''i  I  —  t’i  d-  <  ~  COS"  ^  I . 


\\«'  i(’(|uirc  lli<'  \('li)(ity  alter  tli<'  s<‘e()iid  im|)a<t  to  he  \'erti(al  so  that 

'•o  =  t). 

Iroin  this  const  raiiit  and  Ironi  the  s\‘nim<Mi\  ol  the  prohlem  \V('  ha\c  th('  lolh^wiiiij, 
relat  ionshi])  hetwec-n  and 


+  tan  '  (  -  tan  j  =  tan  ‘  tan 


We  may  solve  the  resnltinii,  ex|)ression  imiiKMicallx  to  aehi('\(': 


r\>  =  /(. 


We  nia\'  now  pei  lorm  tin-  same  |)r<‘ atnl  post -im|)a<  t  analysis  as  was  don  Kif  tin'  first 
homiee.  1  he  r('snlt  is 


'':t„  =  |'V.l  =  (^^iti  sill  yj  +  I  cos  (,•  cos  y2  ) 


wln-re 


I  '  =  tan  Ian  y< ) 


Alter  I'earraniiinii  we  have 


where 


(  cos ( ' 

=  I' 2 - 

eos  y> 


y/'-h///,i  siir’  ^-| 


+  ( -  eos-  ^-| 


l  inally.  from  ( onseiAal  ion  of  <'neri>y  W('  lia\e 


h 


III  ■;  .i  2 


~<i 


whei'e.  I’rom  above,  r.  =  '/(ri  h 
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Apiundix  .4;  Evugy  Bouudfd  Forward  Project  ions 


A. 2  Non- Conservative  Bouncing 

In  t  his  section  \v(‘  estimate  the  maximum  heiglit  attainable  by  a  particle  starting  from 
rest  on  a  table  with  coefficient  of  restitution  ( .  and  vibrating  with  fre(|nencv  u:,  and 
amplitude  .4,).  VVe  compute  the  maximum  lieight  by  considering  the  most  extreme 
of  impact  conditions.  Specifically,  we  assume  that  after  falling  from  the  maximum 
height,  the  energy  lost  by  the  particle  during  impact  with  tlu'  table  exactly  balances 
the  maximum  energy  imparted  to  the  particle  by  the  table  (i.e.  when  the  table  is 
moving  at  its  maximum  upward  velocity). 

From  ef|nation  2.1  we  have; 


t'inht,  —  (’2  =  —<  (i’l  +  ) 

where  (’i  and  >'2  are  the  pre  and  post -impact  velocities  of  the  particle.  res|)ectively. 
From  an  energy  balance  on  the  particle  under  the  above  assnm])tions  we  have: 

('2  =  (’1 

So  that  the  maximum  post -impact  velocity  of  the  particle  is 

(1+0 

pit rt u  lf  iiiuj  ~  7i  P'lnblt  • 


I  he  maximum  velocity  of  the  table  is 


=  .4 


o«^. 


From  conservation  of  energy  after  the  particle  leaves  the  table: 


// 


nin  .r 


/i-irOr/i  | 

•-V/ 


II 


nifi.r 


( -4(1-^' )“'  ( 1  +0^ 
'^<1  (l-O"’ 


so  that  finallv  we  have 


Facet  Curvature 


Appoiulix  B 


III  tins  ripix'iidix  \v<‘  derive'  the  iiiaxiiiiiiiii  mot  inn  iiite'grat  ion  stepsize  based  eni  a 
spe'cilied  ui)|)er  error  hound  . 

We  Ix'irin  with  a  d('rivation  of  t lie  t!,«'n<‘ral  eiirvat nri'  aloiij*  a  dl)  snriaec  Irom  l  anx 
Pratt  [do],  rix'  snri'aee'  is  deliix'd  as  a  ve'ctor  (|nantit\  r  wlx'ie’ 

r  =  .r[  +  tij_  +  ik 


\  curve  on  a  (n.r)  surlace  is  j>;iveii  hy  u  =  //(/)  and  c  =  r(/)  wlx'ii' t  is  a  parainete'r 
along  the  curve'.  I  lx'  surface'  neiriiial  at  a  give'ii  peeint  on  llx'  surlaie'  is  give'ii  in  te'iiiis 
ejf  the'  paramete'is  (i/.c)  In 


•  r  ir 

•»(/  h 


riu'  cut’rahirt  h‘„  ul  tlic  surface'  aton^  \  Uv  nirv('  is  1>\ 


K 


II 


il’  Du 
ii '  (i u 


wlx'ie' 

u  =  [e/(/).c(/)|'  . 

anel  /)  is  the'  .si  cniid  ftiiiilaiin  iilal  me;/ r/.r  give'll  In 


■2M 


232 


Apixudix  B:  Facfi  ('urvntuvf 


and  (1  is  \  \\v  Jiisl  Junildiiit  nhil  mat ri.r  given  l)y 


■  ir  :ir  .i~  :ir 


L  >1  '  <1,  J 


Cain  inti,  out  tlic  matrix  mult ijilicat ion  and  simplilving  we  have 

+  '2<li2Ur  +  (1221'^ 


H,,  = 


(/1 1  +  2yi2<ir  + 

\vli(‘r<'  ('/  =  ('  =  and  d,,  and  p,j  aro  elements  of  D  and  C  n'spect  ively. 

lor  1  ype  A  and  lyp<'  H  eoiitaet  facets,  the  derivation  of  tin*  curvature  is  given 
as  follows.  For  fac('ts  i)arameterize<l  by  (p.O).  a  curve  on  tlu'  (n.r)  surface'  is  given 
by  (/  =  />(/)  and  r  =  0{t).  where  as  before  /  is  a  |)arameler  along  the  cnr\e. 


I  Ik'  ('h'lnents  d,,  and  (hi  of  I)  and  C!  are: 

(B.r 


(III 

(Il2  =  d2i 
(I22 


(Bil 

+  "r- 


"j-TT-J  +  "i/Tp,  ■  .  ..  , 

f)/r  ()}d  ()p‘ 

(B.r  ()‘ii  (Bz 

"rrrrrr,  +  "./tHh;  +  'C 


BpBO  '  "()p()0  '  '  ctpOO 

d^.v  (Bi/  cBz 


and 


.'/II  = 


till  —  thi  — 


().r  ().} 


+ 


fill 


Dfl  Op  ()z  <)z 
Op  00  ^  Op  00  ^  Op  00 

( ^  * 


We  re'call  Irom  Section  u.d.  1  that  the  «'l<*m«'nts  of  r  for  the  contact  face'ts  are'  e)f  the' 
feirm: 


=  fAp-ll) 
n  -  fAp-li) 
:  =  aO 
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IJf’calling  tli('  nior(  and  liirn  ion  ol  S(“clion  n.d.'i.  we  use  tli('  (ollowing  nota¬ 

tion: 


iii.r 

=  iiiori  ,. 

iiiif 

=  iiiori  ,1 

t.r 

=  tiiriij. 

/// 

=  tun  1,1 

.s.r 

—  .start 

"It 

=  .start,! 

\v1km('  .start  is  the  (.(’.//)  start  point  ol  a  iuo\<'.  I  ^ii'g  this  notation.  \v<'  liave  loi'  a 
lypo  A  Facet: 

.)■  =  t.f  +  s,v  COS  0  —  .s//sin  0  -|-  j»{ni.r  cos  0  —  ;»//  sin  0) 

11  =  tf!  .s.r  sin  0  +  .si/  cos  0  -f  /»( iii.r  sin  0  -|-  nn/  cos  0) 

:  =  af) 

and  for  a  1  yi)c’  B  Facet : 

.(•  =z  .s.r  +  t.r  c-os  0  —  ti/  sin  0  +  pni.r 

11  =  .sjf  +  t.r  sin  0  +  tif  eos  0  +  /nn// 

c  =  aO. 


Fsing  tlic'se  C’C|uations.  wv  can  now  dcM’ive  the'  terms  nc'cossary  to  compute'  the  ('le¬ 
nient  s  (lii  and  fiii  given  al)ove. 

For  a  l  ype  A  I'acet  wc'  ha\e: 


()l) 

()^.r 

().r 

In) 

()\r 

i)W 

(P.V 

()pm 

(jjl 

i)p 


m.v  cos  0  —  m//sin  0 

0 

—  .s.r  sin  0  —  si/  cos  0  -)-  /i(  —  m.r  sin  0  —  niif  eos  0) 

—  .s.r  cos  0  -\-  .sji  sin  0  -i-  /»( —  iii.r  eos  0  -f  nn/  sin  0) 

—  iii.rsiuO  —  III  if  VOS  0 


iii.r  sin  (f  +  mu  eos  0 
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Apixudix  li:  Facd  ('itirnliii-f 


()ld 

(}jL 

(H) 

(Fp 

()-0 

()l>(W 

(): 

()p 

Jijd 

ih. 

7)0 

i)-. 

7f7) 

<)■: 

()p()0 


0 

.s.c  COS  0  —  .s(/  sill  0  -f  />(  tii.v  cos  0  —  inn  sin  0 ) 

— .s.rsiii^)  —  .'ijn'iisO  -|-  />(—///./•  sill  —  nnn  osO] 
iii.r  cos  0  —  ;////  sin  0) 

0 

0 

a 

0 

0. 


l  or  a  I  y|)<’  H  l  acct  wc  have; 


().v 

Op 

0\r 

Op^ 

O.v 

7)0 

O^x 

7)0) 

0\r 

OpOO 

Op 

Op 

Op^ 

(hi 

oo 

()0) 


nix 

(I 

—  lx  sin  0  —  h)  cos  0 

—  l.r  cos  0  +  Ip  sin  0 

0 

nip 

0 

lx  «  os  0  —  Ip  sin  0 

—  lx  sin  0  —  Ip  cos  0 
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()p(W 

(h 

()z 

()-: 

()!>()(} 


(I 

0 

0 

</ 

0 

0. 


Ill  Sf'ctioii  •").  I.J  \v('  <(('V('[<)|)<‘((  tli<'  <\\|)r«‘ssi()iis  lo  coiupiih'  (lie  iiistaiifaiicoiis 

diri'ct  ion  of  mot  ion  on  a  lacot  siirfaro.  in  l<'nns  of  A/>  and  \0.  Iroin  t  lu'  lu't  lorcc'  com- 
poiK'iits  at  tlic  point  of  contact .  I'siiig  K<iuations  o.  15  and  5. 1(»  wc  can  a|)|)roximat(' 
('/  atid  f  as: 

.  _  A/^ 

<ff  ^  ST  ~  s/sr^  +  S(T 

(10  ^  so  so 

~  Tr  “■  VA/'‘  +  so^' 

I  sing  this  approxitnat ion  for  ii  and  c.  an<l  tlu'  ('Ictncnts  </,,  atid  </,,  compiiti'd  from 
tlic  above  expressions  for  tlie  appropriate  fac('t  type,  we  compnti'  tin'  facc't  em  vatm*' 
h-,i  along  tli<'  specified  (Sp.SO)  direction  of  motion  across  tin'  facet.  I'rotn  the  facet 
curvature,  we  com|)nt<’ t  lie  eciuivalent  r(i(liu.'<  of  ( iiirdl  art  H  as 


K„ 


figure  H.l  sliows  the  r<’lat ioiisliip  Ix'lweeii  a  specified  tnaxitmim  c'lror  tlie 

radius  of  curvature  li  alotig  the  motion  patli.  and  tlie  maximum  sl('|)size  A/,„,,j. 
I  rom  the  figure  we  see  that 

SI 

initj-  —  H  sin 


and 


/•A,„x  ~  H{\  -  COSO). 


With  some  simple  t rigonoiiK’t rv  and  rearrangitig  wc'  have- 


nt  (tj 


<’OS  O, 
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.  \pi>f  li:  Fun  I  ('uimitm 


M.l:  l)<'t<’rmiiiiiig  tlu'  inaxiniuin  inlegrat  ion  sl(‘|)six('  on  a  (  ni  v('<l  la(  C‘l. 


(liven  A/,,,,,,,  we  can  eompnte  lli<'  inaxiinnni  stepsize  in  t<'nns  of  tin-  facet  parainc'- 
lers  [p.O]  using  K<nialions  IS  and  •'>.}!)  in  S<'etion  o.l.’i.  wliicli  w('  lept'at  Ik'H’  foi 
refereiKX’ 


Primary  Data  Structures 


Ai)p('iKlix  C 


For  Representing  Objects: 

PART  All  array  of  (  r.//)  polygon  verlicos  and  rofrii'na'  point  eg  describing  a  planar 
l)olygon. 


typedef  struct  { 


PPOIIT 

pointsCHAX.PART.POIlTS] ; 

/• 

Array  of  points 

*/ 

int 

point.count ; 

/• 

lumber  of  vertex  points 

»/ 

int 

type; 

/• 

Type  of  part  (A  or  B) 

•  / 

PPOIIT 

eg; 

/» 

Centroid  of  the  part  (A) 

•/ 

char 

•name ; 

/• 

lame  of  part 

•  / 

}  PART,  ' 

•PART.PTR. 

TRACE  .\ii  array  of  M()\  Ks  and  I 

1  H.Ns  describing  a 

planar 

pol 

typedef  struct  { 

HOVE 

moves [HAX.PART.POIITS] ; 

/•  An  array  of  moves 

•/ 

int 

move. count : 

/*  lumber  of  moves 

•/ 

TURI 

turns [HAX.PART.POIITS] ; 

/•  An  array  of  turns 

*/ 

int 

turn.count ; 

/•  lumber  of  turns 

*/ 

}  TRACE, 

•TRACE.PTR; 

MOVE  A  pair  of  (.r.//)  vertices  forming  a  polygon  edge*  and  the  length  and  angle  of 
the  erlge. 


typedef  struct  { 

int  type;  /• 

int  direction;  /• 
PPOIIT  startpt ;  /* 

PPOIIT  endpt;  /* 

double  angle;  /* 

double  length?;  /* 
PPOIIT  component;  /• 
)  HOVE,  eHOVE.PTR; 


Type  of  move  (from  partA  or  partB)  */ 

FORHARD.HOVE  or  BACKUARD.HOVE  */ 

Part  point  relative  to  c.g.  (Includes  original  partpt  index)  */ 
Part  point  relative  to  c.g.  (Includes  original  partpt  index)  */ 
Original  orientation  of  move  in  radians  */ 

Length  (squared)  of  move  •/ 

X,Y  components  of  segment  (start  to  end)  */ 
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ApfHiidix  (':  l^riiiiarn  Data  Sinictuns 


TURN  All  (.r.y/)  vertex  point,  witli  aii,e,l«'s  loi  t lie  entering  ('dgc'  and  ('xiting  |)o|ygon 
edge,  and  a  LKl'  l  _  i  r H .\  or  inClIT.TrH.X  eorn'sponding  to  a  convex  or 
concav<'  v('rt('x. 

typ<>def  struct  { 


int 

type; 

/• 

Type  of  turn  (from  partA  or 

partB)  •/ 

int 

direct  ion : 

/* 

LEFT.TURI  or  RIGHT.TUM  •/ 

PPOIIT 

turnpt ; 

/* 

Part  point  relative  to  c.g. 

(includes  original  partpt 

index)  •/ 

double 

start. angle ; 

/• 

Original  orientation  of  move 

entering  turn  in  radians 

*/ 

double 

end.angle ; 

/• 

Original  orientation  of  move 

leaving  turn  in  radians  • 

/ 

}  TURII,  •TURI.PTR; 


For  Representing  Motion  Constraints: 


CS  .\n  array  ol  'J.X  M  type  .\  and  tyix*  li  <‘onta<  t  facets. 


typedef  struct  { 

FACET  facetsA[MAX.BOVES] [BAX.TURIS] ; 
int  facetsA.moves ; 

int  facetsA.turns ; 

FACET  facetsB[IIAX.HOVES]CNAX.TtJRIS]  ; 

int  facetsB.moves : 

int  facetsB.turns ; 

}  CS,  *CS.PTR: 


/•  FACET  array  (2D)  indexed  by  HOVE  and  TURI  •/ 
/•  lumber  of  facetsA  moves  (partA  moves)  •/ 

/»  lumber  of  facetsA  turns  (partB  turns)  •/ 

/*  FACET  array  <2D)  indexed  by  HOVE  and  TURI  »/ 
/•  lumber  of  facetsB  moves  (partB  moves)  •/ 

/•  lumber  of  facetsB  turns  (partA  turns)  •/ 


FACET  Contains  itiforinat ion  on  fac('t  type  and  siz<‘  for  rendering  a  contact  fac('t. 
arravs  of  REL_FACET.s  (ontaining  adjacent  an<l  int(>rs(>ct  ing  facets  for  conipnting 
motion  jiatlis,  and  a  support  ina|)  tt»  record  the  sup|)ort  status  of  points  on  the 
facet  surface. 


typedef  struct  { 


int 

type; 

/* 

int 

direction : 

/• 

int 

move. index ; 

/• 

HOVE.PTR 

move ; 

/• 

int 

turn. index ; 

/• 

TURI.PTR 

turn ; 

/• 

double 

min. theta : 

/* 

double 

max. theta ; 

/* 

int 

ad jacents.posted ; 

/• 

REL.FACET.PTR 

adjacents ; 

/• 

int 

ad jacents. count ; 

/• 

int 

intersects. posted ; 

/* 

REL.FACET.PTR 

intersects : 

/* 

int 

intersects.count : 

/• 

int 

support. status : 

/• 

SUPPORT.PTR 

support .map ; 

/• 

int 

support.map. count : 

/* 

double 

support. delta. theta : 

/* 

double 

support. delta.p; 

/• 

)  FACET,  eFACET.PTR; 


Type  of  FACET  (TYPE.A  or  TYPE.B)  */ 

FORIARD.HOVE  or  BACKWARD.HOVE  facet  */ 

Index  to  part  HOVE  forming  this  facet  */ 

Pointer  to  HOVE  forming  this  facet  (for  speed)  •/ 
Index  to  part  TURI  forming  this  facet  */ 

Pointer  to  TURI  forming  this  facet  (for  speed)  •/ 
Hinimum  theta  for  which  this  facet  is  valid  */ 
Haximum  theta  for  which  this  facet  is  valid  */ 
Flag  indicating  if  adjacents  have  been  posted  */ 
BEGIIIIIG  of  the  array  of  adjacents  */ 
lumber  of  adjacent  facets  */ 

Flag  indicating  if  intersects  have  been  posted  •/ 
BEGIIIIIG  of  the  array  of  intersects  */ 
lumber  of  intersecting  facets  •/ 

(SUPPORTED,  UlSUPPORTED,  TEST.SUPPORT)  */ 
Beginning  of  array  of  support  transitions  */ 
lumber  of  support.map  elements  */ 

Theta  step  at  which  support  map  is  computed  */ 
lominal  p  step  at  which  support  map  is  computed  •/ 
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SUPPORT  (  oiitfiiiis  rill  array  of  s!i|)|K)rt  Iransi)  ions  lor  a  given  lixed-^/  slice  of  a  I'aeel . 


typedef  struct  { 


double 

theta ; 

/* 

int 

pO.status ; 

/* 

int 

pi. status ; 

/* 

SUPPORT, 

.TRAIS.PTR  support.trans : 

/* 

int 

support.trans.count ; 

/• 

SUPPORT, 

,  •SUPPORT.PTR; 

Value  of  facet  theta  parameter  at  which  slice  is  taken  ♦/ 
Support  status  at  facet  parameter  (p  =  0.0)  */ 

Support  status  at  facet  parameter  (p  =  1.0)  •/ 

Beginning  of  the  support.trans  array  ♦/ 
lumber  of  elements  in  support. trans  array  */ 


SUPPORT -TRANS  A  flag  detennining  wlietlier  I  lie  moving  polygon  //«/;/>  or  /oso  sup¬ 
port  at  a  given  /i  position  moving  in  the  +/)  dirc'etion.  together  with  the  value 
of  />  =(().!  ). 


typedef  struct  { 

int  transition-type;  /•  Type  of  support  transition  (GAII-SUPPORT  or  LOSE-SOPPORT )  •/ 

double  p-facet ;  /*  Value  of  facet  p  parameter  at  ehich  transition  is  marked  */ 

int  track-segment-id ;  /•  Index  to  poly  segment  of  the  track  •/ 

double  p-track;  /*  Value  of  track  segment  p  parameter  at  shich  trans.  marked  */ 

}  SUPPORT.TRARS ,  eSUPPORT-TRAIS-PTR; 


For  Representing  and  Computing  Object  Motions: 

PATH  An  array  of  CONTACT_STATEs.  with  a  terminalion  flag  and  an  initial  condition 
probability  (0  — >  1 ) 


typedef  struct  { 


COITACT.STATE.PTR 

states ; 

/* 

int 

State-Counter; 

/• 

int 

terminat ion-flag ; 

/* 

double 

probability ; 

/* 

}  PATH,  ePATH-PTR; 


BEGIilllG  of  the  array  of  COITACT-STATEs  •/ 
■o.  of  states  in  PATH  »/ 

Flag  indicating  termination  status  of  path  */ 
Probability  of  part  entering  this  path  •/ 


CONTACT -STATE  An  array  of  REL_FACETs  containing  those'  facets  with  which  the'  cur¬ 
rent  set  of  positions  along  the  jiath  are  in  contact,  an  array  of  positions  on 
the  facets,  and  an  array  of  positions  slightly  <ibor<  the  face'ts  for  elisplaying  tlu' 
jiat  h. 


typedef  struct  { 

int  contact-type;  /* 

REL-FACET  contacts [HAX-COITACTS] ;  /• 

int  contacts-count ;  /* 

REL-FACET-PTR  non.contacts ;  /•  BEGIIIIIG 

int  non-contacts-count ;  /• 

POS-PTR  positions;  /•  BEGIIIIIG 

int  positions-count ;  /• 

POS-PTR  display-pos;  /*  BEGIIIIIG 

}  COITACT-STATE,  eCOITACT-STATE-PTR; 


Type  of  contact  (see  defines)  ♦/ 

Array  of  facets  forming  contact  •/ 
lo .  of  contacting  facets  */ 

of  array  of  non-contacting  proximal  facets  */ 
lo .  of  non-contacting  facets  (and  proximals)  •/ 
of  positions  array  of  trajectory  points  •/ 
lo.  of  trajectory  points  •/ 
of  positions  array  for  displayed  points  */ 
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:\pjniidi.r  (':  l^rniiiirn  Duiti  Si  ruct  nvi  s 


FACET -FORCE -STATE  A  it'coid  ol  t  Ik' iiistaii1aii<‘oiis  ixM  ioicc  si  a1<‘ dii  a  siiij;l(' lao't  at 
a  point  aloii.u,  llic  path,  iinlndinj;  t  lx-  position.  ix)iiiial  aixl  t  an,u,cnl  iai  \«-<tors, 
and  v«‘(tois  l)onndini>,  tlx-  coidifj.urat ion  spare  I'riclion  (a)n(‘. 

typedef  struct  { 


FACET. PTR 

facet ; 

/•  Pointer  to  a  FACET  •/ 

POS.PTR 

pos  ; 

/•  Pointer  to  POS  on  facet  •/ 

double 

p; 

/♦  ParaiR.  P  corresponding  to  pos  on  FACET 

double 

n_co[3] ; 

/*  CS  normal  at  point  */ 

double 

m-p[3] ; 

/•  CS  m.p  at  point  ♦/ 

double 

m-theta[3] ; 

/•  CS  m.theta  at  point  ♦/ 

double 

n_fc [3]  ; 

/♦  formal  to  CS  friction  cone  plane  •/ 

double 

f-rhs[3]  ; 

/•  RHS  bounding  ray  of  CS  friction  cone  */ 

double 

f-lhs[3] : 

/•  LHS  bounding  ray  of  CS  friction  cone  •/ 

double 

f _net [3] ; 

/♦  let  force  on  contact  ♦/ 

}  FACET-FORCE.STATE,  «FACET.FORCE.STATE-PTR; 


PROXIMAL  I  lx- silenc'd  distaix  c-ol  a  |>oinl  Iroin  t  lx- snriact- oi  a  tion-ronl act  inn;  ra<  <-l 
nx-asnr<'d  in  a  conslanl-^y  plain-. 

typedef  struct  { 

int  proximal. state ;  /*  State  of  facet  adjacency  or  point. to. line  proximity  •/ 

double  distance;  /•  Signed  distance  from  point  to  line  •/ 

}  PROXIMAL,  •PROXIHAL.PTR; 

MOTION-PARAMS  .\  r<‘coi(l  ol  tlx-  (-xlernal  lore*-  appli<-d  to  tlx-  n-len-ncc-  point,  tlx- 
palli  inl<'j>;iat ion  sl<-|)  siz<-.  and  paranx‘l<-rs  p  and  //. 

typadef  struct  { 

double  f_ext[3];  /»  Externally  applied  force  •/ 

double  max.step;  /•  Maximum  step  size  for  integration  •/ 

double  rho;  /*  Radius  of  gyration,  scales  theta  to  X-Y  •/ 

double  mu;  /♦  Coefficient  of  friction  */ 

)  HOTIOl.PARAHS,  ♦HOTIOI.PARAMS.PTR ; 
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